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Abstract: This paper studies the sampled data based containment control problem of second-order multi-agent
systems with intermittent communications, where velocity measurements for each agent are unavailable. A novel
controller for second-order containment is put forward via intermittent sampled position data measurement. Several
necessary and sufficient conditions are derived to achieve intermittent sampled containment control by means of
analyzing the relationship among control gains, eigenvalues of the Laplacian matrix, the sampling period, and the
communication width. Finally, several simulation examples are used to testify the correctness and effectiveness of
the theoretical results.
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1 Introduction

Recently, the distributed containment control
problem of multi-agent systems has attracted consid-
erable attention due to its wide applications in areas
such as epidemic prevention and control, hazardous
material handling, and smart grid dispatching. Typi-
cally, the study of containment control of multi-agent
systems is devoted to drive each follower into a ge-
ometric area (convex hull) formed by multiple lead-
ers. Up to now, the containment control problem of
multi-agent systems has been persistently addressed,

‡ Corresponding author
* Project supported by the Tianjin Natural Science Foundation
of China (Nos. 20JCQNJC01450 and 20JCYBJC01060) and the
National Natural Science Foundation of China (No. 61973175)

ORCID: Fuyong WANG, https://orcid.org/0000-0002-2747-
9635; Zhongxin LIU, https://orcid.org/0000-0002-3565-4800;
Zengqiang CHEN, https://orcid.org/0000-0002-1415-4073
c© Zhejiang University Press 2021

and many profound theoretical results have been es-
tablished (Liu HY et al., 2012; Liu KE et al., 2014;
Wen et al., 2016; Wang D et al., 2019; Zou and Xi-
ang, 2019; Liu TF et al., 2020; Liu YF and Su, 2020a,
2020b; Shi et al., 2020; Wang FY et al., 2020a, 2020b;
Sun et al., 2021; Xiao et al., 2021).

All of the abovementioned references address
only the containment control problem under contin-
uous communications. On one hand, since links of
communication networks may change, interactions
among autonomous agents are time-varying or dis-
continuous. On the other hand, due to sensor/
actuator failures, network-injected packet losses, and
the limitation of sensing ranges, the whole com-
munication link among agents will be intermittent,
and the control inputs will be zero during discon-
nected communication time intervals. In this sce-
nario, Wang FY et al. (2018, 2019b) investigated the
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second-order containment control problem with in-
termittent communications. Note that the velocity
measurements were typically required in the second-
order containment control problem for the aforemen-
tioned works. However, the velocity information
among agents may be difficult to achieve in practi-
cal applications. Moreover, to save space, cost, and
reduce weight, agents might not be equipped with
velocity sensors in many real systems. Considering
this fact, Hong et al. (2008) and Li et al. (2012) de-
signed distributed observers for leader-following con-
sensus and containment control, respectively. Based
on the distributed filter, Mei et al. (2013) solved the
consensus control problem for second-order multi-
agent systems with nonlinear dynamics using only
relative position measurements. Furthermore, Wang
FY et al. (2019a) designed a novel intermittent con-
tainment control protocol without velocity measure-
ments by a filter-based method. However, higher-
order system variables were involved in Hong et al.
(2008), Li et al. (2012), Mei et al. (2013), and Wang
FY et al. (2019a). To overcome this shortage, Yu
WW et al. (2011) designed a second-order consensus
control protocol based only on the current and some
sampled position data. Zou et al. (2018) investigated
the second-order leader-following consensus for non-
linear multi-agent systems via sampled data com-
munication without velocity measurements. Unfor-
tunately, position information monitoring needs to
be continuous. Under intermittent communications,
Yu ZY et al. (2018) designed a periodic intermit-
tent sampled data control protocol for second-order
consensus of multi-agent systems, using position and
velocity information. In some real situations, the
accurate velocity measurements may be difficult to
achieve and the communication networks are usu-
ally intermittent. Based on this fact, consensus or
containment control of multi-agent systems with in-
termittent communications and inaccurate velocity
measurements is necessary to study.

Su et al. (2020) investigated the consensus prob-
lem for second-order multi-agent systems with inter-
mittent sampled position data. However, for prac-
tical problems, multi-agent systems need multiple
leaders to solve the more complex problems. Liu
YF and Su (2021) obtained some necessary and suf-
ficient conditions for containment of second-order
multi-agent systems with intermittent sampled data.
To use less information and save more energy, it is

desirable to use only the intermittent sampled posi-
tion data instead of velocity information in the de-
sign of the controller. This inspires us to investigate
whether second-order containment control can still
be achieved using only intermittent sampled posi-
tion data measurements, even if the velocity mea-
surements are unavailable.

The main contributions of this paper can be
summarized as follows:

1. Under intermittent communications, an in-
termittent sampled data based control method for
solving the second-order containment control prob-
lem without velocity measurements has been put for-
ward for the first time.

2. To use less information and save more energy,
a novel intermittent sampled containment controller
is first put forward via intermittent sampled position
data communications.

3. Necessary and sufficient conditions hinging
on the sampling period, the communication width,
system parameters, and the relationship between
the network topology structures are obtained for
solving the second-order intermittent sampled con-
tainment control problem with unavailable velocity
measurements.

Notations used in this paper are as follows: R,
R

n, and R
n×n denote the sets of real numbers, n-

dimensional real column vectors, and n× n real ma-
trices, respectively. N represents the set of integer
numbers. Let 000m×n denote the m × n matrix with
all zeros and IIIn denote the identity matrix with di-
mension n. The Kronecker product is denoted by
⊗, the Euclidean norm is denoted by ‖·‖, and the
module is denoted by |·|.

2 Model formulation

LetG = (V, ξ) be the interaction topology graph
of n nodes, in which V = {v1, v2, . . . , vn} denotes the
set of nodes and ξ ⊆ V × V denotes the set of edges.
LetAAA = [aij ] ∈ R

n×n be the weighted adjacency ma-
trix of graph G, where aij represents the adjacency
elements. Furthermore, for all i, j = 1, 2, . . . , n,
aij > 0 if (wj , wi) ∈ ξ and aij = 0 otherwise,
and aii = 0. A path from vi to vj is denoted by
πi,j = {(vi1, vi2), (vi2, vi3), . . . , (vi(q−1), viq)}, where
vi1 = vi, viq = vj , and (vip, vi(p+1)) ∈ ξ, p ∈
{1, 2, . . . , q − 1}. For an undirected graph, (vj , vi) ∈
ξ ⇔ (vi, vj) ∈ ξ implies aij = aji. If there exists a
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path between any pair of different nodes, then the
undirected graph is said to be connected. Moreover,
the Laplacian matrix of graph G is defined as LLL =

[lij ] ∈ R
n×n, where lii =

n∑

j=1,j �=i

aij , i = 1, 2, . . . , n,

and lij = −aij , i �= j, i, j = 1, 2, . . . , n.
In many practical systems, switching is a com-

mon phenomenon. Moreover, switching behaviors
usually occur in the network topology due to the
communication link creation or failure, abrupt pa-
rameter variations, and sensor failure. In this study,
to describe variable communication topologies, we
define a set of all switching signals Γ . Let σ(t) ∈ Γ be
a piecewise constant right continuous switching sig-
nal. Specifically, σ(t) : [0,∞) → Γ = {1, 2, . . . , S},
σ = σ(t) ∈ Γ , where S represents the total number of
all possible interconnection topology graphs. In this
case, the communication topology graph at time t is
denoted by Gσ(t). The Laplacian matrix associated
with the switching topology graph Gσ(t) is denoted
by LLLσ(t). In view that the communication topology
graph Gσ(t) is time-varying, the adjacency elements
aij(t) (i, j = 1, 2, . . . , n) and Laplacian matrix LLLσ(t)

are also time-varying.
Definition 1 (Rockafellar, 1972) The con-
vex hull composed of a finite set of points z =

{z1, z2, . . . , zn} ⊆ R
n is defined as

CO(z) =

{
n∑

i=1

εizi|zi ∈ z, εi ∈ R, εi ≥ 0,
n∑

i=1

εi = 1

}

.

Definition 2 (Liu HY et al., 2012) For a multi-
agent system, an agent is called a leader if the agent
has no neighbor, and a follower if the agent has at
least one neighbor.
Lemma 1 (Horn and Johnson, 1985) For matrices
QQQ1–QQQ4 with compatible dimensions, there hold that

(a) (QQQ1 +QQQ2)⊗QQQ3 =QQQ1 ⊗QQQ3 +QQQ2 ⊗QQQ3,
(b) (QQQ1 ⊗Q2) (QQQ3 ⊗QQQ4) = (QQQ1QQQ3) ⊗ (QQQ2QQQ4),

where ⊗ represents the Kronecker product.
Consider a multi-agent system composed of

N +M agents, where there are N followers and M

leaders. The dynamics of leaders is given by
{
q̇qql(t) =pppl(t),

ṗppl(t) =000, l = 1, 2, . . . ,M,
(1)

and followers are governed by the following
dynamics:

{
q̇qqi(t) =pppi(t),

ṗppi(t) =uuui(t), i = 1, 2, . . . , N,
(2)

where qqql(t) ∈ R
n and pppl(t) ∈ R

n are the position
and velocity of leader l, respectively, and qqqi(t) ∈ R

n,
pppi(t) ∈ R

n, and uuui(t) ∈ R
n are the position, velocity,

and control input of follower i, respectively.
For the considered multi-agent system, the in-

teractions among N + M agents can be described
by a graph G, and the interactions among N fol-
lowers can be described by an undirected graph Ĝ,
where Ĝ is a subgraph of graph G. The Lapla-
cian matrix of graph G is defined as a block matrix

LLL =

[
LLL1 LLL2

000M×N 000M×M

]

, where LLL1 ∈ R
N×N and

LLL2 ∈ R
N×M represent the communication relation-

ships among all the followers and between the leaders
and followers, respectively.
Lemma 2 (Liu HY et al., 2012) Assume that graph
Ĝ is undirected and connected. All the eigenvalues of
LLL1 are positive, each entry of−LLL−1

1 LLL2 is nonnegative,
and the elements of each row of −LLL−1

1 LLL2 have a sum
equal to one.
Definition 3 For systems (1) and (2), inter-
mittent containment control is achieved, if for any
initial states, there exists an intermittent controller
such that the followers’ states converge into the dy-
namic convex hull consisting of the states of mul-
tiple leaders under intermittent communications,
that is, limt→∞ qqqi(t) ∈ CO{qqql(t)|l = 1, 2, . . . ,M},
i = 1, 2, . . . , N .

3 Main results

Inspired by the sampled controller design (Yu
WW et al., 2011; Yu ZY et al., 2018; Zou et al.,
2018), a new kind of intermittent containment con-
trol protocol is put forward via the current and sam-
pled position data:

uuui(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

α

N+M∑

j=1

aij [qqqj(t)− qqqi(t)]

− β

N+M∑

j=1

aij [qqqj(tk)−qqqi(tk)], t∈ [tk, tk+θ),

000, t ∈ [tk + θ, tk+1),

(3)
where tk (k ∈ N) is the sampling sequence, θ is the
communication width, and α > 0 and β > 0 are the
feedback gains to be determined. Moreover, 0 = t0 <

t1 < t2 < . . . (k > 1), tk+1 − tk = T , and 0 < θ ≤ T ,
where T > 0 represents the sampling period.
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Substituting system (3) into system (2) and let-
ting xxxi(t) = [qqqi(t), pppi(t)]

T, i = 1, 2, . . . , N + M , we
have

ẋxxi(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

AAAxxxi(t)− α

N+M∑

j=1

lijBBBxxxj(t)

+ β

N+M∑

j=1

lijBBBxxxj(tk), t ∈ [tk, tk + θ),

AAAxxxi(t), t ∈ [tk + θ, tk+1),
(4)

where AAA =

[
000n IIIn
000n 000n

]

and BBB =

[
000n 000n
IIIn 000n

]

.

Let xxx(t) = [xxxT
F(t),xxx

T
R(t)]

T, xxxF(t) =

[xxxT
1 (t),xxx

T
2 (t), . . . ,xxx

T
N (t)]T, and xxxR(t) =

[xxxT
N+1(t),xxx

T
N+2(t), . . . ,xxx

T
N+M (t)]T. Moreover,

define x̃xxF(t) = (LLL2 ⊗ III2n)xxxR(t) + (LLL1 ⊗ III2n)xxxF(t).
Then, from Lemma 1, system (4) can be transformed
to a matrix form below:

˙̃xxxF(t) =

⎧
⎪⎨

⎪⎩

[(IIIN ⊗AAA)− α (LLL1 ⊗BBB)] x̃xxF(t)

+ β (LLL1 ⊗BBB) x̃xxF(tk), t ∈ [tk, tk + θ),

(IIIN ⊗AAA) x̃xxF(t), t ∈ [tk + θ, tk+1).
(5)

Lemma 3 Suppose that graph Ĝ is undirected
and connected. The multi-agent systems (1) and
(2) can reach second-order containment via control
protocol (3) if and only if qqqF(t) → −LLL−1

1 LLL2qqqR(t)

as t → ∞, where qqqF(t) = [qqq1(t), qqq2(t), . . . , qqqN (t)]T,
qqqR(t) = [qqqN+1(t), qqqN+2(t), . . . , qqqN+M (t)]T.
Proof Sufficiency: Supposing that graph Ĝ

is undirected and connected, it is easy to know
that −LLL−1

1 LLL2qqqR(t) is the convex hull of the set of
{qqqN+1(t), qqqN+2(t), . . . , qqqN+M (t)} combining Defini-
tion 1 and Lemma 2. Afterwards, from Definition 3,
we know that followers can move into the convex
hull formed by leaders if qqqF(t) → −LLL−1

1 LLL2qqqR(t) as
t → ∞. Therefore, the purpose of containment con-
trol can be realized.

Necessity: Assume that the communication
topology graph G is unconnected. Then, there ex-
ists at least one follower that does not obtain any
information from leaders; this means that this fol-
lower cannot communicate with any leader for all
t ≥ 0. In this case, the follower mentioned above
may not converge to the convex hull formed by lead-
ers. Thus, the considered containment control may
not be achieved.
Theorem 1 Suppose that graph Ĝ is undirected
and connected. For systems (1) and (2) with control

protocol (3), the second-order containment control
can be achieved if and only if

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 < β < α,

0 < θ <
π

|√αμ̄| ,

T < 
+ θ,

(6)

where μ̄ = maxi{μi}, 
 =

mini

{
2(1+cos(

√
αμiθ))

(1−β/α)
√
αμi sin(

√
αμiθ)

}

, and μi are the

eigenvalues of LLL1, i = 1, 2, . . . , N .
Proof System (5) can be rewritten as

ẏyyi(t) =

⎧
⎪⎨

⎪⎩

(AAA− αμiBBB)yyyi(t) + βμiBBByyyi(tk),

t ∈ [tk, tk + θ),

AAAyyyi(t), t ∈ [tk + θ, tk+1),

(7)

where [yyy1(t), yyy2(t), . . . , yyyN (t)]T = yyy(t) =
(
PPP−1 ⊗ III2n

)
x̃xxF(t). PPP is a nonsingular matrix such

that LLL = PPPΛΛΛPPP−1, where ΛΛΛ = diag(μ1, μ2, . . . , μN ),
μi > 0.

When t → ∞, yyyi(t) → 000 and x̃xxF(t) → 000

are equivalent. Then, one knows that xxxF(t) →
− (

LLL−1
1 LLL2 ⊗ III2n

)
xxxR(t) if and only if yyyi(t) → 000 as

t → ∞. Furthermore, from Lemma 3 and Defini-
tion 3, we can obtain that systems (1) and (2) with
control protocol (3) can reach second-order contain-
ment if and only if yyyi(t) → 000 as t → ∞.

For t ∈ [tk, tk + θ), we have

yyyi(t) = exp[(AAA− αμiBBB)(t− tk)]yyyi(tk)

+

∫ t

tk

exp[(AAA−αμiBBB)(t−σ)]βμiBBByyyi(tk)dσ

=

[
c1i(t− tk) c2i(t− tk)

c3i(t− tk) c4i(t− tk)

]

yyyi(tk).

For t ∈ [tk + θ, tk+1), we have

yyyi(t) = exp[AAA(t− (tk + θ))]yyyi(tk + θ)

=

[
d1i(t− (tk + θ)) d2i(t− (tk + θ))

d3i(t− (tk + θ)) d4i(t− (tk + θ))

]

·yyyi(tk).

Herein

c1i(t− tk) =
(
1− β

α

)
cos(ϑi(t− tk)) +

β

α
,

c2i(t− tk) =
1

ϑi
sin(ϑi(t− tk)),

c3i(t− tk) = −
(
1− β

α

)
ϑi sin(ϑi(t− tk)),
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c4i(t− tk) = cos(ϑi(t− tk)),

d1i(t− (tk + θ)) =
(
1− β

α

)
[cos(ϑiθ)−ϑi sin(ϑiθ)

· (t− (tk + θ))] +
β

α
,

d2i(t− (tk + θ)) =
1

ϑi
sin(ϑiθ)

+ cos(ϑiθ)(t− (tk + θ)),

d3i(t− (tk + θ)) = −
(
1− β

α

)
ϑi sin(ϑiθ),

d4i(t− (tk + θ)) = cos(ϑiθ).

Here, ϑi =
√
αμi.

Thus, for 0 = t0 < t1 < t2 < . . . (k > 1) and
tk+1 − tk = T , we have

yyyi(t) =

⎧
⎪⎨

⎪⎩

CCCi(t− tk)DDD
k
i (T − θ)yyyi(t0), t ∈ [tk, tk + θ),

DDDi(t− (tk + θ))DDDk
i (T − θ)yyyi(t0),

t ∈ [tk + θ, tk+1),
(8)

where
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

CCCi(t) =

[
c1i(t) c2i(t)

c3i(t) c4i(t)

]

,

DDDi(t) =

[
d1i(t) d2i(t)

d3i(t) d4i(t)

]

.

When t ∈ [tk, tk + θ), CCCi(t − tk) is bounded;
when t ∈ [tk + θ, tk+1), DDDi(t− (tk + θ)) is bounded.
Then, we can obtain lim

t→∞yyyi(t) = 000 if and only
if ‖λ(DDDi(T − θ))‖ < 1. The eigenvalue of matrix
DDDi(T−θ) is defined as λ̌. The characteristic equation
of DDDi(T − θ) can be written as

∥
∥λ̌III2 −DDDi(T − θ)

∥
∥ =

0. Then, we have

det
(
λ̌III2 −DDDi(T − θ)

)

= det

(
λ̌− d1i(T − θ) −d2i(T − θ)

−d3i(T − θ) λ̌− d4i(T − θ)

)

= fi(λ̌),

where fi(λ̌) = λ̌2 − b1i λ̌+ b0i . Here,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

b1i =
(
2− β

α

)
cos(ϑiθ)

−
(
1− β

α

)
(T − θ)ϑi sin(ϑiθ),

b0i =
β

α
cos(ϑiθ) +

(
1− β

α

)
.

Moreover, it is easy to check that 1− b1i + b0i �= 0.

Let λ̌ =
s+ 1

s− 1
. We have

gi(s) = s2 + r1i s+ r0i , (9)

where
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

r1i =
2 β
α [1− cos(ϑiθ)]

(1− β
α )[2(1− cos(ϑiθ))+(T − θ)ϑisin(ϑiθ)]

,

r0i =
2[1 + cos(ϑiθ)]− (1 − β

α )(T − θ)ϑisin(ϑiθ)

(1− β
α )[2(1− cos(ϑiθ))+(T − θ)ϑisin(ϑiθ)]

.

Then, it is not difficult to see that fi(λ̌) is Schur
stable if and only if gi(s) is Hurwitz stable. From
the Routh criterion, it is easy to obtain that gi(s)

is Hurwitz stable if r1i > 0 and r0i > 0. Therefore,
lim
t→∞yyyi(t) = 000 if and only if condition (6) holds. The
proof has been completed.
Remark 1 Yu ZY et al. (2018) designed a peri-
odic intermittent sampled data control protocol for
second-order consensus of multi-agent systems. Un-
like both the position information and velocity in-
formation were used in Yu ZY et al. (2018), in this
study, we design a novel controller with less informa-
tion, in which only intermittent sampled data and
current position data are used in the designed con-
trol protocol, reducing the cost of the controller and
the load of the agents.
Corollary 1 Under continuous communications,
i.e., θ = T , for systems (1) and (2) with control
protocol (3), the second-order containment can be
achieved if and only if graph Ĝ is undirected and con-
nected and 0 < β < α and T < π

|√αμ̄| are satisfied.
Remark 2 In the process of the proof
of Theorem 1, from r1i > 0, we have

θ �= kπ
∣
∣√αμi

∣
∣ , k = 1, 2, . . . , i = 1, 2, . . . , N . In gen-

eral, the convergence rate around the critical points

θ =
kπ

∣
∣√αμi

∣
∣ is very low. Therefore, for a large com-

munication width θ, it is hard to achieve better per-
formance in a large-scale communication network. In
this study, condition (6) gives the appropriate critical
values of communication width and sampling period.

In the above discussion, we consider a fixed net-
work communication topology in multi-agent sys-
tems. However, in the real word, switching behaviors
usually occur in network topology. Moreover, due to
the unreliability of communication channels, limita-
tions of sensing ranges, and the failure of physical
devices, the interaction network topology of multi-
agent systems may be time-varying or intermittent.
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Next, we will give the results for the intermittent
sampled containment control of second-order multi-
agent systems under switching topology.

Under switching communication topology, the
following time-varying control protocol is proposed:

uuui(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α
N+M∑

j=1

aij(t)[qqqj(t)− qqqi(t)]

− β

N+M∑

j=1

aij(t)[qqqj(tk)− qqqi(tk)],

t ∈ [tk, tk + θ),

000, t ∈ [tk + θ, tk+1).

(10)

Then, applying control protocol (10) for
systems (1) and (2), we have

˙̃xxxF(t) =

⎧
⎪⎨

⎪⎩

[(IIIN ⊗AAA)− α (LLLσ1 ⊗BBB)] x̃xxF(t)

+ β (LLLσ1 ⊗BBB) x̃xxF(tk), t ∈ [tk, tk + θ),

(IIIN ⊗AAA) x̃xxF(t), t ∈ [tk + θ, tk+1),

(11)
where LLLσ1 is the Laplacian matrix associated with
the switching topology subgraph Ĝσ, σ ∈ Γ .
Theorem 2 Suppose that each communication
graph Ĝσ (σ ∈ Γ ) is undirected and connected. Con-
trol protocol (10) can solve the intermittent sampled
containment control problem for second-order multi-
agent systems (1) and (2) under switching topology,
if and only if

⎧
⎪⎪⎨

⎪⎪⎩

0 < β < α,

0 < θ <
π

|√αμ̄σ| ,
T < 
̃+ θ,

(12)

where
⎧
⎪⎪⎨

⎪⎪⎩

μ̄σ = max
i

{μσi},


̃ = min
i

{
2[1 + cos(

√
αμσiθ)]

(1− β
α )

√
αμσi sin(

√
αμσiθ)

}

,

and μσi are the eigenvalues of Lσ1, i = 1, 2, . . . , N .
Based on the process of the proof of Theorem 1,

it is easy to obtain Theorem 2. Thus, the proof of
Theorem 2 is omitted here.
Remark 3 In switching communication net-
works, the Laplacian matrix LLLσ(t) associated with
the switching topology graph Gσ(t) is time-varying,
and the Laplacian matrix LLLσ1(t) associated with the
subgraph Ĝσ(t) is also time-varying. Then, based on

Theorem 2, the intermittent sampled containment
control problem under switching topology can still be
solved through choosing the appropriate eigenvalues
of LLLσ1(t), σ ∈ Γ . Therefore, the result in Theorem 1
can be extended to the case with switching topology.
Remark 4 Under intermittent communications,
Wang FY et al. (2019a) introduced a filter-based
method for second-order containment control with
unavailable velocity measurements at the price of
having some additional variables, leading to the
study of higher-order dynamical systems. Differ-
ent from Wang FY et al. (2019a), in this work,
a novel controller is first designed for second-order
containment via intermittent sampled position data
measurements, which circumvents the complexity of
studying higher-order systems caused by auxiliary
filters. The controller design uses less information
and saves more energy since only intermittent sam-
pled data and current position data are used in
our proposed control protocol. Moreover, necessary
and sufficient conditions are obtained for sampled
data based containment control under intermittent
communications.

4 Simulation examples

Consider a multi-agent system with eight
agents, where there are five followers and three
leaders (colored as yellow ones). The initial states
(positions) of followers can be chosen as xxx1(0) =

[1, 1]T, xxx2(0) = [1, 5]T, xxx3(0) = [1, 10]T, xxx4(0) =

[5, 1]T, and xxx5(0) = [10, 1]T, and the initial states
(positions) of leaders can be selected as xxx6(0) =

[15, 15]T,xxx7(0) = [15, 20]T, and xxx8(0) = [20, 20]T.
The multi-agent system’s interconnection topology
G is shown in Fig. 1, where G is a fixed topology
graph. Fig. 2 shows the switching communication
topology, where the communication network starts
with topology G1 and switches to another topology
randomly chosen within {G1, G2, G3} at time k̂T̂ ,
k̂ = 1, 2, . . ., T̂ = 0.5. Moreover, in this study, the
connection weights of each edge in the communica-
tion topology graph are all set to 1.

From the topology of graph G in Fig. 1, one has

LLL1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

2 −1 0 0 0

−1 2 −1 0 0

0 −1 3 −1 0

0 0 −1 2 −1

0 0 0 −1 2

⎤

⎥
⎥
⎥
⎥
⎥
⎦

.
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By simple calculation, we have μ1 = 0.5188, μ2 =

1.0000, μ3 = 2.3111, μ4 = 3.0000, μ5 = 4.1701, and
μ̄ = 4.1701, where μ̄ = maxi{μi}. Moreover, we
choose α = 1.0 and β = 0.5, where α and β are
the feedback gains for the designed control protocol.
According to condition (6) in Theorem 1, one knows
that the communication width θ < 1.5384, and we
can take θ = 1.5. Then, one obtains T < 2.1432.
Based on Theorem 1, we can obtain that the right
interval of the sampling period is θ ≤ T < 2.1432.
The position states of all agents under the fixed com-
munication topology are presented in Figs. 3 and 4,
where qx and qy represent the horizontal and verti-
cal axes, respectively. It is obvious to see that when
θ = 1.5 and T = 2, all followers can converge to
the convex hull formed by multiple leaders under the
fixed topology. When T = 2.3, however, the conver-
gence is not guaranteed.

1 2 3 4 5

6 7 8

Fig. 1 Fixed communication topology graph G

References to color refer to the online version of this figure

1 2 3

4 5

6 7 8

1 2 3 4 5

6 7 8

1 2 3

4 5

6 7 8

G1

G2 G3

Fig. 2 Switching communication topology graph

References to color refer to the online version of this figure

From the topology of graph Gσ, σ ∈ Γ =

{1, 2, 3}, one obtains

LLL1σ1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

2 −1 0 0 0

−1 2 −1 0 0

0 −1 3 −1 0

0 0 −1 2 −1

0 0 0 −1 2

⎤

⎥
⎥
⎥
⎥
⎥
⎦

,

LLL1σ2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

3 −1 0 −1 0

−1 2 −1 0 0

0 −1 4 0 −1

−1 0 0 1 0

0 0 −1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

,

LLL1σ3 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

3 −1 0 0 0

−1 4 −1 −1 −1

0 −1 2 0 0

0 −1 0 1 0

0 −1 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

.

Similarly, we have μ̄σ = 5.2306, σ ∈ Γ = {1, 2, 3}.
According to condition (12) in Theorem 2, one knows
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Fig. 3 State trajectories of agents under the fixed
communication topology when θ = 1.5 and T = 2
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Fig. 4 State trajectories of agents under the fixed
communication topology when θ = 1.5 and T = 2.3
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that the communication width θ < 1.3736, and then
we take θ = 1.3. Then, it follows from Theorem 1
that T < 1.5212. Under switching communica-
tion topology, the simulation results are presented
in Figs. 5 and 6. It can be seen that when θ = 1.3

and T = 1.5, all followers can converge to the con-
vex hull formed by multiple leaders under switching
topology. When T = 1.7, however, the convergence
is not guaranteed.
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Fig. 5 State trajectories of agents under the switching
communication topology when θ = 1.3 and T = 1.5

References to color refer to the online version of this figure
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Fig. 6 State trajectories of agents under the switching
communication topology when θ = 1.3 and T = 1.7
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5 Conclusions

This study investigates the containment con-
trol problem in the context of second-order multi-
agent systems under intermittent sampled commu-
nications. For second-order containment of multi-
agent systems without velocity measurements, a
novel distributed control protocol is put forward via

only intermittent sampled position data communica-
tions. Necessary and sufficient conditions hinging on
the feedback gains, eigenvalues of the Laplacian ma-
trix, the sampling period, and the communication
width are derived under undirected and connected
communication networks. In the future, general di-
rected communication networks will be considered.
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