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Abstract: This study analyzes the problem of robust stability of fractional-order delay systems of neutral type under
actuator saturation. A Lyapunov–Krasovskii (LK) function is constructed and conditions of the asymptotic robust
stability of such systems are given, which are formulated by linear matrix inequalities (LMIs), using the Lyapunov
direct method. An algorithm is introduced to compute the gain of the state feedback controller for extending the
domain of attraction. The theoretical results are validated using some numerical examples.
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1 Introduction

Fractional calculus is the scientific area that ad-
dresses the theory of application integrals and deriva-
tives with arbitrary non-integer order (Kilbas et al.,
2000). Dynamic models involving fractional inte-
grals and derivatives are called fractional-order (FO)
systems. It has been reported that FO differential
equations (FODEs) are valuable tools for modeling
complex dynamics of physical systems in different
fields of engineering, physics, and control (Pahnehko-
laei et al., 2017a; Zhang Y et al., 2017; Dubey et al.,
2020; Pu and Wang, 2020). Indeed, FODEs can more
completely and concisely describe the behaviors of
these systems than ordinary integer-order differential
equations (IODEs), particularly in cases where there
are responses with long memory transients (Baleanu
et al., 2019a, 2019b; Yang et al., 2019). Accordingly,
the stability of dynamic FO systems has become a
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key problem when considering real-world processes
that are modeled with FODEs (Chen et al., 2017;
Badri and Sojoodi, 2019c; Hu TT et al., 2020). Dif-
ferent FO system stability criteria have been dis-
cussed in the literature, including uniform stability
(Pahnehkolaei et al., 2017b), Mittag–Leffler stability
(Udhayakumar et al., 2020), and asymptotic stabil-
ity (Binazadeh and Yousefi, 2018).

In addition, uncertainties in the dynamical mod-
els can strongly compromise the controller design
procedure. There are different sources of uncertain-
ties, such as variations in parameters, dynamical ef-
fects, and external disturbances. The modeling of
real-world systems is never perfect and is often in-
accurate due to un-modeled dynamics, ignored non-
linearities, perturbations of the physical parameters,
and many other phenomena. Consequently, robust
stability of the control systems, including FO sys-
tems, is of key importance (Zhang XF and Chen,
2018; Badri and Sojoodi, 2019b).

Delay is a prevalent and unavoidable effect in
real systems due to the limited switching speed
in electronic devices, which can degrade system
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performance and even result in instabilities and os-
cillations. Hence, notable attention has been ded-
icated to address the stability of delayed dynami-
cal systems, including the FO case (Badri and So-
joodi, 2019a; Mohsenipour and Fathi Jegarkandi,
2019; Pahnehkolaei et al., 2019b; Zhang S et al., 2019;
He et al., 2020; Hu BX et al., 2020). Discussions of
specific types of delay, such as neutral-type delay sys-
tems, can be found in the literature. A system that
has delays in both the states and their derivatives is
called a neutral-type delay system (Ren et al., 2017).
We find neutral-type delay systems in different areas,
such as networks with data loss (Lien et al., 2008),
partial element equivalent circuits (Han, 2005), and
population ecology (Barbarossa et al., 2014).

The development of FO delay systems led to
a special focus on the neutral type (El Fezazi et al.,
2017; Altun and Tunç, 2019; Li et al., 2019; Aghayan
et al., 2020). It has also been reported that FO sys-
tems with neutral delay represent a more comprehen-
sive class than other delay types (Liu MY et al., 2019;
Chartbupapan et al., 2020). However, due to the
derivative in the delayed state, the stability of such
systems is still an open issue (Pahnehkolaei et al.,
2019a). The input saturation constraint is also a key
problem in the controller design. Control input sat-
uration is a major issue in practice because actuator
capabilities are limited. It is well known that input
saturation can cause problems, but the stabilization
problem and input saturation of FO systems have
rarely been addressed together (Shahri et al., 2015,
2017, 2020; Alaviyan Shahri et al., 2018a, 2018b;
Song et al., 2020; Zhu et al., 2020).

Motivated by the above discussions, it is cru-
cial to study neutral delay in FO dynamic systems
together with the input saturation and uncertainty.
Here, the Lyapunov–Krasovskii (LK) function is con-
structed and we determine robust stability criteria
expressed by linear matrix inequalities (LMIs) that
are sufficient to achieve an appropriate state feed-
back control strategy. We also tackle the problem of
finding a controller gain that can extend the domain
of attraction.

Notations: The identity matrix with appro-
priate dimension is denoted by I, the Euclidean
vector norm or induced 2-norm of a matrix is de-
noted by ‖ · ‖, Ch̄ = C ([

h̄, 0
]
, Rn

)
shows the Ba-

nach space mapping
[−h̄, 0

] −→ R
n with the norm

‖Q‖c = sup−h̄≤t≤0‖Q(t)‖, the maximum eigenvalue

of a matrix is represented as λ̄max (·), and the sym-
metric part in a matrix is expressed by the symbol
*.

2 Prerequisites and problem formula-
tion

This section starts by reviewing definitions and
lemmas that are useful in the rest of this paper. Then
the problem is described in detail.
Definition 1 (Valério et al., 2013) Given any
function f (t) ∈ Cn+1([t0,+∞), R), the Riemann–
Liouville (RL) derivative is

RL
t0 Dα

t f (t) =
1

Γ(l − α)

dl

dtl

∫ t

t0

(t− s)
l−α−1

f(s)ds,

t ≥ t0, l ∈ Z
+, (1)

where Γ(·) is the gamma function and α is the frac-
tional order satisfying 0 ≤ l − 1 ≤ α < l.
Definition 2 (Valério et al., 2013) The RL integral
of function f(t) ∈ Cn+1 ([t0,+∞), R) with α > 0 is

Iαf (t) =
1

Γ(α)

∫ t

t0

(t− s)α−1f(s)ds, t ≥ t0, (2)

where I is the RL integral of f(t).
Lemma 1 (Petersen, 1987) Assuming the real
matrices with appropriate dimensions H, Z , and Π
together with any G (t) with GT (t)G (t) ≤ I, the
following relationship holds:

Π +HG (t)Z +ZTGT(t)HT < 0, (3)

if and only if

Π + qHHT + q−1ZTZ < 0, (4)

where the scalar q > 0.
Lemma 2 (Gu et al., 2003) For scalars t1 and
t2 satisfying t2 > t1, any positive definite matrix RRR,
and a vector function ξ : [t1, t2] → R

n, the following
inequality holds:

(t2 − t1)

∫ t2

t1

ξT (δ)Rξ (δ) dδ

≥
(∫ t2

t1

ξ(δ)dδ

)T

R

(∫ t2

t1

ξ(δ)dδ

)
. (5)

Lemma 3 (Zhu et al., 2020) Suppose the set
S(ŭ0) = {ŭ, v̆ | ŭ, v̆ ∈ R

n, ‖ŭ− v̆‖ ≤ u0}, in which
ŭ0 is the limit of saturation. If v̆ and ŭ are the
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elements of S, using the dead-zone function ψ (ŭ) =

ŭ− sat (ŭ) , so that sat(ŭ) = sign(ŭ) ·min {u0, ‖ŭ‖},
then the following inequality holds:

ψT (ŭ)Ξ [ψ (ŭ)− v̆] ≤ 0, (6)

where the matrix Ξ ∈ R
m×m is positive diagonal,

and sat(·) denotes the saturation.
Lemma 4 (Liu S et al., 2016) Considering a vector
of differentiable function ξ (t) ∈ R

n, for any constant
symmetric positive semi-definite matrix P ∈ R

n×n,
we have

RL
t0 Dα

t

(
ξT (t)Pξ (t)

) ≤2ξ (t)P
(
RL
t0 Dα

t ξ (t)
)
,

α ∈ (0, 1). (7)

Lemma 5 (Zhang FZ, 2006) Given the matrices
ΛΛΛ1, ΛΛΛ2, and ΛΛΛ3, where ΛΛΛ1 = ΛΛΛ1

T and ΛΛΛ2 > 0, then
ΛΛΛ1 +ΛΛΛ3

TΛΛΛ2
−1ΛΛΛ3 < 0 holds, if and only if

[
ΛΛΛ1 ΛΛΛ3

T

ΛΛΛ3 −ΛΛΛ2

]
< 0 or

[−ΛΛΛ2 ΛΛΛ3

ΛΛΛ3
T ΛΛΛ1

]
< 0. (8)

Lemma 6 (Kilbas et al., 2006) If β > q > 0,
then RL

t0 Dβ
t (t0D

−q
t f (t)) = RL

t0 Dβ−q
t f (t) holds for suf-

ficiently good function f (t). In particular, this rela-
tionship holds if f (t) is integrable.

In this study, an uncertain FO neutral-type
(FONT) delay system under input saturation consid-
ering α ∈ (0, 1) is described in the dynamic equation

RL
0 Dα

t ξ (t)− (C +ΔC (t))RL
0 Dα

t ξ (t− h (t))

=(A+ΔA (t))ξ (t) + (A0 +ΔA0 (t))ξ (t− h (t))

+Bu(t), (9)

with the initial conditions RL
0 D

−(1−α)
t ξ (t) = Q (t),

t ∈ [−h̄, 0
]
, and Q (t) ∈ Ch̄, where ξ(t) ∈ R

n repre-
sents the state vector, u(t) ∈ R

m shows the control
input vector, and the real matrices C, A, A0, and
B are constant with compatible dimensions. Addi-
tionally, the uncertainty terms are considered as

[ΔA(t) ΔA0(t) ΔC(t)] =HG(t)[F0 F1 F2], (10)

where the real matricesH , F0, F1, and F2 are known
with compatible dimensions, and G(t) ∈ R

n×n, with
GT (t)G (t) ≤ I, represents the parameter uncer-
tainties, which are time-varying. Furthermore, h(t)
denotes the unknown but bounded, continuous, and
differentiable delay,

0 ≤ h (t) ≤ h̄, (11)

satisfying ḣ(t)≤d< 1. Here d is the upper bound of
derivation of h(t).

Notice that this condition should be satisfied
to ensure that the system to be controlled admits
a physical meaningful solution that is compatible
with the causality principle. For more information,
see Witrant (2005). Furthermore, the matrix Q (t)

is supposed to be continuously differentiable over[−h̄, 0
]
:

κ = {Q(t) | Q (t) ∈ Ch̄, ‖Q‖c ≤ ρ1, ‖Q̇‖c ≤ ρ2},
(12)

where ρ1 and ρ2 are the positive scalars.
Let us consider the limited control input vector

uuu as
‖ui‖ ≤ u0i, (13)

where u0i > 0, i = 1, 2, . . . ,m.

Assuming the state feedback controller u (t) =

Kξ (t) and using inequality (13), the control signal
is obtained as u (t) = sat(Kξ (t)), where ui (t) =

sat (Kiξ (t)) = sign (Kiξ (t)) ·min {u0i, ‖Kiξ (t)‖}.
Accordingly, we can describe the FO system as

RL
0 Dα

t ξ (t)− (C +ΔC (t))RL
0 Dα

t ξ (t− h (t))

= (A+ΔA (t)) ξ (t) + (A0 +ΔA0(t))ξ (t− h (t))

+Bsat (Kξ (t)) . (14)

If we define

ψ (Kξ (t)) =Kξ (t)− sat (Kξ (t)) , (15)

where ψ (Kξ (t)) denotes the dead-zone nonlinear-
ity, then the overall FO system is expressed as

RL
0 Dα

t ξ (t)− (C +ΔC (t))RL
0 Dα

t ξ (t− h (t))

= (A+ΔA (t) +BK) ξ (t)

+ (A0 +ΔA0(t))ξ (t− h (t))−Bψ (Kξ (t)) .

(16)

3 Main results

Here, two theorems analyzing the stability of
FONT system (16) are provided:
Theorem 1 Let us consider any appropriate di-
mension matricesμ1 andμ2, the symmetric positive-
definite matrices PPP , MMM , NNN , and ZZZ, and a positive-
definite diagonal matrix ΛΛΛ satisfying the following
LMIs:
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ΓΓΓ =

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

ΓΓΓ 11 ∗ ∗ ∗ ∗ ∗
ΓΓΓ 21 ΓΓΓ 22 ∗ ∗ ∗ ∗
ΓΓΓ 31 ΓΓΓ 32 ΓΓΓ 33 ∗ ∗ ∗
ΓΓΓ 41 ΓΓΓ 42 ΓΓΓ 43 ΓΓΓ 44 ∗ ∗
ΓΓΓ 51 ΓΓΓ 52 ΓΓΓ 53 ΓΓΓ 54 ΓΓΓ 55 ∗
ΓΓΓ 61 ΓΓΓ 62 ΓΓΓ 63 ΓΓΓ 64 ΓΓΓ 65 ΓΓΓ 66

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

< 0,

(17)

whereΓΓΓ 11 = μ1A+ATμ1
T+μ1BK+KTBTμ1

T+

M , ΓΓΓ 21 = −μ1
T+μ2A+μ2BK+P , ΓΓΓ 22 = −μ2−

μ2
T + h̄N + Z, ΓΓΓ 31 = A0

Tμ1
T, ΓΓΓ 32 = A0

Tμ2
T,

ΓΓΓ 33 = − (1− d)M , ΓΓΓ 41 = ΓΓΓ 42 = ΓΓΓ 43 = 000, ΓΓΓ 44 =

−N/h̄, ΓΓΓ 51 = CTμ1
T, ΓΓΓ 52 = CTμ2

T, ΓΓΓ 53 = ΓΓΓ 54 =

000, ΓΓΓ 55 = − (1− d)Z, ΓΓΓ 61 = ΛΛΛG −BTμ1
T, ΓΓΓ 62 =

−BTμ2
T, ΓΓΓ 63 = ΓΓΓ 64 = ΓΓΓ 65 = 000, ΓΓΓ 66 = −2ΛΛΛ, and

ζT =

[
ξT (t) ,

(
RL
0 Dα

t ξ(t)
)T

, ξT (t− h (t)) ,

∫ t

t−h(t)

(RL
0 Dα

t ξ (s))
T
ds,

(
RL
0 Dα

t ξ(t− h(t))
)T

,ψT (Kξ (t))

]
. (18)

Then, system (16) with ΔA (t) = ΔA0 (t) =

ΔC (t) = 0, that is, the nominal system, is asymp-
totically stable.
Proof We establish the LK function as

V (t)

= RL
0 D

−(1−α)

t (ξT (t)Pξ (t))

+

∫ t

t−h(t)

ξT (s)Mξ (s) ds

+

∫ 0

−h̄

∫ t

t+θ

(
RL
0 Dα

t ξ (s)
)T
N

(
RL
0 Dα

t ξ(s)
)
dsdθ

+

∫ t

t−h(t)

(
RL
0 Dα

t ξ (s)
)T
Z
(
RL
0 Dα

t ξ(s)
)
ds. (19)

Taking the time derivative of Eq. (19) results in the
following:

V̇ (t)

=RL
0 D

α

t

(
ξT (t)Pξ (t)

)
+ ξT (t)Mξ (t)

− (1− d) ξT (t− h (t))Mξ (t− h (t))

+ h̄
(
RL
0 Dα

t ξ (t)
)T
N

(
RL
0 Dα

t ξ(t)
)

−
∫ t

t−h(t)

(RL
0 Dα

t ξ (s))
T
N

(
RL
0 Dα

t ξ(s))ds

+ (RL
0 Dα

t ξ (t)
)T
Z
(
RL
0 Dα

t ξ(t)
)

− (1 − d)
(
RL
0 Dα

t ξ (t− h(t))
)T
Z
(
RL
0 Dα

t ξ(t− h(t))
)
.

(20)

Using Eq. (16) and applying the free weighting
technique for matrices μ1 and μ2 with appropriate
dimension yields

2
[
ξT(t)μ1 +

(
RL
0 Dα

t ξ (t)
)T
μ2

][
− RL

0 Dα
t ξ (t)

+CRL
0 Dα

t ξ (t− h (t)) + (A+BK) ξ (t)

+A0ξ (t− h (t))−Bψ (Kξ (t))
]
= 000. (21)

In addition, it is straightforward that

V̇ (t)

≤V̇ (t)− 2ψT (Kξ (t))Λ[ψ (Kξ (t))−Gξ (t)].
(22)

Lemmas 2–4 and Eqs. (20) and (21) give

V̇ (t)

≤ 2ξT (t)P
(
RL
0 Dα

t ξ (t)
)
+ ξT (t)Mξ (t)

− (1− d) (ξT (t− h (t))Mξ (t− h (t))

+
(
RL
0 Dα

t ξ (t− h (t))
)T
Z

(
RL
0 Dα

t ξ (t− h (t))
)

+
(
RL
0 Dα

t ξ (t)
)T(

h̄N +Z
)(

RL
0 Dα

t ξ(t)
)

−
(∫ t

t−h(t)

RL
0 Dα

t ξ (s) ds

)T

· N
h̄

(∫ t

t−h(t)

RL
0 Dα

t ξ (s)ds

)

+ 2
[
ξT (t)μ1 +

(
RL
0 Dα

t ξ (t)
)T
μ2

] [
− RL

0 Dα
t ξ (t)

+CRL
0 Dα

t ξ (t− h (t)) + (A+BK) ξ (t)

+A0ξ (t− h (t))−Bψ (Kξ (t))
]

− 2ψT (Kξ (t))Λ[ψ (Kξ (t))−Gξ (t)]. (23)

Simplifying inequality (23) yields the following:

V̇ (t)

≤ 2ξT (t)P
(
RL
0 Dα

t ξ (t)
)
+ ξT (t)Mξ (t)

− (1− d)
(
ξT (t− h (t))Mξ(t− h(t))

)

+
(
RL
0 Dα

t ξ (t− h (t))
)T
Z

(
RL
0 Dα

t ξ(t− h(t))
)

+
(
RL
0 Dα

t ξ (t)
)T (

h̄N +Z
) (

RL
0 Dα

t ξ (t)
)

−
(∫ t

t−h(t)

RL
0 Dα

t ξ (s) ds

)T

· N
h̄

(∫ t

t−h(t)

RL
0 Dα

t ξ(s)ds

)

− 2ξT (t)μ1
RL
0 Dα

t ξ (t)

+ 2CξT (t)μ1
RL
0 Dα

t ξ (t− h (t))
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+ 2ξT (t)μ1 (A+BK) ξ (t)

+ 2ξT (t)μ1A0ξ (t− h (t))

− 2ξT (t)μ1Bψ (Kξ (t))

− 2
(
RL
0 Dα

t ξ (t)
)T
μ2

RL
0 Dα

t ξ (t)

+ 2
(
RL
0 Dα

t ξ (t)
)T
μ2C

RL
0 Dα

t ξ (t− h (t))

+ 2
(
RL
0 Dα

t ξ (t)
)T
μ2 (A+BK) ξ (t)

+ 2
(
RL
0 Dα

t ξ (t)
)T
μ2A0ξ (t− h (t))

− 2
(
RL
0 Dα

t ξ (t)
)T
μ2Bψ (Kξ (t))

− 2ψT (Kξ (t))Λ[ψ (Kξ (t))−Gξ (t)]. (24)

Using some algebraic manipulations, inequal-
ity (24) gives

V̇ (t) ≤ ζTΓζ, (25)

where

ζT =

[
ξT (t) ,

(
RL
0 Dα

t ξ(t)
)T

, ξT (t− h (t)) ,

∫ t

t−h(t)

(
RL
0 Dα

t ξ (s)
)T

ds,

(
RL
0 Dα

t ξ (t− h (t))
)T

,ψT (Kξ (t))

]
, (26)

and

Γ =

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

Γ 11 ∗ ∗ ∗ ∗ ∗
Γ 21 Γ 22 ∗ ∗ ∗ ∗
Γ 31 Γ 32 Γ 33 ∗ ∗ ∗
Γ 41 Γ 42 Γ 43 Γ 44 ∗ ∗
Γ 51 Γ 52 Γ 53 Γ 54 Γ 55 ∗
Γ 61 Γ 62 Γ 63 Γ 64 Γ 65 Γ 66

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

, (27)

with Γ 11 = μ1A+ATμ1
T+μ1BK +KTBTμ1

T +

M , Γ 21 = −μ1
T+μ2A+μ2BK+P , Γ 22 = −μ2−

μ2
T + h̄N + Z, Γ 31 = A0

Tμ1
T, Γ 32 = A0

Tμ2
T,

Γ 33 = − (1− d)M , Γ 41 = Γ 42 = Γ 43 = 0, Γ 44 =

−N/h̄, Γ 51 = CTμ1
T, Γ 52 = CTμ2

T, Γ 53 =

Γ 54 = 0, Γ 55 = − (1− d)Z, Γ 61 = ΛG −BTμ1
T,

Γ 62 = −BTμ2
T, Γ 63 = Γ 64 = Γ 65 = 0, and

Γ 66 = −2Λ. Hence, V̇ (t) < 0 if the above LMIs
hold, which verifies the convergence of the nominal
FONT trajectories asymptotic to the origin.
Theorem 2 Let us consider the positive scalars
q, β, and ρ, a diagonal matrix R with appropriate
dimension, the symmetric positive-definite matrices
M̄ , N̄ , P̄ , and Z̄, the matrices X, U , and L with
compatible dimensions, and a real scalar γ satisfying

the conditions
⎡

⎢⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

Φ ∗ ∗ ∗ ∗ ∗ ∗
ϑ Θ ∗ ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗ ∗
Ξ61 Ξ62 Ξ63 Ξ64 Ξ65 Ξ66 ∗
F0X

T 000 F1X
T 000 F2X

T 000 −qI

⎤

⎥⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

< 0,

(28)

where Φ = Ξ11 + qHHT, ϑ = Ξ21 + γqHHT,
Θ = Ξ22+γ2qHHT, Ξ11 = AXT+XAT+BU+

UTBT + M̄ , Ξ21 = −X + γAXT + γBU + P̄ ,
Ξ22 = −γX − γXT + h̄ N̄ + Z̄, Ξ31 = XA0

T,
Ξ32 = γXA0

T, Ξ33 = −(1 − d)M̄ , Ξ41 = Ξ42 =

Ξ43 = 0, Ξ44 = −N̄/h̄, Ξ51 = XCT, Ξ52 =

γXCT, Ξ53 = Ξ54 = 0, Ξ55 = −(1 − d)Z̄, Ξ61 =

L−RBT, Ξ62 = −γRBT, Ξ63 = Ξ64 = Ξ65 = 000,
and Ξ66 = −2RT,

[
P̄ ∗

Ui −Li βu0i
2

]
≥ 0, i = 1, 2, . . . ,m, (29)

(
h̄λ̄max

(
X−1M̄X−T

)
+ λ̄max

(
X−1P̄X−T

)) ||Q||2c
+

(
h̄2

2
λ̄max

(
X−1N̄X−T

)

+ h̄ λ̄max

(
X−1Z̄X−T

))||Q̇||2c ≤ β−1. (30)

Then, applying the gain of controller K =

UX−T, the FONT system given in (16) is asymp-
totically robustly stable.
Proof We consider μ2 = γμ1, γ > 0. Mul-
tiplying inequality (17) by diag(μ1

−1, μ1
−1, μ1

−1,
μ1

−1, μ1
−1, Λ−1) on the left and its transpose on

the right, and considering L = GXT, U = KXT,
X = μ1

−1, R = Λ−1, and = XΩXT, in which
Ω = P ,Z,N ,M , we obtain

Ξ =

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢
⎣

Ξ11 ∗ ∗ ∗ ∗ ∗
Ξ21 Ξ22 ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗
Ξ41 Ξ42 Ξ43 Ξ44 ∗ ∗
Ξ51 Ξ52 Ξ53 Ξ54 Ξ55 ∗
Ξ61 Ξ62 Ξ63 Ξ64 Ξ65 Ξ66

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

< 0.

(31)
Considering the uncertainty and applying

Eq. (10), A, A0, and C are replaced by A +
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HG(t)F0, A0 + HG(t)F1, and C + HG (t)F2,

respectively. Inequality (31) is equivalent to

Ξ +

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

H

γH

000

000

000

000

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

G (t)
[
F0X

T 000 F1X
T 000 F2X

T 000
]

+

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢
⎣

XF0
T

000

XF1
T

000

XF2
T

000

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

GT(t)
[
HT γHT 000 000 000 000

]
< 0.

(32)

Using Lemmas 1 and 5, after some manipula-
tions, we obtain the conditions in inequality (28).

For a scalar β > 0, the ellipsoid De is defined as

De =
{
ξ(t) | ξ (t) ∈ R

n,

RL
0 D

−(1−α)
t

(
ξT (t)Pξ (t)

)
≤ β−1

}
.

(33)

Inequality (29) guarantees that ∀ ξ ∈ De, ξ ∈
S. Indeed, De ⊂ S is verified by

[
P ∗

Ki −Gi βu0i
2

]
≥ 0. (34)

Pre- and post-multiplying inequality (34) by
Π = diag(X, I) and ΠT, respectively, inequal-
ity (34) yields

[
X 000

000 I

] [
P ∗

Ki −Gi βu0i
2

] [
XT 000

000 I

]

=

[
XPXT ∗

KiX
T −GiX

T βu0i
2

]

=

[
P̄ ∗

Ui −Li βu0i
2

]
. (35)

In addition, using Eq. (19), we have

V (0)

≤ RL
0 D

−(1−α)

t

(
ξT (0)Pξ (0)

)

+

∫ 0

−h̄

ξT (s)Mξ (s) ds

+

∫ 0

−h̄

∫ 0

θ

(
RL
0 Dα

t ξ (s)
)T
N

(
RL
0 Dα

t ξ(s)
)
dsdθ

+

∫ 0

−h̄

(
RL
0 Dα

t ξ (s)
)T
Z
(
RL
0 Dα

t ξ(s)
)
ds

≤ (
λ̄max (P ) + h̄ λ̄max(M)

) ‖ Q ‖2c
+

(
h̄2

2
λ̄max (N) + h̄ λ̄max (Z)

)
‖ Q̇ ‖2c = ρ.

(36)

Therefore, we have RL
0 D

−(1−α)
t

(
ξT (t)Pξ (t)

)

≤ V (t) ≤ V (0) ≤ ρ ≤ β−1.
In other words, the system trajectories do not

leave the set De for any initial function Q(t) ∈ De

ensuring ξ(t) ∈ S.
Remark 1 Because inequality (30) is nonlinear, it
cannot be solved using the LMI toolbox. Hence, we
need to apply the cone complementarity linearization
(CCL) method.
Remark 2 A key topic in controller design is
determining the controller gains for extending the
domain of attraction. We address this problem in
the next section.

4 Extension of the domain of attraction

We specify the state feedback controller gain
to extend the domain of attraction while the ro-
bust stability of system (16) is guaranteed. The ex-
tension of the domain of attraction is accomplished
while taking into account conditions of the eigenval-
ues X̃M̃X̃T, X̃P̃ X̃T, X̃ÑX̃T, and X̃Z̃X̃T:
[
υ1I X̃

X̃T P̃

]
≥ 0,

[
υ2I X̃

X̃T M̃

]
≥ 0,

[
υ3I X̃

X̃T Ñ

]
≥ 0,

[
υ4I X̃

X̃T Z̃

]
≥ 0. (37)

The condition given in inequality (30) is satisfied
if the following inequality holds:

[
υ1 + h̄υ2 +

h̄2

2
υ3 + h̄υ4

]
ρ2 ≤ β−1, (38)
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where ρ2 = max
(‖Q(t)‖2c , ‖Q̇(t)‖2c

)
, Ω̃ = Ω̄−1 with

Ω = N , Z, M , P , and X̃ = X−1. Here, the
stability radius ρ must be computed. Now, for the
prescribed values of h̄, the feasibility problem can be
written as follows: Find Z̄, N̄ , M̄ , P̄ , P̃ , M̃ , Ñ , Z̃,
X̃, X, υj (j = 1, 2, 3, 4), s.t. Ω̄ > 0, Ω̃ > 0, β > 0,
ρ > 0, υi > 0, and inequalities (28), (29), (37), and
(38) are satisfied.

If a feasible solution can be found for the prob-
lem mentioned above and for the prescribed h̄, then
we conclude that a controller can be designed which
ensures the robust stability of the FONT system with
arbitrary initial states in κ. Notice that due to non-
linear conditions in the above problem, we cannot
adopt the LMI toolbox directly. This problem can
be converted into the following LMI conditions:

min tr{M̄M̃ + P̄ P̃ + N̄Ñ + Z̄Z̃

+ (X +XT)(X̃ + X̃T)},

s.t.
[
M̄ ∗
I M̃

]
≥ 0,

[
P̄ ∗
I P̃

]
≥ 0,

[
N̄ ∗
I Ñ

]
≥ 0,

[
Z̄ ∗
I Z̃

]
≥ 0,

[
X +XT ∗

I X̃ + X̃T

]
≥ 0. (39)

The procedure to determine the controller gain
using the CCL method (Elahi and Alfi, 2017) can be
summarized as follows:

1. For given h̄ and β, and the initial values
γ = γ0, select a sufficiently large initial value of ρ
so that a feasible solution for LMI conditions (39)
exists.

2. Compute a feasible solution Ω̄0, Ω̃0,X0, and
X̃0 satisfying LMI conditions (39).

3. Solve the following problem:

min tr{M̄M̃0 + P̄ P̃0 + N̄Ñ0 + Z̄Z̃0

+ (X +XT)(X̃0 + X̃
T
0 ) + P̄ P̃0 + M̄0M̃ + N̄0Ñ

+ Z̄0Z̃ + (X0 +X
T
0 )(X̃ + X̃T)},

considering the LMI conditions (39).
4. Substitute the updated matrices P̄ , M̄ , N̄ ,

Z̄, P̃ , M̃ , Ñ , Z̃, X, and X̃ from step 3. If the
solution is not feasible, then set the new matrices to
be Ω̃0, Ω̄0, X̃0, and X0 and go to the previous step.
Otherwise, consider ρ0 = ρ and γ0 = γ.
Remark 3 For the prescribed values of h̄ and d,
the maximal domain of attraction can be achieved
by increasing ρ while ensuring the robust stability of
the FONT system.

5 Application

In this section, we discuss how the obtained the-
oretical results can be used in practical applications.
For this purpose, we consider one example, namely
the wind tunnel.

A dynamic model of the wind tunnel is given by
(Manitius, 1984)

⎧
⎨

⎩

1

a
δṀ (t) + δM (t) = kδθ (t− h (t)) ,

δθ̈ (t) + 2ςωδθ̇ (t) + ω2δθ (t) = ω2δθa (t) ,
(40)

where δθ is the guide vane angle, a, k, ς , and ω are
the constant parameters depending on the operating
point, and δθ and δθ̇ represent the guide vane angle
and its variation rate, respectively. Moreover, δM
denotes the variation in the Mach number, and h(t)

represents the delay of the transportation between
the fan and the test section. Assuming the small
perturbations δM , δθ, and δθa, Eq. (40) can be ex-
pressed as the following state-space representation:

RL
0 Dα

t ξ (t) =Aξ (t) +A0ξ (t− h (t)) +Bsat(u (t)),

(41)

with ξT = [δM δθ δθ̇], A =

⎡

⎣
−a 0 0

0 0 1

0 −ω2 −2ςω

⎤

⎦,

A0 =

⎡

⎣
0 ka 0

0 0 0

0 0 0

⎤

⎦, and B =

⎡

⎣
0

0

ω2

⎤

⎦.

This example is a special case of the nominal
system (14). The following theorem gives a condition
to stabilize system (41):
Theorem 3 If there exist symmetric positive def-
inite matrices P̄ , M̄ , N̄ , matrices U , L, X, a di-
agonal matrix R with compatible dimensions, and a
real scalar γ satisfying the conditions (42)−(44):

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Ξ11 ∗ ∗ ∗ ∗
Ξ21 Ξ22 − Z̄ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗
000 000 000 Ξ44 ∗
Ξ61 Ξ62 000 000 Ξ66

⎤

⎥
⎥
⎥
⎥
⎥
⎦
< 0, (42)

[
P̄ ∗

U −L βu0
2

]
≥ 0, (43)

(
λ̄(X−1P̄X−T) + η̄λ̄(X−1M̄X−T)

) ‖Q‖2c+(
η̄2

2
λ̄
(
X−1N̄X−T

)
)

˙‖Q‖2c ≤ β−1, (44)
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then applying the controller gain K = UX−T, sys-
tem (41) is asymptotically stable.
Proof We need to follow the same steps as in
the proof of Theorem 2 by considering Z̄ = C =

ΔA (t) = ΔA0 (t) = ΔC (t) = 000.

6 Numerical examples

Here, the efficiency of the control method is eval-
uated using two examples.
Example 1 Assume the uncertain FO system (16)

with parameters A =

[−0.6 1

1 0.4

]
, A0 =

[
0.6 0.4

0 −0.5

]
, B =

[
1

1

]
, C =

[
0.5 0.2

0.2 0.5

]
, H =

[
0.5 −0.8

0.5 1

]
, G(t) =

[
sin t 0

0 cos t

]
, u0 = 0.5,

d = 0.4, and h (t) = 0.2 + 0.4| sin(t)|. Further-
more, F0 = 0.1A, F1 = 0.1A0, F2 = 0.1C, γ = 1,

β = 0.01, and ρ = 10. Solving the LMI condi-
tions in Theorem 2, we obtain the following feasible
solutions:

P̄ =

[
0.0021 0.0021

0.0021 0.0021

]
, M̄ =

[
0.0033 0.0032

0.0032 0.0032

]
,

N̄ = 1.0e−6

[
0.2641 −0.0830

−0.0830 0.1629

]
, Z̄ = 1.0e−4

[
0.6044 0.4854

0.4854 0.5784

]
, X = 1.0e−4

[
0.6222 0.4750

0.4102 0.6589

]
,

R = 3.6577e−7, L = 1.0e−5
[−0.1068 −0.1058

]
,

q = 1.0389e−5, U =
[−0.0022 −0.0022

]
.

Considering different initial conditions, namely
ξ0 = [−0.3 0.6]T, [0.2 − 0.1]T, and [0.8 − 0.8]T,
the open-loop system is unstable as depicted in
Fig. 1. The state feedback controller gains are de-
termined using the proposed controller algorithm as
K = [−9.8306 − 10.2205]. Furthermore, Figs. 2
and 3 present the behaviors of the overall system for
different values of α = 0.9 and 0.7, and with different
initial conditions ξ0 = [−0.3 0.6]T, [0.2 −0.1]T, and
[0.8 − 0.8]T. In addition, we can see that decreas-
ing the FO value α increases the response settling
time. Next, we maximize the stability radius ρ, so
that system (16) is robustly stable. Assuming the
delay h(t) mentioned above, we have h̄ = 0.6. Now,
we fix the delay and parameter ρ varies until the
conditions in Theorem 2 hold. The controller gain
is K =

[−13.2770 −13.3645
]

for ρ = 55. As ex-
pected, large values of ρ imply large values of the
control input.

1.2

1.0

0.8

0.6

0.4

0.2

0

−0.2

−0.4

−0.6

0 5 10 15
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2  
(×

10
10

)

ξ1(t)
ξ2(t)

Fig. 1 The open-loop system states of example 1
with α = 0.9 for different initial conditions (ξ0 =

[−0.3 0.6]T, [0.2 − 0.1]T, and [0.8 − 0.8]T)
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Fig. 2 The closed-loop system states of example 1
with α = 0.9 for different initial conditions (ξ0 =

[−0.3 0.6]T, [0.2 − 0.1]T, and [0.8 − 0.8]T)
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Fig. 3 The states of example 1 with α = 0.7 for
different initial conditions (ξ0 = [−0.3 0.6]T, [0.2

− 0.1]T, and [0.8 − 0.8]T)

Example 2 The stabilization criterion for the wind
tunnel is now studied with the following dynamical
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model:

RL
0 Dα

t ξ (t) =

⎡

⎣
−a 0 0

0 0 1

0 −ω2 −2ςω

⎤

⎦ ξ(t)

+

⎡

⎣
0 ka 0

0 0 0

0 0 0

⎤

⎦ ξ(t− h(t)) +

⎡

⎣
0

0

ω2

⎤

⎦ sat(u (t)),

with ξT = [δM δθ δθ̇]. Assuming 1/a = 1.946 s,
ω = 6 rad/s, ς = 0.8, and ka = −0.0117 deg−1

(Manitius, 1984), the example is a particular case
of the nominal system (16). Then, letting u0 = 1,
h(t) = 0.4| sin t|+ 0.2, d = 0.4, γ = 1, β = 0.1, and
ρ = 1, we obtain the following solutions:

P̄ =

⎡

⎣
0.3017 0 0

0 0.2492 −0.0114

0 −0.0114 0.3318

⎤

⎦,

M̄ =

⎡

⎣
0.2147 0 0

0 0.2485 −0.0923

0 −0.0923 0.2490

⎤

⎦,

N̄ =

⎡

⎣
0.3712 0 0

0 0.0901 −0.0216

0 −0.0216 0.1570

⎤

⎦,

X =

⎡

⎣
0.3906 0 0

0 0.1060 −0.1672

0 −0.0107 0.2030

⎤

⎦,

L = 1.0e−4 [0 0.1809 − 0.1797],

U = [0 0.0621 0.0256] , R = 1.0774e−4.

Using the proposed control algorithm, we ob-
tain K = [0.0001 0.2716 0.1559]. The simulation
results for α = 0.9 are shown in Fig. 4, indicating
good performances of the controller.

7 Conclusions

This paper studied the robust stability of
uncertain neutral-type fractional-order systems
with actuator saturation. The Lyapunov–Krasovskii
functional was constructed to determine the criteria
with the help of linear matrix inequalities. A
state feedback controller was designed to stabilize
this system, and an algorithm for computing the
stabilizing gains was proposed via the CCL method.
Two examples demonstrated the applicability of the
new method.
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Fig. 4 The states of example 2 with α = 0.9 (Ref-
erences to color refer to the online version of this
figure)
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