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Abstract: In this paper, an observer-based adaptive prescribed performance tracking control scheme is developed for
a class of uncertain multi-input multi-output nonlinear systems with or without input saturation. A novel finite-time
neural network disturbance observer is constructed to estimate the system uncertainties and external disturbances.
To guarantee the prescribed performance, an error transformation is applied to transfer the time-varying constraints
into a constant constraint. Then, by employing a barrier Lyapunov function and the backstepping technique, an
observer-based tracking control strategy is presented. It is proven that using the proposed algorithm, all the closed-
loop signals are bounded, and the tracking errors satisfy the predefined time-varying performance requirements.
Finally, simulation results on a quadrotor system are given to illustrate the effectiveness of the proposed control
scheme.
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1 Introduction

The tracking control of multi-input multi-
output (MIMO) nonlinear systems has attracted a
great deal of attention over the past few decades
because it is common in practice. Many practi-
cal mechanical systems can be modeled by MIMO
nonlinear systems, including two-wheeled robot sys-
tems, manipulator systems, and quadrotor systems
(Lin XB et al., 2019a; Lin LG and Xin, 2020; Peng
et al., 2020). However, the nonlinear characteris-
tics always lead to poor performance such that many
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traditional linear control methods lose their effective-
ness, which influences the system stability. To solve
this problem, many advanced nonlinear control tech-
niques have been developed. Adaptive neural net-
work (NN) control schemes were adopted for MIMO
nonlinear systems as a useful solution to increase the
robustness of the systems (Wang XJ et al., 2018;
Ouyang et al., 2019, 2020). In Tong et al. (2012),
the backstepping recursive design technique and NN
approximation method were used to achieve tracking
control of pure-feedback uncertain MIMO nonlinear
systems. By employing a barrier Lyapunov function
(BLF), a backstepping design method was presented
to achieve fault-tolerant tracking control of MIMO
nonlinear systems in Jin (2018).

A nonlinear system is often accompanied by
uncertainties and external disturbances, which seri-
ously degrade the control performance (Zhao et al.,
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2020a; Liu J et al., 2021). Accurate models are
difficult to obtain due to the complicated working
environment (Lin XB et al., 2019b). In Liu H et al.
(2017), a robust compensation method was presented
to reduce the influence of uncertainties and exter-
nal disturbances in a quadrotor system. An un-
certainty and disturbance estimator (UDE) was de-
veloped to estimate the combined influence of dis-
turbances and uncertainties through a filter in Ren
et al. (2015). However, the frequency-domain analy-
sis in the above methods prevents them from being
directly applied to MIMO nonlinear systems. Aside
from these approaches, a disturbance-observer-based
control scheme has been proposed to estimate un-
known disturbances (Guo L and Chen, 2005; Chen
WH et al., 2015; Lin XB et al., 2019a), where the
observer can be designed separately. Compared
with other methods, the disturbance-observer-based
method has led to more rigorous results in stability
analysis based on the Lyapunov stability theory. In
Chen M et al. (2013), a disturbance observer was de-
signed to handle the disturbance term in the sliding-
mode control design process for the MIMO nonlin-
ear system. In Sun and Guo (2016), a disturbance
observer was integrated with NN methods, which
further improved the anti-disturbance capability of
the system. Nevertheless, in the literature discussed
above, the performance of the observer itself is ig-
nored. Thus, it is essential to introduce finite-time
results to ensure the convergence rate (Fu et al.,
2017; Liu J et al., 2019, 2020). Hu et al. (2014)
presented a second-order observer whose error could
reach the origin in finite time. In Wang DD et al.
(2018), a finite-time NN disturbance observer based
on radial basis functions was proposed for a fourth-
order nonlinear system. However, the sign function
may cause the chattering phenomenon in input sig-
nals (Hu et al., 2014; Wang DD et al., 2018). Hence,
a high-performance disturbance observer needs to be
investigated further.

The aforementioned works focus mainly on
guaranteeing the steady-state system property, but
they overlook the transient property, which is equally
important (Zhao et al., 2020b). To achieve bet-
ter and more precise control performance, a con-
cept called prescribed performance was presented by
Bechlioulis and Rovithakis (2008). Prescribed per-
formance has high requirements for the steady-state
error, convergence rate, and maximum overshoot at

the same time, which brings more difficulty to the
control design. The key idea to solve prescribed per-
formance problems is transforming the “constrained”
system into an equivalent “unconstrained” system
through the output error transformation given in
Bechlioulis and Rovithakis (2009). Meanwhile, var-
ious error transformation methods have been pro-
posed (Han and Lee, 2013; Sui et al., 2015; Bu,
2018). A smooth and strictly increasing function
was introduced in Han and Lee (2013) as a trans-
formed function to deal with the prescribed bounds.
Bu (2018) developed an adaptive fuzzy control ap-
proach for a MIMO nonlinear system by transfer-
ring the constrained system through a tanh-type er-
ror transformation. It is worth noting that during
the above transitions, the inverse function of the er-
ror transformation must be counted, which leads to
computing problems. Another solution was given in
Sui et al. (2015), which gave a new type of error
transformation without fuzzy calculation. However,
a question remains, that is, how to achieve prescribed
performance tracking control of high-order MIMO
nonlinear systems in the presence of uncertainties,
disturbances, and input constraints.

To guarantee system performance, the con-
trol constraints (in particular, input saturation) are
problems that cannot be ignored. In practical sys-
tems, the control input signals are always unable to
reach the designed range due to the limited capac-
ity of the actuator system (He et al., 2015a; Zheng
and Feroskhan, 2017). Chen M et al. (2011) con-
sidered the non-symmetric input saturation in the
tracking control of MIMO systems and handled it by
designing an auxiliary system. In Zhou et al. (2014),
the input saturation function was approximated by
a smooth curve to tackle the constraint.

Motivated by the literature noted above, in this
paper, an observer-based adaptive tracking control
scheme is proposed for a class of high-order MIMO
nonlinear systems with uncertainties and external
disturbances. The main contributions are as follows:

1. We formulate and solve the tracking control
problem with prescribed performance for high-order
MIMO nonlinear systems, where the system uncer-
tainties and external disturbances are also consid-
ered. To the best of our knowledge, this is the
first time to address this problem. In this paper,
the designed procedure is divided into two phases:
disturbance attenuation and prescribed performance
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tracking control.
2. A novel NN disturbance observer is presented

to handle the system uncertainties and external dis-
turbances for high control performance. First, com-
pared with the existing disturbance observers for
MIMO nonlinear systems in Chen WH et al. (2015)
and Sun and Guo (2016), the convergence time of
the proposed observer is proven to be limited. More-
over, compared to the previous results (Hu et al.,
2014; Wang DD et al., 2018), a continuous signal in
the finite-time observer is achieved to avoid chatter-
ing problems.

3. The control scheme is developed using the
BLF and the backstepping technique. With the error
transformation, a new solution is given to guarantee
the predefined tracking performance for high-order
MIMO nonlinear systems. Furthermore, the input
saturation is considered as an extension.

2 Problem formulation and preliminar-
ies

2.1 System description

Consider the following high-order MIMO non-
linear system:

⎧
⎨

⎩

ẋi = xi+1 + fi(xi) + Δfi(xi) + di(t),

ẋn = bu+ fn(xn) + Δfn(xn) + dn(t),

y = x1,

(1)

where xi = [xi1, xi2, . . . , xim]T ∈ R
m (i=1, 2,

..., n) denotes the state vector of the ith system,
y = [y1, y2, ..., ym]T ∈ R

m denotes the output vector
of the overall system, u ∈ R

m denotes the control
input vector, b ∈ R

m×m is the known control coef-
ficient matrix (supposed to be nonsingular and its
Frobenius norm is bounded), fi(·) : Rm → R

m (i=1,
2, ..., n) is a known smooth nonlinear function de-
noting the acquirable part of the system, Δfi(xi) is
an unknown smooth function representing the sys-
tem uncertainties composed of unmodeled dynamics
and parametric uncertainties, and di(t) ∈ R

m (i=1,
2, ..., n) is the time-varying external disturbance. In
addition, we define X = [xT

1 , xT
2 , ..., xT

n ]
T as a

measurable state vector.
According to Guo XX et al. (2019), matrix b

could be divided into a symmetric matrix b1 and a
skew-symmetric matrix b2. Then, ẋn in Eq. (1) can

be rewritten as

ẋn = b1u+ b2u+ fn(xn) + Δfn(xn) + dn(t), (2)

where b1 =
1

2
(b+bT) and b2 =

1

2
(b−bT). Obviously,

b1 is also a nonsingular matrix and its Frobenius
norm is bounded.

The control objective is to drive the output y

to follow the given desired trajectory yd, while the
tracking error e = y(t) − yd(t) can guarantee the
prescribed performance. In addition, all closed-loop
signals are ensured to be bounded.

Without loss of generality, we give some assump-
tions as follows:
Assumption 1 (Fan et al., 2017) The sys-
tem uncertainty Δi(xi, t) is bounded and satisfies
‖Δi(xi, t)‖ ≤ Δm, where Δm is an unknown posi-
tive constant.
Assumption 2 (Wang CC and Yang, 2018) The
unknown disturbance di(t) is bounded with a posi-
tive constant dm, which satisfies ‖di(t)‖ ≤ dm.
Assumption 3 (Song et al., 2017) The desired
trajectory vector yd(t) and its derivatives up to the
(n− 1)th order are continuous and bounded.

2.2 Mathematical preliminaries

In this subsection, several useful lemmas and an
important definition are revisited.
Lemma 1 (Wang LY et al., 2009) Given any
positive numbers a1, a2, ..., an and 0 < p < 1, the
following inequality holds:

(a21 + a22 + ...+ a2n)
2p ≤ (a2p1 + a2p2 + ...+ a2pn )2.

(3)
Lemma 2 (He et al., 2015b) For any positive vector
k ∈ R

n, the following inequality holds for any vector
x ∈ R

n which satisfies ‖x‖ < ‖k‖:

ln
kTk

kTk − xTx
≤ xTx

kTk − xTx
. (4)

Lemma 3 (Zhu et al., 2011) For the following
system ẋ = f(x, u), where x is the system state
vector and u is the control input, we say the system
is practical finite-time stable (PFS) if for any initial
state x(0), there exist ε > 0 and Tf(ε, x0) < ∞,
such that ‖x(t)‖ < ε, for all t ≥ t0 + Tf . Then we
have a continuous Lyapunov function V (x) and its
derivative satisfies:

V̇ (x) ≤ −ρV α(x) + b, (5)
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where ρ > 0, 0 < α < 1, and 0 < b < ∞. Moreover,
0 < τ < 1 is given so that the system state can be
bounded in finite time as

lim
τ→θ0

x ∈
(

V α(x) ≤ b

(1− τ)ρ

)

, (6)

where 0 < θ0 < 1, and the maximum convergence
time to reach Eq. (6) is given as

T ≤ V 1−α(x0)

ρθ0(1− α)
. (7)

Lemma 4 (He et al., 2015b) Consider a positive
definite and continuous Lyapunov function V (x). In
case its initial condition V (0) is bounded and the
following inequality is satisfied:

V̇ (x) ≤ −aV (x) + b, (8)

where a > 0 and b > 0, then V (x) is bounded.
Definition 1 (Tee et al., 2009) A barrier Lya-
punov function V (x) is a continuous, positive def-
inite, scalar function, which is defined on an open
region Ω including the origin, relating to the system
ẋ = f(x). At each point of Ω, the first-order par-
tial derivatives of the BLF are continuous. When x

gets close to the margin of Ω, there is V (x) → ∞.
Besides, along the solution of ẋ = f(x), there is
V (x(t)) ≤ q (∀t ≥ 0) with a positive constant q.

2.3 Prescribed performance

The present control objective establishes the re-
quirement for the output of the whole system with a
guaranteed prescribed performance.
Definition 2 (Bechlioulis and Rovithakis,
2010) The performance function ρ : R+ → R+ is a
smooth function which satisfies the requirements as
follows:

(1) ρ(t) is positive and decreasing;
(2) lim

t→∞ ρ(t) = ρ∞ > 0.
In this study, the performance function is chosen

as ρi(t) = (ρi0 − ρi∞)elit + ρi∞, where the perfor-
mance parameters ρi0, ρi∞, and li are given to ensure
the behavior of the traces. Based on the performance
function, the tracking errors are confined within the
preset region, which can be described as

−σi1ρi1(t) < sign(ei0) · ei < σi2ρi2(t), i = 1, 2, ..., n,

(9)
where σi1 and σi2 are positive constants designed
to adjust the error boundaries and overshoots. In

general, σi1 should be taken smaller than σi2 for less
overshoot. The sign of initial error ei0 is taken into
account to adjust the predefined range.
Remark 1 Compared with the previous schemes
in which the sign of ei0 is overlooked, the condition
given in inequality (9) can adjust the location of the
upper and lower bounds according to the initial er-
ror. Compared to the boundaries given in Bechlioulis
and Rovithakis (2010), the upper and lower bounds
in inequality (9) are allowed to set different values
separately to adapt to various control requirements.

3 Main results

3.1 Finite-time neural network disturbance
observer design

In this study, the radial basis function (RBF)
NN is chosen to construct an NN observer for distur-
bance estimation. For a continuous function q(x) in
a compact set Ωq, we have an NN estimator as

q(x) = (W ∗)T S(x) + ε(x), (10)

where the input vector x ∈ Ωq ⊂ R
n, W ∗ is the opti-

mal weight matrix of the network which could mini-
mize the approximation error ε(x), and ε(x) satisfies
‖ε(x)‖ ≤ ε with ε being an unknown positive con-
stant. The actual weight matrix is denoted as Ŵ ,
and the weight error is denoted as W̃ = W ∗ − Ŵ .
S(x) = [S1(x), S2(x), ..., Sm(x)]T is the activation
function vector whose terms can be described as

Si(x) = exp

[
−(x− cj)

T(x− cj)

b2j

]

, (11)

where i = 1, 2, ...,m, j = 1, 2, ..., k, and cj and bj
are the jth center value and width value of the ith

neuron, respectively.
In system (1), the uncertainties and external dis-

turbances can be regarded as single equivalent dis-
turbances, which is common in disturbance observer
design (Chen WH, 2004; Chen XS et al., 2009; Chen
WH et al., 2015). Therefore, a total disturbance
term for ease of observation is given as

Δi(t) = Δfi(xi) + di(t), i = 1, 2, ..., n. (12)

According to the above principles of an RBF
NN, the estimation results of the total disturbance
term can be obtained:

Δi(t) = (W ∗
i )

T
Si(ςi) + εi(ςi)

= ŴT
i Si(ςi) + W̃T

i Si(ςi) + εi(ςi),
(13)
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where ςi ∈ R
m is the input vector which contains the

state xi and its derivative ẋi, and εi(ςi) ∈ R
m is the

estimation error vector which satisfies ‖εi(ςi)‖ ≤ εi
with εi being an unknown positive constant.

An auxiliary variable is introduced as si = xi−
x̂i. Then the NN disturbance observer is designed as

⎧
⎪⎨

⎪⎩

˙̂xi = xi+1 + fi(xi) + Δ̂i,

˙̂xn = bu + fn(xn) + Δ̂n,

Δ̂i = ŴT
i Si(ςi) + tanh(si/ϑ)νi + k0is

αi

i ,
(14)

where x̂i ∈ R
m and Δ̂i ∈ R

m (i=1, 2, ..., n) are the
estimates of xi and Δi respectively, ϑ is defined as
ϑ = 1/(1+t2), νi is a constant selected to satisfy νi ≥
εi, k0i is the designed positive constant parameter,
and αi is defined as 0 < αi = ai/bi with ai and bi
being positive odd integers and satisfying ai < bi.

Considering observer (14), the time derivative
of si can be written as

ṡi = ẋi − ˙̂xi = Δi − Δ̂i

= W̃T
i Si(ςi) + εi(ςi)− tanh(si/ϑ)νi − k0is

αi

i .
(15)

The adaptive law for updating networks is de-
signed as

˙̂
Wi = Γi(Si(ςi)s

T
i + κiŴi), (16)

where Γi is the learning rate matrix of NNs and will
be designed later, and κi is a small positive constant.

With the above analysis, we can present the fol-
lowing theorem:
Theorem 1 Consider the high-order MIMO non-
linear system (1), if the NN disturbance observer (14)
is used to estimate the total disturbance with the
adaptive law (16), the estimation errors si will con-
verge to a very small neighborhood of the origin in
finite time.
Proof Consider a Lyapunov function candidate as

Vi0 =
1

2
sTi si +

1

2
tr(W̃T

i Γ−1
i W̃i), (17)

where tr(·) is the trace of the matrix. Substituting
Eq. (15) and the designed adaptive law (16) into
Eq. (17) results in

V̇i0 =sTi ṡi + tr(W̃T
i Γ−1

i
˙̃
W i)

=sTi (W̃
T
i Si(ςi) + εi(ςi)− tanh(si/ϑ)νi − k0is

αi

i )

+ tr(W̃T
i Γ−1

i
˙̃
W i)

=sTi εi(ςi)− sTi tanh(si/ϑ)νi − sTi k0is
αi

i

+ tr(W̃T
i (Γ−1

i
˙̃
W i + Si(ςi)s

T
i ))

=sTi εi − sTi tanh(si/ϑ)νi − sTi k0is
αi

i

+ κitr(W̃
T
i Ŵi). (18)

Using the inequalities |sij | − sij · tanh(sij/ϑ) ≤
0.2785ϑ (where sij (j=1, 2, ..., m) is the jth element
of si) given in Wang QL and Sun (2020) and νi ≥ εi,
we can derive

sTi εi − sTi tanh(si/ϑ)νi ≤ ‖si‖εi − sTi tanh(si/ϑ)νi

≤ ‖si‖εi − sTi tanh(si/ϑ)εi

≤ 0.2785mϑεi.
(19)

Therefore, using Eq. (18), inequality (19), and
Young’s inequality, we can obtain

V̇i0 ≤−sTi k0is
αi

i +0.2785ϑεi+κitr(W̃
T
i W ∗

i −W̃T
i W̃i)

≤− λmin(k0i)

n∑

i=1

sαi+1
i + 0.2785mϑεi

+ κitr

((
1

2σ
− 1

)

W̃T
i W̃i +

σ

2
(W ∗

i )
T
Wi

∗
)

≤− λmin(k0i)

n∑

i=1

sαi+1
i + 0.2785mϑεi

− κi(2σ−1)

2σ
tr(W̃T

i W̃i)+
κiσ

2
tr
(
(W ∗

i )
T
Wi

∗
)

≤− λmin(k0i)
n∑

i=1

sαi+1
i + 0.2785mϑεi

− κi(2σ−1)

2σ
tr(W̃T

i W̃i)+
κiσ

2
tr
(
(W ∗

i )
T Wi

∗
)

+
κi(2σ − 1)

2σ

(
tr(W̃T

i W̃i)
) a+b

2b

− κi(2σ − 1)

2σ

(
tr(W̃T

i W̃i)
) a+b

2b

≤− λmin(k0i)

n∑

i=1

sαi+1
i +

βiσ

2
tr
(
(W ∗

i )
T
Wi

∗
)

+ 0.2785ϑεi − κi(2σ − 1)

2σ

(
tr(W̃T

i W̃i)
) a+b

2b

≤− λmin(k0i)2
a+b
2b

(
1

2
sTi si

) a+b
2b

+ 0.2785mϑεi

− λmin(k0i)2
a+b
2b

1

2

(
tr(W̃T

i Γ−1
i W̃i)

) a+b
2b

+
κiσ

2
tr
(
(W ∗

i )
TW ∗

i

)

≤− λmin(k0i)2
a+b
2b V

a+b
2b

i0 + ηi, (20)

where λmin(·) represents the minimum eigenvalue
of the vector, σ is a positive real number, and the
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parameters are given by
⎧
⎪⎨

⎪⎩

Γi =
2σ

κi(2σ − 1)
k0i,

ηi = 0.2785mϑεi +
κiσ

2
tr
(
(W ∗

i )
T Wi

∗
)
.

(21)
According to Lemma 3, the observer estimation

errors si will be bounded in finite time, and can be
calculated as

lim
θ→θ0

si ∈
(

V
a+b
2b

i0 ≤ ηi

(1− θ)λmin(k0i)2
a+b
2b

)

, (22)

where 0 < θ ≤ 1 and 0 < θ0 < 1. The convergence
time is bounded as

Ti ≤ 2−
a+b
2b · (Vi0(si0))

b−a
2b

b−a
2b θ0λmin(k0i)

, (23)

where Vi0(si0) is the initial value of Vi0. This com-
pletes the proof.
Remark 2 The observer’s performance is often
ignored in previous works. As an important part
of the integrated controller, the convergence time of
the observer will influence the overall system perfor-
mance. Compared with previous results (e.g., Guo
L and Chen (2005), Chen M et al. (2013), Chen WH
et al. (2015), and Sun and Guo (2016)), in this study,
the proposed observer is proven to converge in finite
time. Instead of using the signal functions in Hu
et al. (2014) and Wang DD et al. (2018), the tanh
function is chosen to construct the observer. In this
way, the chattering phenomenon will be eliminated.
Moreover, the disturbance observer design is sepa-
rated from the controller design, and remains flexible
to integrate with other control laws.

3.2 Tracking error transformation

To achieve the prescribed performance given in
Section 2.3, the original system will be transformed
by an error transformation function.

For simplicity, the condition given in inequal-
ity (9) is rewritten as

χi1(t) < ei < χi2(t), i = 1, 2, ... m, (24)

where χi1 and χi2 are the lower and upper bounds of
the tracking error associated with ei0, respectively:

⎧
⎪⎪⎨

⎪⎪⎩

χi1(t) =

{ −σi1ρi1(t), if ei0 ≥ 0,

−σi2ρi2(t), if ei0 < 0,

χi2(t) =

{
σi2ρi2(t), if ei0 ≥ 0,

σi1ρi1(t), if ei0 < 0.

(25)

Similar to Hu et al. (2017), the error transfor-
mation function is designed as

z1i(t) =
2ei(t)− (χi1(t) + χi2(t))

χi2(t)− χi1(t)
, (26)

where i=1, 2, ..., m, and z1i(t) indicates the ith

element of the converted tracking error z1. With
Eq. (26), the prescribed bounds (24) can be guaran-
teed by keeping the condition:

|z1i(t)| < 1. (27)

By differentiating Eq. (26), we can obtain

ż1i(t) =
2ėi(t)

χi2(t)− χi1(t)
− ιi(t), (28)

where

ιi =
χ̇i1 + χ̇i2
χi2 − χi1

+
[2ei − (χi1 + χi2)](χ̇i2 − χ̇i1)

(χi2 − χi1)2
.

(29)
Then the transformed error dynamics coordi-

nates of the original system (1) are defined as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ż1 = [ż11, ż12..., ż1m]
T

= diag
(

2
χi2−χi1

)
(x2 + f1 +Δ1 − ẏd)− ιi,

żj = xj+1 + fj(xj) + Δfj(xj) + dj(t)− α̇j−1,

żn = bu+ fn(xn) + Δfn(xn) + dn(t)− α̇n−1,

ei = yi − ydi =
1
2z1i(χi2 − χi1) + (χi1 + χi2),

(30)
where i=1, 2, ..., m, j=2, 3, ..., n− 1, and αk (k=1,
2, ..., n− 1) is the virtual control function.

3.3 Controller design and stability analysis

In Section 3.1, the finite-time NN disturbance
observer has been developed to estimate and com-
pensate for the lumped disturbance in the systems.
On that basis, a barrier Lyapunov-based backstep-
ping controller is designed to realize the proposed
control objective.

Step 1: Define a Lyapunov function candidate
that satisfies Definition 1:

V1 =
1

2

m∑

i=1

ln
1

1− z21i
. (31)

According to Eq. (30), the time derivative of
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Eq. (31) is given as

V̇1 =
m∑

i=1

z1iż1i
1− z21i

=

m∑

i=1

z1i

[
2

χi2−χi1
· (x2i + f1i +Δ1i − ẏdi)− ιi

]

1− z21i

=

m∑

i=1

z1i

[
2

χi2−χi1
· (z2i + α1i + f1i +Δ1i − ẏdi)

]

1− z21i

−
m∑

i=1

−ιi
1− z21i

.

(32)
The virtual control function α1i is designed as

α1i =− f1i − Δ̂1i + ẏdi +
k1iz1i
2

(χi1 + χi2)

+
ιi
2
(χi2 − χi1).

(33)

By rewriting Eq. (33) in vector form, we have

α1 =− f1 − Δ̂1 + ẏd

+
k1z1
2

diag(χi1+χi2)+
1

2
diag

( ιi
2
(χi2−χi1)

)
,

(34)
where k1 = diag (k11, k12, ..., k1m) is the positive gain
matrix and Δ̂1 is the estimate of Δ1 presented in
Section 3.1.

Substituting Eq. (33) into Eq. (32) produces

V̇1 = −
n∑

i=1

k1i
z21i

1− z21i
+

n∑

i=1

2z1iz2i
(χi2 − χi1)(1 − z21i)

,

(35)
where the last term of Eq. (35) can be handled below.

Step 2: Define the following Lyapunov function
candidate:

V2 = V1 +
1

2
zT
2 z2. (36)

According to Eqs. (30) and (35), the time deriva-
tive of Eq. (36) is given as

V̇2 =V̇1 + zT
2 ż2

=−
n∑

i=1

k1i
z21i

1− z21i
+

n∑

i=1

2z1iz2i
(χi2 − χi1)(1− z21i)

+ zT
2 (z3 +α2 + f2 +Δ2 − α̇1).

(37)
The virtual control function α2 can be designed

as
α2 = −k2z2 − f2 − Δ̂2 + α̇1 −Q, (38)

where α1 is as given in Eq. (34),

Q =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

z11
(χ12 − χ11)(1 − z211)z12
(χ22 − χ21)(1 − z212)

...
z1m

(χm2 − χm1)(1 − z21m)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (39)

k2 = diag (k21, k22, ..., k2m) is the positive gain ma-
trix, and Δ̂2 is the estimate of Δ2.

By substituting Eq. (38) into Eq. (37), we have

V̇2 = −
n∑

i=1

k1i
z21i

1− z21i
− zT

2 k2z2 + zT
2 z3, (40)

where the last term of Eq. (40) will be eliminated
below.

Step i (i=3, 4, ..., n − 1): Define the following
Lyapunov function candidate:

Vi = Vi−1 +
1

2
zT
i zi. (41)

According to Eqs. (30) and (40), the time deriva-
tive of Eq. (41) is given as

V̇i =V̇i−1 + zT
i żi

=−
n∑

i=1

k1i
z21i

1− z21i
−

i−1∑

j=2

zT
j kjzj + zT

i−1zi

+ zT
i (zi+1 +αi + fi +Δi − α̇i−1).

(42)

The virtual control function αi can be designed
as

αi = −zi−1 − kizi − fi − Δ̂i + α̇i−1, (43)

where ki = diag (ki1, ki2, ..., kim) is the positive gain
matrix and Δ̂i is the estimate of Δi.

Substituting Eq. (43) into Eq. (42) produces

V̇i = −
n∑

i=1

k1i
z21i

1− z21i
−

i∑

j=2

zT
j kjzj + zT

i zi+1,

(44)
where the last term of Eq. (44) can be canceled
below.

Step n: Define the following Lyapunov function
candidate:

Vn = Vn−1 +
1

2
zT
n zn. (45)
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According to Eqs. (30) and (44), the time deriva-
tive of Eq. (45) is given as

V̇n =V̇n−1 + zT
n żn

=−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+ zT
n (bu + fn +Δn − α̇n−1).

(46)
In Section 2, we have mentioned that matrix b

can be described as b = b1 + b2. Since matrix b1 is
symmetric and b2 is skew-symmetric, for zn 
= 0, we

denote ϕ(t) =
zT
n b1zn
‖zn‖2 
= 0. If zn = 0, we define

ϕ(t) = ϕ0 > 0, where ϕ0 is a constant satisfying
λmin(b1) ≤ ϕ0 ≤ λmax(b1). Then, we can obtain

{
zT
n b1zn = ϕ(t)‖zn‖2,

zT
n b2zn ≡ 0.

(47)

The control input u is designed as

u =
znz

T
n

ϕ‖zn‖2 (−zn−1 − knzn − fn − Δ̂n + α̇n−1),

(48)
where kn = diag (kn1, kn2, ..., knm) is the positive
gain matrix and Δ̂n is the estimate of Δn.

Substituting Eq. (48) into Eq. (46), we can
obtain

V̇n =−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+
zT
n b1znz

T
n

ϕ‖zn‖2 (−zn−1−knzn−fn−Δ̂n+α̇n−1)

+ zT
n (fn +Δn − α̇n−1)

=−
n∑

i=1

k1i
z21i

1− z21i
−

n∑

j=2

zT
j kjzj .

(49)
Then we can present the main result by the fol-

lowing theorem:
Theorem 2 Consider a class of high-order MIMO
nonlinear systems (1) with system uncertainties and
unknown external disturbances satisfying Assump-
tions 1–3. With the finite-time NN disturbance ob-
server (14), adaptive law (16), and the proposed con-
trol law (48), the closed-loop system output can track
the desired trajectory with all the signals bounded,
and the transformed tracking error zi is bounded.
For any initial error satisfying the initial condition,
the tracking error ei can be guaranteed to be within
the prescribed tracking performance.

Proof A Lyapunov function candidate is selected
for the overall system as

V =Vn +

n∑

i=1

Vi0

=
1

2

m∑

i=1

ln
1

1− z21i
+

1

2

n∑

j=2

zT
j zj

+
1

2

n∑

i=1

(
sTi si + tr(W̃T

i Γ−1
i W̃i)

)
.

(50)

According to inequality (20), Eqs. (49) and (50),
and applying Lemma 2, the following inequality
holds:

V̇ =V̇n +

n∑

i=2

V̇i0

≤−
m∑

i=1

k1i
z21i

1− z21i
−

n∑

j=2

zT
j kjzj

−
n∑

i=1

(
λmin(k0i)2

a+b
2b V

a+b
2b

i0 + ηi

)

≤− k1i

m∑

i=1

ln
1

1− z21i
−

n∑

j=2

zT
j kjzj

− 2λmin(k0i)

n∑

i=1

Vi0 +

n∑

i=1

ηi.

(51)

Let
{
ρ = min{4λmin(k0i), 2k1i, 2λmin(kj)},
C =

∑n
k=1 ηk,

(52)

where i=1, 2, ..., m and j=2, 3, ..., n. Then inequal-
ity (51) can be rewritten as

V̇ ≤ −ρV + C. (53)

To ensure ρ > 0, the control parameters are
chosen to satisfy

λmin(k0i) > 0, k1i > 0, λmin(kj) > 0, (54)

where i=1, 2, ..., m and j=2, 3, ..., n.
Thus, according to Lemma 4, the overall sys-

tem is proven to be stable, and all the signals in the
closed-loop system are bounded. The transformed
tracking error z1i can converge to the compact set
described by

|z1i| ≤
√
1− e−2(V (0)−C/ρ), (55)
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which means that the transformed tracking error
z1i is bounded in (−1, 1), satisfying condition (27).
Therefore, the tracking error e can be guaranteed to
be within the prescribed tracking performance. This
completes the proof.
Remark 3 The whole control process could be
divided into two stages. Considering Theorem 2,
when t < Ti, the observation error and the tracking
error are gradually converging but may not reach the
desired bounds; when t ≥ Ti, the observation error
has converged to the range given in Eq. (22), and
the tracking error is bounded. The control strategy
is illustrated by a block diagram in Fig. 1.

4 Extension to high-order MIMO non-
linear systems with input saturation

In Section 3, we assume that the input signal
is unconstrained. However, in the practical con-
trol process, especially for a mechanical system, the
control input is always restricted. In this section,
the observer-based tracking control of a high-order
MIMO system with input saturation is considered.

With system (1), the control input variable u ∈
R
m is redefined with the saturated condition, which

is expressed as

us = sat(v) =

{
sign(v)ub, ‖v‖ ≥ ub,

v, ‖v‖ < ub,
(56)

where us is the actual control input produced by
saturated actuators, v = [v1, v2, ..., vm]T is the input
signal generated by the processor to the actuators,

and ub is the known saturation bound.
According to He et al. (2015a), the original sat-

uration signal has a sharp corner which is harmful
to the system control, so an approximation function
h(v) = [h(v1), h(v2), ..., h(vm)]T is raised to improve
the saturation condition:

h(v) = ubtanh

(
v

ub

)

= us
ev/ub − e−v/ub

ev/ub + e−v/ub
. (57)

The control input signal in Eq. (56) can be trans-
formed into

us = sat(v) = h(v) + g(v), (58)

where g(v) = sat(v)−h(v) with the bound function:

‖g(v)‖ ≤ ub(1 − tanh(1)) = g. (59)

In this section, the input saturation will not af-
fect the observer design process, so the disturbance
observer is similar to the one designed in Section 3.1.

First, the transformed error dynamics coordi-
nates with a full consideration of the input satura-
tion (58) are described as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ż1 = [ż11, ż12, ..., ż1m]
T

= diag
(

2
χi2−χi1

)
(x2 + f1 +Δ1 − ẏd)− ιi,

żj = xj+1 + fj(xj) + Δfj(xj) + dj(t)− α̇j−1,

żn=bus+fn(xn)+Δfn(xn)+dn(t)−α̇n−1−γ̇,

ei = yi − ydi =
1
2z1i(χi2 − χi1) + (χi1 + χi2),

(60)
where i=1, 2, ..., m, j=2, 3, ..., n−1, αk ∈ R

m (k=1,
2, ..., n− 1) is the virtual control function, and γ is

yd Prescribed
performance
function

Adaptive
controller

NN disturbance
observer

RBF NN

Adaptive
controller

Adaptive
controller

High-order
MIMO system

e z1 α1 z2−

+

α2 αn−1 −

+
zn u

d1 d2 dn

y

NN disturbance
observer

RBF NN

NN disturbance
observer

RBF NN

−

+
x1 x2 xn

Δ1 ΔnΔ2

Fig. 1 Block diagram of the developed control strategy
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a dynamic system defined as

γ̇ = −γ + b(h(v) − v). (61)

Note that using the backstepping technique, the
derivation of the control input v̇ is irrelevant to steps
1 to i (i=2, 3, ..., n−1); thus, the design procedure of
these steps is similar to that in Section 3.3. The de-
sign process jumps directly to the last step involving
v.

Step n: Define the following Lyapunov function
candidate:

Vn = Vn−1 +
1

2
zT
n zn. (62)

According to Eq. (60), the time derivative of
Eq. (62) is

V̇n =V̇n−1 + zT
n żn

=−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+ zT
n (bus + fn +Δn − α̇n−1 − γ̇)

=−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+ zT
n (bv + fn +Δn − α̇n−1 + γ + bg(v)).

(63)
Considering Eq. (47), the control input v can be

designed as

v=
znz

T
n

ϕ‖zn‖2 (−zn−1−knzn−fn−Δ̂n+α̇n−1−γ),

(64)
where parameter ϕ is defined similar to that in
Eq. (47), kn = diag (kn1, kn2, ..., knm) is the positive
gain matrix, and Δ̂n is the estimate of Δn.

By substituting Eq. (64) into Eq. (63), we can
obtain

V̇n =−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+ zT
n b1v + zT

n (fn +Δn − α̇n−1 + γ + bg(v))

=−
n∑

i=1

k1i
z21i

1− z21i
−
n−1∑

j=2

zT
j kjzj + zT

n−1zn

+ zT
n (−zn−1 − knzn − fn − Δ̂n + α̇n−1 − γ)

+ zT
n (fn +Δn − α̇n−1 + γ + bg(v))

=−
n∑

i=1

k1i
z21i

1− z21i
−

n∑

j=2

zT
j kjzj + zT

n bg(v).

(65)

Then the stability analysis of the designed con-
troller is given in the following theorem:
Theorem 3 Consider a class of high-order uncer-
tain MIMO nonlinear systems (1) with unknown ex-
ternal disturbance and input saturation satisfying
Assumptions 1–3. With the finite-time NN distur-
bance observer (14), adaptive law (16), and the pro-
posed control law (64), the closed-loop system output
can track the desired trajectory yd with all signals
bounded, and the transformed tracking error z1 is
bounded. For any ei0 that satisfies the initial condi-
tion, the tracking error ei can be guaranteed to be
within the prescribed tracking performance.
Proof Similar to Section 3.3, the Lyapunov func-
tion candidate is selected as

V =Vn +
n∑

i=1

Vi0

=
1

2

m∑

i=1

ln
1

1− z21i
+

1

2

n∑

j=2

zT
j zj

+
1

2

n∑

i=1

(
sTi si + tr(W̃T

i Γ−1
i W̃i)

)
.

(66)

Substituting Eq. (65) and inequality (20) into
Eq. (66) and applying Lemma 2, the following in-
equality holds:

V̇ = V̇n +
n∑

i=2

V̇i0

≤ −
m∑

i=1

k1i
z21i

1− z21i
−

n∑

j=2

zT
j kjzj + zT

n bg(v)

−
n∑

i=1

(
λmin(k0i)2

a+b
2b V

a+b
2b

i0 + ηi

)

≤ −k1i
m∑

i=1

ln
1

1− z21i
−

n∑

j=2

zT
j kjzj + g‖zT

n b‖

− 2λmin(k0i)

n∑

i=1

Vi0 +

n∑

i=1

ηi.

(67)
Similarly, let

{
ρs = min{4λmin(k0i), 2k1i, 2λmin(kj)},
Cs =

∑n
k=1 ηk + g‖zT

n b‖,
(68)

where i=1, 2, ..., m and j=2, 3, ..., n. Then inequal-
ity (67) can be rewritten as

V̇ ≤ −ρsV + Cs. (69)
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The control parameters are chosen to satisfy

λmin(k0i) > 0, k1i > 0, λmin(kj) > 0, (70)

where i=1, 2, ..., m and j=2, 3, ..., n.
Thus, by Lemma 4, the overall system is proven

to be stable. According to inequality (69), we can
see that all the signals in the closed-loop system are
bounded. The transformed tracking error z1i can
converge to the compact set given as

|z1i| ≤
√
1− e−2(V (0)−Cs/ρs), (71)

which means that the transformed tracking error z1i
is bounded in (−1, 1). Therefore, the tracking er-
ror e can be guaranteed to be within the prescribed
tracking performance with the existence of input sat-
uration. This completes the proof.

5 Simulation results

In this section, the designed control method is
used in the following quadrotor model to demon-
strate its effectiveness. The dynamic model used
in this study is an attitude dynamic model of the
quadrotor in Wang XR et al. (2018), which is a clas-
sical uncertain MIMO system as follows:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

φ̈(t) =
Iy − Iz
Ix

θ̇(t)ψ̇(t) +
l

Ix
uφ +

Jr
Ix
Ωθ̇,

θ̈(t) =
Iz − Ix
Iy

ψ̇(t)φ̇(t) +
l

Iy
uθ +

Jr
Iy
Ωφ̇,

ψ̈(t) =
Ix − Iy
Iz

φ̇(t)θ̇(t) +
1

Iz
uψ,

(72)

where φ is the roll angle, θ is the pitch angle, ψ is
the yaw angle, l is the distance from the center of
gravity of the quadrotor to the center of each rotor,
Ii (i = x, y, z) is the inertia of the quadrotor, Jr
is the inertia of the propellers, Ω is the sum of the
angular velocities of the motors, and uφ, uθ, and uψ
are three input torques.

By analyzing model (72), we find it difficult to
obtain an accurate value of the inertia parameters,
which leads to model uncertainties. The quadrotor is
disturbed by wind or other conditions during flight,
so it is necessary to consider the external disturbance
terms. The simulation also considers the existence
and non-existence of input saturation, according to
the various conditions of the actuator in practice.

Therefore, system (72) can be rewritten as
⎧
⎨

⎩

ẋ1 = x2 + f1(x1) + Δf1(x1) + d1(t),

ẋ2 = Bu+ f2(x2) + Δf2(x2) + d2(t),

y = x1,

(73)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = [φ, θ, ψ],

x2 = [φ̇, θ̇, ψ̇],

f1 = [0, 0, 0]T,

B = diag (l/Ix, l/Iy, 1/Iz) ,

u = [uφ, uθ, uψ]
T,

f2(x2)=
[
Iy−Iz
Ix

x22x23,
Iz−Ix
Iy

x23x21,
Ix−Iy
Iz

x21x22

]T
.

The terms for the total system disturbances to be
estimated by disturbance observers are chosen as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Δ1 = 0,

Δ2 =

⎡

⎢
⎢
⎢
⎢
⎣

Jr
Ix
Ωx22 + d21(t)

Jr
Iy
Ωx21 + d22(t)

d23(t)

⎤

⎥
⎥
⎥
⎥
⎦
.

(74)

The desired trajectories are designed as yd =

[0.25 sin t, 0.25 sin t, sin t+ 0.5 sin(10t/7)]T. The sys-
tem parameters are chosen as Ix = Iy = 7.78 ×
10−3 kg/m2, Iz = 1.44 × 10−2 kg/m2, l = 0.33 m,
Jr = 6× 10−3 kg/m2. The external disturbances are
given as d21 = −0.1 cos(t/60), d22 = 0.05 sin(t/60),
d23 = −0.4 cos(t/50). The initial values of the sys-
tem state are given as x1 = [4.5, 4.5, 9]T, x2 =

[0, 0, 0]T.
The performance boundary function is shown

as ρi(t) = (ρi0 − ρi∞)elit + ρi∞, and the pre-
scribed parameters are chosen as ρ10 = ρ20 = 8,
ρ30 = 10, ρi∞ = 0.5, li=0.9, σij = 1 (i, j=1, 2,
3). The observer parameters are given as νi = 1,
k0i = diag(0.01, 0.01, 0.1), ai = 9, bi = 11 (i=1,
2, 3). The parameters for the RBF NN in the ob-
server are chosen as κ1 = κ2 = 0.1, κ3 = 0.05,
Γ1 = 180, Γ2 = 80, Γ3 = 150. The controller
parameters are selected as k1 = diag(60, 42.5, 64),
k2 = diag(600, 595, 420).

Case 1: Under the designed tracking control ap-
proach based on the NN disturbance observer, BLF,
and the backstepping method, the simulation exam-
ples are presented in Figs. 2–7. The time responses
of the Euler angles are depicted in Fig. 2, which
indicates that the output can track the desired tra-
jectories quite well under system uncertainties and
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external disturbances. Additionally, the tracking er-
rors and their constraints are shown in Fig. 3. It
can be seen that by using the proposed scheme, the
tracking errors can converge to a small neighborhood
of the origin with predefined transient and steady-
state bounds and that the prescribed tracking per-
formance is attained.
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Fig. 2 Trajectories of the attitude angles of the
quadrotor (blue line) along with the desired trajec-
tory (red dashed line) under control input u (Refer-
ences to color refer to the online version of this figure)

−10

−5

0

5

10

e ɸ
 (°

)

Tracking error Upper bound Lower bound

−10

−5

0

5

10

Time (s)

−10

−5

0

5

10

2.8 3.0
−1

0
1

4.0 4.2
−1

0
1

6.6 6.8
−1

0
1

e θ
 (°

)
e ψ

 (°
)

0 1 2 3 4 5 6 7 8 9 10

0 1 2 3 4 5 6 7 8 9 10

0 1 2 3 4 5 6 7 8 9 10

Fig. 3 Tracking error evolution with the prescribed
performance under control input u (References to
color refer to the online version of this figure)

The transformed tracking errors are presented
in Fig. 4. Fig. 5 shows the convergence of the weight
value of the NN. The estimates of the observers are
given in Fig. 6, which illustrates that the uncertain-
ties and disturbances can be handled well by the NN
disturbance observer. It can be perceived in Fig. 7
that the input signals are non-chattering.

Case 2: In the simulation process, we find that
the NN disturbance observer will introduce some
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spikes to the control input, and these spikes exceed
the operating range of the motors. Therefore, an
input saturation condition is added to the control
process and solved by controller (64).

The parameter for input saturation is set as
ub = 0.3. According to Fig. 8, it can be concluded
that the control inputs are restrained in the set range.
The tracking performances under input saturation
are shown in Figs. 9 and 10.
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under the proposed NN disturbance observer
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6 Conclusions

Observer-based adaptive tracking control has
been investigated for a high-order MIMO nonlin-
ear system with input saturation and prescribed
tracking performance. In the control design, we
have presented a novel NN disturbance observer to
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Fig. 8 Control demands v for attitude angles with
input saturation
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estimate the uncertainties and disturbances in finite
time. Using the backstepping technique and BLF, an
adaptive tracking control method has been proposed
which could guarantee the prescribed performance
of the tracking error and the boundedness of the
closed-loop signals. Finally, the effectiveness of the
designed scheme has been illustrated with extensive
simulation results.

In the future, there is some meaningful work
that needs to be conducted. The proposed method
requires that the control coefficient matrix must be
known. So, the design of an observer-based control
strategy for a completely unknown system is still
an open issue. Moreover, it is unclear whether the
proposed result can be extended to nonlinear multi-
agent systems.
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