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Abstract: A single strategy used in the firefly algorithm (FA) cannot effectively solve the complex optimal scheduling problem. 
Thus, we propose the FA with division of roles (DRFA). Herein, fireflies are divided into leaders, developers, and followers, while 
a learning strategy is assigned to each role: the leader chooses the greedy Cauchy mutation; the developer chooses two leaders 
randomly and uses the elite neighborhood search strategy for local development; the follower randomly selects two excellent 
particles for global exploration. To improve the efficiency of the fixed step size used in FA, a stepped variable step size strategy is 
proposed to meet different requirements of the algorithm for the step size at different stages. Role division can balance the de-
velopment and exploration ability of the algorithm. The use of multiple strategies can greatly improve the versatility of the algo-
rithm for complex optimization problems. The optimal performance of the proposed algorithm has been verified by three sets of 
test functions and a simulation of optimal scheduling of cascade reservoirs. 
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1  Introduction 
 

Since the 1950s, the scheduling problem has at-
tracted attention in such fields as applied mathematics, 
operation research, and engineering technology (Xu 
et al., 2004). The scheduling problem is usually de-
fined as “allocating a group of resources to execute a 
group of tasks,” and has been proved to be an NP 
complete problem (Cook, 1971; Wu N, 2020). With 
the development of the scheduling problem towards 

the direction of a large number of resources, diverse 
scheduling objectives, and coupled constraint condi-
tions, the optimal scheduling problem becomes in-
creasingly complex. Take the optimal scheduling of 
cascade reservoirs as an example. Because of the 
uneven spatial and temporal distribution of water 
resources and the urgent social need for energy, a 
number of large-scale cascade reservoir groups have 
been formed in China. There exists hydrological, 
hydraulic, and electric coupling among the cascade 
reservoir groups which have to meet the multiple 
constraints of domestic water consumption, water 
balancing equation, and water outflow. To achieve 
social, economic, ecological, and other multi- 
dimensional objectives, the optimal scheduling of 
cascade reservoirs has become a complex nonlinear 
scheduling problem with multiple objectives, multi-
ple constraints, multiple stages, and strong coupling 
(Moeini and Babaei, 2020). 
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Dynamic programming (DP), as one of the most 
widely used methods to solve the scheduling problem, 
divides the problem into several stages to make deci-
sions, and then obtains the optimal decision scheme 
for the whole system. However, DP features “curse of 
dimensionality” (Yu BH et al., 2004). When the 
amount of resources in the scheduling problem in-
creases, the computer storage and computational 
complexity will increase dramatically. Because of the 
NP nature of the problem, it is impossible to solve it 
using only the scheduling techniques and methods 
based on analytic optimization. Hence, there have 
been attempts to use artificial, computational, and 
real-time intelligence to solve the problem (Xu et al., 
2004). From the statistical results of a large number of 
available studies, the computational intelligence 
method is one of the most effective and promising 
scheduling methods (Xiao et al., 2015; Xiao and 
Wang, 2018; Tian et al., 2020). Common computa-
tional intelligence methods include QUATRE (Meng 
et al., 2016), fish migration optimization (FMO) (Guo 
et al., 2021), the Phasmatodea population evolution 
algorithm (PPE) (Song et al., 2020), the wolf pack 
algorithm (WPA) (Wu HS et al., 2020), particle 
swarm optimization (PSO) (Zhang HW et al., 2017; 
Zhao et al., 2017a, 2017b), the simulated annealing 
algorithm (SA) (Zou et al., 2016), surrogate-assisted 
hybrid optimization (SAHO) (Pan et al., 2020), and 
cuckoo search (CS) (Zhang MQ et al., 2018). The 
high performance of the computational intelligence 
method sees it being widely used in QR code (Pan et 
al., 2021), systematic optimization (Cui et al., 2019; 
Wang GG et al., 2020), clustering (Fan et al., 2021; 
Lv et al., 2021; Zhao et al., 2021), and other fields. 

Firefly algorithm (FA) (Yang, 2008; Lv and 
Zhao, 2018; Lv et al., 2019), one of the computational 
intelligence algorithms, was inspired by the behavior 
of fireflies attracting mates by giving out light. FA 
regards the randomly generated solution as the firefly, 
and each solution is assigned a brightness according 
to its performance in the objective function. Accord-
ing to the rule that a firefly will be attracted by an-
other brighter firefly, fireflies attract each other to 
achieve the optimization. FA is simple in concept and 
easy to implement, and combines the characteristics 
of PSO and SA, so that the motion of particles has 
more diversity (Fister I et al., 2013). The results show 
that FA can effectively solve the scheduling problem, 

enjoying good optimization performance (Gope et al., 
2016; Kassandra et al., 2018). 

However, FA uses a single learning strategy. 
According to the theorem of no free lunch, the aver-
age performance of any two solutions is the same 
when solving the scheduling problem (Fister I et al., 
2013). That is, one method is efficient in solving one 
kind of problem, while the performance of solving 
another type of problem will be poorer. Hence, for 
complex optimal scheduling problems, the optimiza-
tion performance of FA cannot be guaranteed. 

In nature, the survival and reproduction of a 
population cannot be separated from a division of 
roles. For instance, an ant colony generally includes 
the queen ant, female ants, male ants, worker and 
soldier ants, and each type of ant is engaged in dif-
ferent work. A large project in human society is often 
subdivided into many subprojects, and each subpro-
ject is given to the people who are good at it in the 
team, and each person performs his or her own duties 
to better complete the project through cooperation. As 
shown by the above natural or social phenomena, 
division of roles can improve the working effect and 
efficiency of groups. 

To solve the complex optimal scheduling prob-
lem effectively, in this paper, based on the idea of role 
division of labor, we integrate a variety of learning 
strategies into an FA, and propose an FA with division 
of roles (DRFA), which improves the versatility of the 
algorithm to various complex optimal scheduling 
problems. In addition, a new step attenuation method, 
i.e., stepped down step, is designed to meet the de-
mand of firefly movement for the search step in dif-
ferent evolution periods, and to further improve the 
optimization performance of the algorithm. 

To deal with the defect of a single learning 
mechanism of FA, at the core of DRFA are the role 
(hierarchical) division and labor division (multi- 
strategy) cooperation of fireflies. Role partition can 
balance the development and exploration ability of 
the algorithm, and the use of multiple strategies can 
greatly improve the versatility of the algorithm for 
different optimization problems. First, DRFA classi-
fies the fireflies into three roles, leaders, developers, 
and followers, according to brightness; then it allo-
cates three learning strategies to each role so that each 
role can perform its own duties. The leader takes  
the greedy Cauchy mutation strategy. Since the 
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scheduling problem is often multimodal, there are 
multiple local optimizations. Cauchy mutation ena-
bles the leader to jump out of the local optimum and 
to prevent the population evolution from falling into 
trouble. At the same time, the greedy strategy can 
retain a better scheduling scheme already found by 
the algorithm, and provide better guidance for popu-
lation evolution. The developer adopts the elite 
neighborhood search strategy, regards the leader as an 
elite particle, conducts fine search around the leader, 
and adjusts the better scheduling scheme, which fur-
ther improves the scheduling effect of the scheduling 
scheme and enhances the ability of algorithm devel-
opment. The follower learns from two excellent par-
ticles at the same time, fuses the information of the 
two scheduling schemes, forms a new scheduling 
scheme, weakens the impact of a single scheduling 
scheme on the scheduling results, and enhances the 
exploration ability of the algorithm. Finally, after 
each generation of evolution is completed, the roles of 
fireflies are re-divided according to performance.  

It has been verified by three sets of test functions 
and one simulation of optimal scheduling of cascade 
reservoirs that the role division of the DRFA algo-
rithm can well balance the development and explora-
tion ability of the algorithm, and the use of multiple 
strategies improves the applicability of the algorithm 
to different optimization problems. 
 
 

2  Firefly algorithm 
 

Let D be the dimension of the search space. The 
position of each firefly in the search space Xi={xi1, 
xi2, …, xiD} represents a feasible solution, and the 
fitness of the optimization problem f(Xi) represents its 
brightness. The fireflies move to the brighter ones in 
turn, and the position updating equation for firefly i to 
be attracted by the brighter firefly j is defined as 
 

( 1) ( ) ( ( ) ( )) ,i i j it t t t     x x x x ε        (1) 

 

where xi and xj are the positions of fireflies i and j, 
respectively, β is the attraction, step factor α=0.2, t is 
the current number of iterations, and ε is a vector with 
the value in each dimension being a random number 
obeying the uniform distribution in [−0.5, 0.5]. 

The brightness and attractiveness of the firefly 
are calculated as follows:  

2

0e ,ijrI = I                                (2) 
2

0e ,ijr                                (3) 

 
where I0 and β0 are the initial brightness and maxi-
mum attractiveness of the firefly respectively, β0 is 
generally taken as 1, γ is the light absorption coeffi-
cient which is generally set as a constant 1, and rij is 
the Euclidean distance between fireflies i and j, de-
termined by  

 2

1

( ) ( ) ( ) ( ) .
D

ij i j id jd
d

r t t x t x t


   x x      (4) 

 
FA distinguishes two asymptotic behaviors. The 

former appears when γ→0 and the latter appears when 
γ→∞. If γ→0, the attractiveness becomes β=β0. That 
is, the attractiveness is constant anywhere within the 
search space. This behavior is a special case of PSO. 
If γ→∞, the second term falls out of Eq. (1), and the 
firefly movement becomes a random walk. This be-
havior is essentially a parallel version of SA. In fact, 
each implementation of FA can be between these two 
asymptotic behaviors. As a result, the motion of fire-
fly particles is more diverse (Fister I et al., 2013). 
 
 
3  Firefly algorithm with division of roles 
 

DRFA first divides firefly populations into 
leaders, developers, and followers, gives different 
learning strategies to each role, and integrates various 
learning strategies into the algorithm with the idea of 
role division. Second, a new variable step size method 
is proposed to meet the step size requirement of the 
algorithm in different periods. 

The algorithm introduces some new symbols, as 
given in Table 1. 

3.1  Division of roles of fireflies 

Division of roles can be seen everywhere in 
human society and in nature. Division of labor exists 
in human society because of differences in individual 
abilities. In the agricultural era, men plowed the fields 
and women wove cloth, caused by the differences in 
men’s and women’s abilities. Men are strong and can 
undertake high-intensity physical work, while women 
are physically weak but delicate in mind, so they are 
more suitable for meticulous work. In nature, division 
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of roles also exists due to the difference of individual 
structure in the same population, and different roles 
do different jobs. For example, there is an ant queen, 
female ants, male ants, worker and soldier ants in the 
colony, and the bee colony is composed of the queen 
bee, drones, and worker bees. It can be seen that di-
vision of roles using advantages of different individ-
uals can improve the working effect and efficiency of 
the colony. 
 

 
 
 
 
 
 
 
 
 
 
 
 

Division of roles also exists in the firefly popu-
lation. The male fireflies have wings and often fly in 
the sky. Some species of female fireflies have no 
wings, and they usually move on the ground. When 
the firefly sends out the courtship signal, the female 
firefly will hover on the ground or be on low vegeta-
tion, while the male firefly will fly around in the sky 
searching for his favorite object (Lloyd, 1971; Ohba, 
2004). Based on different roles, many improved 
gender-based FAs (Takeuchi et al., 2015; Ritthipak-
dee et al., 2017; Wang CF and Song, 2019; Alomoush 
et al., 2020) have been proposed. Takeuchi et al. 
(2015) made male fireflies be attracted by all fireflies 
and female fireflies attracted only by male ones. In 
Ritthipakdee et al. (2017), based on the idea of a ge-
netic algorithm, a pair of fireflies with the highest 
mutual attraction value was selected as the parent, and 
the offspring was generated through crossover and 
mutation operations. Alomoush et al. (2020) set up a 
partner list mechanism to determine whether a firefly 
was attracted by another firefly. Wang CF and Song 
(2019) divided the firefly population into female and 
male, and the firefly was attracted only by the oppo-
site sex. According to the different gender, different 
update equations were set to make the male firefly 
focus on global search, and the female firefly perform 
local development. 

In this study, the idea of division of roles is used 
to improve FA. Different from the above division 
methods based on gender difference, the division of 
labor in this study is based on the different perfor-
mances of fireflies in the population. In FA, there are 
performance differences between different fireflies. 
Generally speaking, fireflies with strong light inten-
sity store more dominant information, and hence can 
find a better position around them, so they are suitable 
for the development of the algorithm search space and 
improvement of the accuracy of algorithm optimiza-
tion; the fireflies with weak light intensity are more 
discretely distributed, so they are suitable for the 
exploration of the algorithm search space to explore 
more unknown areas. Hence, the idea of division of 
labor can be used to assign different roles to fireflies 
with different performances, and each role uses dif-
ferent strategies to optimize the search space to im-
prove the performance of the algorithm. In addition, 
in the gender-based division of roles, the roles and 
division of labor of each firefly are fixed at the be-
ginning, and will not change. However, the perfor-
mance of fireflies will change during the running of 
the algorithm, and fireflies with different perfor-
mances have different working potentials. Therefore, 
in this study we divide the roles according to per-
formance. After each generation is updated, the fire-
fly performance is re-assessed and the roles and di-
vision of labor are assigned to the fireflies. The fire-
flies are divided into leaders, developers, and fol-
lowers. The following details the specific division of 
each role in the algorithm: 

1. Leader 
In FA, the optimal particle is in the absolute 

leading position and attracts all the particles close to it. 
This mechanism is called the “single leader” mecha-
nism, and makes the firefly movement appear as 
shown in Fig. 1.  

After the division of labor, there are multiple 
leaders in the population. This is called the “multi- 
leader” mechanism. In the early stage of the algorithm, 
the firefly population is led by multiple leaders at the 
same time. This greatly increases the diversity of the 
firefly motion, and the firefly individuals have more 
opportunities to explore the extreme points in the 
space. When the firefly finds the best or the extreme 
point with significant advantages, according to the 
survival of the fittest mechanism, the leader will be 
replaced by the particle near the point. When multiple 

Table 1  Description of symbols in the DRFA  
algorithm 

Symbol Description 
cauchy() The random number generated by the 

Cauchy distribution 
gbest Global optimal particle 
r1−r5 The random numbers within (0, 1) 

S The domain length of the search space 
τ(i) The attenuation sequence of the step size 

factor and τ(i)=i 
c The attenuation period of the step size 

factor 
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leaders are near the same extreme point, the popula-
tion development of the extreme point will be accel-
erated. Hence, the “multi-leader” mechanism can 
increase the global exploration ability of the algo-
rithm without affecting its local development ability. 
Compared with the “single leader” mechanism, the 
“multi-leader” mechanism weakens the leadership of 
the optimal particle, delays all particles in gathering 
near the optimal particle, and improves the ability of 
particles to jump out of the local optimum. 

The existence of the leader ensures that the 
population evolves in a relatively correct direction. 
Here, the relative correctness means that the leader is 
in a relatively good position, that is, the superior ex-
treme point (local optimum). The purpose of the op-
timization algorithm is to find the extreme point with 
the absolute advantage (global optimum). Hence, to 
prevent the leader from falling into the local optimum, 
it is necessary to give the leader a mechanism to jump 
out and prevent the population evolution from falling 

into trouble. The greedy Cauchy mutation strategy is 
used for the leader. The probability density function 
of the standard Cauchy distribution is shown in Fig. 2. 
Some studies (Wang H et al., 2017b; Sun et al., 2019) 
have shown that the long tail of the Cauchy distribu-
tion can help the trapped firefly jump to a better po-
sition, and the greedy strategy can save the dominant 
information of the population. The equation of the 
greedy mutation strategy is as follows: 
 

( 1)

( ) (), ( ( ) ()) ( ( )),

( ), ( ( ) ()) ( ( )),

i

i i i

i i i

t

t f t f t

t f t f t



  
   

x

x x x

x x x

cauchy cauchy

cauchy

 

(5) 
 

where cauchy() represents the random number gen-
erated by the Cauchy distribution, f(xi(t)+cauchy()) 
represents the fitness value after Cauchy mutation by 
the firefly, and f(xi(t)) represents the current fitness 
value of the firefly. 
 
 
 
 
 
 
 
 
 
 
 
 
 

With the greedy strategy, if the leader finds a 
better position after Cauchy mutation, he/she will 
jump to the position directly and lead the population 
out of the dilemma; if the Cauchy mutation finds the 
same or worse position, the leader will not move and 
the dominant information of the population is saved.  

2. Developer  
The developer undertakes the local development 

of the algorithm. To increase the convergence speed 
and development accuracy of the algorithm, we pro-
pose an elite neighborhood search strategy. The 
neighborhood search mechanism is to assign a 
neighborhood structure to the current individual to be 
optimized.  

X

Y

0
−10 1086420−2−4−6−8

0.1

0.4

0.2

0.3

Fig. 2  The standard Cauchy distribution probability 
density function 

Fig. 1  Firefly motion analysis of the “single leader” 
mechanism 
In (a), there are three fireflies, which are marked by their 
brightness as X1, X2, and X3. Suppose that first X2 moves 
towards X1 to the position in (b). As shown in (b) and (c), X3 
moves towards X2 and X1 once each. At this time, X2 moves to 
the neighborhood of X1, so the two motions of X3 can be 
approximately regarded moving towards X1 twice. In this 
way, the situation as shown in (d) may occur, where all par-
ticles quickly gather together; that is, population evolution 
generation occurs, and a single particle approaches the opti-
mal particle several times. In this case, the attractiveness of 
the optimal particle is too strong, which makes the population 
quickly gather together; the diversity of the population is 
rapidly lost, the algorithm easily falls into a local optimum, 
and the firefly individual is unable to jump out of the local 
optimum. 

(a) (b) 

(d) (c) 

X 1 X2 X3 
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In the process of evolution, the algorithm 
evolves in the neighborhood rather than the individual. 
Wang H et al. (2013) introduced a global neighbor-
hood search mechanism in PSO, and Zhou et al. (2017) 
integrated the search mechanism into the artificial bee 
colony (ABC) algorithm because of its high effi-
ciency in PSO. The results showed that the search 
mechanism also has good performance in ABC. Then, 
based on the search mechanism, Wang H et al. (2017b) 
changed two particles randomly selected from the 
population to two excellent particles randomly se-
lected from the k neighborhood of the current particle, 
so as to realize the local search of the current particle, 
greatly improving the FA performance. 

Due to the excellent performance of this search 
mechanism in various algorithms, we take the leader 
as the neighborhood of the developer. This is called 
the elite neighborhood, and we propose an elite 
neighborhood search strategy to realize the local de-
velopment of the leader. In addition, the unique step 
mechanism in FA is added to the search mechanism.  

The search equation of the elite neighborhood is 
as follows: the first three terms in the right-hand side 
of Eq. (6) represent the global neighborhood search 
mechanism in PSO, introduced by Wang H et al. 
(2013): 
 

1 2 3( ) ( ) ( ( ) ( )) ( ) ,i i j kt r t r r t t t    x x x x S εgbest   

(6) 
 

where gbest is the global optimal particle, j and k are 
two particles randomly selected in the leader (j≠k), r1, 
r2, and r3 are three evenly distributed random num-
bers, with the values within (0, 1) and r1+r2+r3=1, and 
S is the domain length of the search space. 

3. Follower 
The task of the follower is to explore more un-

known space in the process of following the excellent 
particles, that is, to undertake the exploration work of 
the algorithm. To prevent the population from being 
bounded by the explored space, the follower’s 
movement will be more diverse. In addition, to im-
prove the probability of the population exploring the 
unknown excellent space, the number of followers in 
the population will be sufficient. Because of the large 
number of followers, we divide the followers into 
several layers. The better the fitness value is, the 
higher the layer of the firefly is. Each follower ran-
domly selects two dominant particles from the leader, 

the developer, and the follower higher than itself for 
learning. 

Since the followers of different levels have dif-
ferent learning objects, their learning ability is dif-
ferent. For example, the learning objects of the 
top-level followers are the leaders and the developers, 
whose learning objects are few but excellent, thus 
having strong development but weak exploration 
ability. The learning objects of the secondary high- 
level followers are the leaders, the developers, and the 
top-level followers. Compared with the top-level 
followers, the secondary high-level followers have 
more learning objects and more complex components, 
so their development ability becomes weaker and 
their exploration ability increases. The learning ob-
jects of the lowest-level followers are all the objects 
except those at their own level. Because of the diver-
sity of their learning objects, the development ability 
is weak and the exploration ability is strong. Hence, 
layering of the followers can not only improve the 
diversity of the algorithm, but also help maintain the 
balance between the exploration and development of 
the algorithm. 

The learning equation for the follower is 
 

4 1

5 2

( 1) ( ) ( ( ) ( ))

                ( ( ) ( )) ( ) ,

i i j i

k i

t t r t t

r t t t



 

   

  

x x x x

x x S ε
    (7) 

 
where j and k are two particles randomly selected 
from the leader, the developer, and the layer higher 
than particle i, and r4 and r5 are random numbers 
within (0, 1), with r4+r5=1. 

3.2  Stepped down step 

In different stages of the algorithm, the firefly 
motion has different requirements for the step size. 
Generally speaking, in the early stage of the algorithm, 
the firefly needs a larger step size to detect as many 
unknown areas as possible in the search space. In the 
later stage of the algorithm, the firefly needs fine 
development. At this time, a small step size is needed 
to improve the optimization accuracy of the algorithm. 
In particular, when the distance rbest between the 
firefly and the global optimum is small enough, and 
the step factor α is much larger than rbest (rbest/α→0), 
the random step size is equivalent to noise to the 
firefly, and interferes with firefly motion, making the 
firefly unable to approach the global optimum, and 
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the firefly population will stop evolving. In other 
words, if the search step size is too large, the local 
development ability of the algorithm will be  
restricted. 

Wang et al. (2017b) verified by theoretical der-
ivation that if FA is to converge, the step factor α 
needs to be close to 0. Many studies followed this 
principle in improving the step size, and a variety of 
step factors have been designed which decrease with 
the increase of the number of iterations. Based on this, 
we propose a stepped down type of step factor at-
tenuation method, which first constructs a sequence 
τ=1, 2, …, and lets the step factor α be transformed as 

 

( ) ( ) , mod( , ) 0,
( 1)

( ),  otherwise,

t i t c
t

t

 





  


          (8) 

 
where t is the current number of iterations, c is the 
attenuation period (that is, α is attenuated once every 
time the algorithm iterates for c), and i is the current 
attenuation number of the step factor. As α=0.2 in the 
standard FA, α(0)=0.2. 

With the operation of the algorithm, the distri-
bution of the firefly population in the search space is 
aggregated gradually, with accelerated development 
of local areas. Therefore, the attenuation speed of the 
search step is increased iteratively. Because the se-
quence τ is increasing, the attenuation range of the 
step factor α can be increased. 

3.3  Procedure of the DRFA algorithm 

Based on the concept described above, the 
pseudocode of DRFA is shown in Algorithm 1. De-
tails that supplement the pseudo-code include: 

Line 2: The initialized parameters include the 
problem dimension D, the firefly population size N, 
the maximum number of evaluation times MAX_FEs, 
the light absorption coefficient γ, the maximum at-
tractiveness β0, and the initial step size α(0). 

Line 7: The fireflies are sorted according to 
brightness, and the sorted list is divided into groups of 
leaders, developers, and followers according to the 
proportion of l:d:h, where h is the number of layers 
divided in the followers, marked as k=l+d+h. p and q 
are the quotient and the remainder of N/k, respectively. 
Then the number of leaders is lp, the number of fol-
lowers is dp, the number of followers in each layer 

except those at the lowest layer is p, and the number 
of followers at the lowest layer is p+q. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4  Algorithm analysis 

4.1  Experimental settings 

In this section, DRFA is analyzed using 12 clas-
sical test functions, which were used in Wang H et al. 
(2017a). f1–f7 are single-mode functions with only one 
extreme point; these are used to test the local devel-
opment ability of the algorithm. f8–f12 are multi-mode 
functions with multiple extreme points in the defini-
tion domain; these are used to test the global explo-
ration ability of the algorithm. 

Some of the settings involved in the experiment 
are: the dimension of the optimization problem is set 
to be D=30, the maximum number of evaluation times 
MAX_ FEs=5×105, parameters β0=1 and γ=1/Γ2 (Γ is 
the domain length of the optimization function), and 
population size N=20. In addition, if the step factor is 
to be attenuated to 0 before the end of the algorithm, it 
needs to be attenuated 178 times, so the attenuation 
period c is set at c=MAX_FEs/178. The optimization 
result of the algorithm is the average value of 30 times 
of algorithm running. 

Algorithm 1    DRFA 
1  Begin 
2    initialize the algorithm parameters 
3    initialize a population of fireflies randomly 
4    calculate the fitness values of each firefly 
5    FEs=N                       // N is the firefly population 
6    while (FEs<MAX_FEs) 
7       sort and divide firefly populations 
8       update α according to Eq. (8) 
9       for i=1 to lp           // leader 
10        move firefly i according to Eq. (5) 
11        FEs=FEs+1 
12      end for 
13      for i=lp+1 to (l+d)p        // developer 
14         move firefly i according to Eq. (6) 
15         FEs=FEs+1 
16      end for 
17      for i=(l+d)p+1 to N        // follower 
18          pick two particles j and k at random from the high level 
19         move firefly i according to Eq. (7) 
20         FEs=FEs+1 
21      end for 
22    end while 
23  End 
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4.2  Analysis of role matching in firefly population 

Leaders, developers, and followers in the firefly 
population are divided according to the proportion of 
l:d:h. The work of the leader is to guide the direction 
of population evolution. The developer completes the 
algorithm development by local search of the leader. 
These two tasks require only a small number of fire-
flies, and there is no layer division inside developers 
and leaders. Since only a few fireflies are needed to 
maintain and tune a good scheduling scheme, many 
are used to find new scheduling schemes. Hence, for 
the convenience of the follow-up discussion, in this 
study we set l=d=1, and then the role proportion of the 
fireflies is leader:developer:follower=1:1:h. 

In this subsection, the effect of different values 
of h on the performance of the DRFA algorithm is 
discussed through the experiment. Since the subtle 
interval has little influence on the algorithm result, 
one is taken as the interval, set up h=1, 2, …, 8, and 
the optimized average results are shown in Table 2. To 
compare the performances of the algorithms, the 
Friedman test is conducted on the optimization results 
of the algorithms, as shown in the last line of Table 2. 
The smaller the test value is, the better the algorithm 
performance is. 

As shown in Table 2, different proportions do not 
affect the optimization performance of the algorithm 
on functions f1, f3, f6, and f9–f11. On f2 and f4, when the 
proportion of leaders, developers, and followers is 
1:1:1, the algorithm performs poorly, and the global 
optimum of the function can be found for other 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

proportions. The reason is that the firefly population 
size is N=20, and when the ratio of leaders, develop-
ers, and followers is 1:1:1, the number of fireflies in 
each role is 6, 6, and 8. At this time, there are many 
particles in the elite neighborhood learned by the 
developer, which leads to the poor quality of the elite 
neighborhood and the decline of the development 
ability of the algorithm. Therefore, the optimization 
accuracy of the algorithm is lower than that of other 
proportions. On function f5, the optimization perfor-
mance of the algorithm decreases with the increase of 
h, and note that there is a large difference when h=6. 
On function f7, the optimization results of different 
proportions are almost the same, and the performance 
is the best when h=2. On function f8, the optimization 
performance of the algorithm decreases with the in-
crease of h, and the performance is optimal when h=2. 
On function f12, the optimization performance of the 
algorithm first increases and then decreases with the 
increase of h, the performance is optimal when h=4, 
and there is a turning point at h=6. 

With respect to the stability of the algorithm with 
different role proportions, since the optimization re-
sults of different proportions running on functions f1, 
f3, f6, and f9–f11 for 30 times are the same, and the 
global optimum can be found for other values except 
h=1 on functions f2 and f4, the stability of different 
proportions on the eight functions is not discussed. 
Fig. 3 shows the box diagram of the optimization 
results of the algorithm running on functions f5, f7, f8, 
and f12 30 times. To show the difference more intui-
tively, the natural logarithm is used for f5, f7, and f12. 

 
 
 
 
 
 
 

 
 

 
 

 
 
 
 

 
 

Table 2  Optimization results of the DRFA algorithm with different role proportioning 

Function 
Optimization result 

h=1 2 3 4 5 6 7 8 
f1 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f2 7.83E-246 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f3 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f4 2.22E-246 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f5 6.53E-06 1.26E-05 2.20E-05 2.75E-05 7.53E-05 7.93E-01 5.17E-05 6.20E-05 
f6 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f7 1.06E-06 9.09E-07 2.12E-06 2.15E-06 1.35E-06 1.46E-06 3.42E-06 1.11E-06 
f8 −1.21E+04 −1.22E+04 −1.20E+04 −1.19E+04 −1.16E+04 −1.17E+04 −1.16E+04 −1.16E+04 
f9 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f10 5.89E-16 5.89E-16 5.89E-16 5.89E-16 5.89E-16 5.89E-16 5.89E-16 5.89E-16 
f11 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f12 9.44E-12 4.10E-12 1.45E-13 2.26E-14 6.91E-14 1.07E-13 7.36E-14 7.80E-14 

Rank 4.67 (5) 3.83 (1) 4.42 (3) 4.25 (2) 4.58 (4) 4.83 (8) 4.75 (7) 4.67 (5) 

The best results are in bold 
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As shown in Fig. 3, there are lower outliers when 

h=3, 4, 5, 7 on function f5. This indicates that the 
algorithm has a lower probability to achieve higher 
optimization accuracy, while there is a higher outlier 
when h=6 and the algorithm has a lower probability of 
obtaining a poor optimization result. It is this poor 
optimization result that makes DRFA show an aver-
age optimization result with a large difference from 
other proportions when h=6. Therefore, on function f5, 
the algorithm is unstable when h=6. On function f7, all 
proportions have lower outliers, the outlier is the 
lowest when h=2, and the algorithm has the oppor-
tunity to obtain higher optimization accuracy. On 
function f8, the stability of all proportioning algo-
rithms is poor. On function f12, the stability of the 
algorithm is poor when h=6, so the optimized average 
value does not conform to the trend of first increasing 
and then decreasing. In general, the increase or de-
crease of h is not necessarily related to the stability of 
the algorithm, and the stability of the algorithm is 
poor when h=6. 

As shown by the Friedman test results, the 
comprehensive optimization performance of the al-
gorithm is the best when h=2. Hence, in the follow-up 
experiments, the proportion of leaders, developers, 
and followers of fireflies is set to be 1:1:2. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

4.3  Effect of different roles 

DRFA allocates various strategies to leaders, 
developers, and followers in the way of division of 
labor and cooperation. To explore the influence of 
roles and their division of labor on the algorithm, in 
this subsection we combine the roles and their divi-
sion of labor. For clearer expression, each combina-
tion is named by the initials of each role name  
(Table 3). Because the optical attraction coefficient 
γ=1/Γ2 of DRFA uses what is set in version FA2010 
(Yang, 2010), for fair comparison, the same parame-
ters are used in the standard FA. The first set of test 
functions is used to test the optimization performance 
of each combination. 

The corresponding algorithms of each combina-
tion are run independently 30 times, and the average 
results are shown in Table 4. Fig. 4 shows the con-
vergence curves of each algorithm on two single- 
mode functions f1 and f5 and two multi-mode func-
tions f8 and f12. 

As shown in Table 4, compared with FA, if the 
population is full of followers, the optimization ac-
curacy of the algorithm on functions f1, f6, and f10 is 
greatly improved, while the performance on f3 and f8 
is significantly reduced, and there is no significant 
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Fig. 3  Box diagram of the optimization results of the DRFA algorithm with different role proportions: (a) Rosenbrock 
(f5); (b) quartic with noise (f7); (c) Schwefel 2.26 (f8); (d) penalized (f12) 
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difference on other functions. As shown by the test 
results, the strategy used by F has improved the per-
formance of FA, but not by all that much. As indicated 
in Fig. 4, the F-combination converges in advance on 
every function. This suggests that the strategy used by 
the F-combination and the diversity of firefly learning 
objects can effectively improve the global search 
ability of the algorithm, but no strategy can improve 
the local development ability of the firefly, which 
prevents the optimization performance of the algo-
rithm from being high. If the population is full of 
developers, the optimization accuracy of the algorithm 
on 12 functions is greatly improved, showing that the 
strategy used by the D-combination can improve the 
development ability of the algorithm. As shown in Fig. 
4, the strategy used by the D-combination can also 
improve the convergence speed of the algorithm. If 
the population is full of leaders, all the fireflies take 
advantage of the greedy Cauchy mutation to change 
the position, and there is no information communica-
tion between fireflies, so the optimization efficiency 
of the algorithm is low, and the optimization perfor-
mance is weaker than that of FA. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Compared with the single F, the FD-combination 
composed of follower-F and developer-D effectively 
addresses the problem of insufficient local develop-
ment capacity of F, and greatly improves the optimi-
zation accuracy on 12 functions. Compared with the 
single D, although the optimization performance of 
FD on function f8 is reduced, the performance on f5 
and f12 is improved, and the global search ability of 
FD is improved. As shown in Table 4, the perfor-
mance of FD is better than that of F and D. Compared 
with F alone, the performance of the algorithm is 
significantly improved on f8 using FL-combination, 
which shows that the strategy used by L can enhance 
the firefly’s ability to jump out of the local optimum. 
Similarly, compared with single D, DL can signifi-
cantly improve the optimization performance of the 
algorithm on function f8. 

In the three roles, if L is absent, the performance 
of the algorithm using the FD-combination is poor on 
function f8. As shown in Fig. 4c, the algorithm falls 
into the local optimum prematurely and the popula-
tion stops evolving. However, the combination of L, 
DL, FL with L and DRFA can find better points. This 
further proves that the strategy of L can improve the 
firefly’s ability to jump out of the local optimum. If D 
is absent, the optimization accuracy of the algorithm 
using the FL-combination on 10 functions of f1–f5, f7, 
and f9–f12 is not high, which indicates that the algo-
rithm lacks the ability of local development. In the 
absence of F, the performance of the algorithm using 
DL-combination is poor on functions f5 and f12, and 
the global search ability of the algorithm is insuffi-
cient. The DRFA algorithm composed of three role 
combinations can effectively make up for the 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 4  Optimization results of the FA algorithm of different combinations of division of roles 

Function 
Optimization result 

FA2010 F D L FD FL DL DRFA 
f1 1.84E-06 6.06E-72 0.00E+00 5.65E+01 0.00E+00 1.62E-70 0.00E+00 0.00E+00 
f2 1.65E-03 3.65E-05 0.00E+00 4.50E+01 0.00E+00 2.14E-04 0.00E+00 0.00E+00 
f3 6.19E-06 3.47E+01 0.00E+00 3.50E+02 0.00E+00 2.22E+01 0.00E+00 0.00E+00 
f4 5.94E-04 1.00E-02 0.00E+00 3.67E+00 0.00E+00 7.77E-03 0.00E+00 0.00E+00 
f5 4.38E+01 2.21E+02 3.33E-03 3.70E+04 1.05E-05 6.62E+01 4.24E-03 1.26E-05 
f6 2.67E-01 0.00E+00 0.00E+00 3.40E+01 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
f7 9.86E-02 1.85E-02 2.21E-07 1.17E+02 9.46E-07 1.95E-02 3.55E-07 9.09E-07 
f8 −8.39E+03 −6.40E+03 −1.04E+04 −1.17E+04 −8.79E+03 −1.21E+04 −1.22E+04 −1.22E+04 
f9 4.57E+01 3.50E+01 0.00E+00 3.13E+02 0.00E+00 4.03E+01 0.00E+00 0.00E+00 
f10 3.11E-04 2.21E-14 5.89E-16 6.76E+00 5.89E-16 2.10E-14 5.89E-16 5.89E-16 
f11 9.68E-03 4.35E-03 0.00E+00 9.31E-01 0.00E+00 5.50E-03 0.00E+00 0.00E+00 
f12 3.46E-03 7.14E-03 1.27E-06 3.37E+00 9.69E-13 1.73E-02 1.14E-06 4.10E-12 

Rank 6.33 (7) 5.79 (6) 2.83 (4) 7.67 (8) 2.75 (3) 5.54 (5) 2.63 (2) 2.46 (1) 

The best results are in bold 

Table 3  Combination of roles in the DRFA algorithm 

Combination strategy Algorithm name 
FA2010 FA2010 
FA2010+Follower F 
FA2010+Developer D 
FA2010+Leader L 
FA2010+Follower+Developer FD 
FA2010+Follower+Leader FL 
FA2010+Developer+Leader DL 
FA2010+Follower+Developer+Leader DRFA 
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deficiency of pairwise combination of roles, and ideal 
optimization results are achieved on 12 functions. As 
shown in Fig. 4, the convergence rate of DRFA on f1, 
f5, and f12 is lower than that of D, FD, and DL com-
bination. This is because the leader uses the Cauchy 
mutation to perform the chaos searches around the 
leader, but such searches are low in efficiency and 
most of them are useless and a waste of the computing 
resources of the algorithm. However, considering the 
optimization performance, the Cauchy mutation does 
have a chance to make the algorithm jump out of a 
local optimum, so this kind of “waste” of computing 
resources is acceptable. As suggested by the Fried-
man test results, the comprehensive performance of 
the algorithm is the best when the combination of 
three roles is used. 

 
 

5  Comparison of algorithms 
 

In this section three sets of test functions are 
used to compare DRFA with related algorithms. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

5.1 Comparison with FA and its improved  
algorithm 

5.1.1  Experimental results and analysis 

In this subsection, 12 test functions from the 
previous section are used to compare DRFA with FA 
(Yang, 2008), wise step strategy FA (WSSFA) (Yu SH 
et al., 2014), variable step size FA (VSSFA) (Yu SH et 
al., 2015), memetic FA (MFA) (Fister IJr et al., 2012), 
FA with random attraction (RaFA) (Wang H et al., 
2016), FA with adaptive control parameters (ApFA) 
(Wang H et al., 2017a), randomly attracted FA with 
neighborhood search and dynamic parameter ad-
justment mechanism (NSRaFA) (Wang H et al., 
2017b), FA with deep learning (DLFA) (Zhao et al., 
2018), and FA based on level-based attracting and 
variable step size (LVFA) (Zhao et al., 2020). 

The experimental conditions and DRFA param-
eters are consistent with those in the previous section, 
and other parameters of each algorithm are the same 
as those in corresponding references. The average 
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values and standard deviations of the optimization 
results are shown in Table 5. 

In Table 5, the best optimization results are 
shown in bold. DRFA has the best optimization effect 
on 10 functions and finds the global optimum on 7 
functions. NSRaFA has the best optimization effect 
on 6 functions and finds the global optimum on 3 
functions. DLFA, at the third position, has the best 
optimization effect on 5 functions and finds the global 
optimum on 5 functions. As shown in Table 5, the 
results of DRFA are better than those of FA, WSSFA, 
and VSSFA on all test functions. Compared with 
MFA, DRFA has better performance on 11 functions, 
and the optimization results are the same only on 
function f6. This is because f6 is a step function and its 
global optimum is easy to find. Compared with RaFA, 
the performance of DRFA is better on 10 functions 
and equivalent on f6 and f11. The performance of 
DRFA is better on 10 functions than ApFA and LVFA, 
and equivalent on f6; they all find the global optimum, 
but the performance of DRFA is poor on f12. 
 

 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

better on 6 functions, equivalent on f6, f9, f10, and 
Compared with NSRaFA, the performance of DRFA 
is f11, and worse on f7 and f12. Compared with DLFA, 
the performance of DRFA is better on 6 functions, 
equivalent on f1, f2, f4, f6, and f9, and they both find the 
global optimum, but the performance of DRFA is 
worse on f12. In general, the performance of DRFA is 
better on f1–f11, ranking first or second in all algo-
rithms, but poor on f12, ranking fifth among all algo-
rithms, inferior to ApFA, NSRaFA, LVFA, and DLFA. 
This shows that the performance of DRFA in dealing 
with such problems needs to be improved. From the 
Wilcoxon test results, DRFA is significantly better 
than other algorithms except NSRaFA. 

To intuitively compare the optimization per-
formance of each algorithm on different functions, 
Table 6 shows the Friedman test results of each algo-
rithm on single-mode, multi-mode, and all functions. 
In Table 6, the comprehensive performance of DRFA 
in the single-mode function is the best, but in the 
multi-mode function, DRFA is inferior to NSRaFA, 
 
 
 

 
 
 

 
 
 
 

 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 

 

Table 5  Optimization results of 10 algorithms on 12 test functions 

Function Type FA WSSFA VSSFA MFA RaFA ApFA NSRaFA DLFA LVFA DRFA 

f1 Mean 6.67E+04 6.34E+04 5.84E+04 1.56E-05 5.36E-184 2.02E-44 4.11E-110 0.00E+00 7.65E-204 0.00E+00 

 Std. 1.83E+04 4.91E+04 1.17E+04 2.31E-05 6.82E-184 2.85E-44 9.05E-110 0.00E+00 0.00E+00 0.00E+00 

f2 Mean 5.19E+02 1.35E+02 1.13E+02 1.85E-03 8.76E-05 1.83E-12 1.35E-55 0.00E+00 1.24E-102 0.00E+00 

 Std. 1.42E+02 5.66E+02 3.93E+01 3.57E-03 7.58E-05 4.01E-12 6.22E-56 0.00E+00 6.24E-103 0.00E+00 

f3 Mean 2.43E+05 1.10E+05 1.16E+05 5.89E-05 4.91E+02 1.01E+01 1.59E-109 1.58E-09 1.53E-21 0.00E+00 

 Std. 4.85E+04 4.60E+05 3.64E+04 4.52E-05 1.06E+02 5.92E+00 4.95E-109 1.10E-08 4.51E-20 0.00E+00 

f4 Mean 8.35E+01 7.59E+01 8.18E+01 1.73E-03 2.43E+00 1.30E-07 1.88E-55 0.00E+00 1.00E-96 0.00E+00 

 Std. 3.16E+01 1.88E+01 2.32E+01 3.86E-03 1.87E+00 8.85E-08 5.87E-56 0.00E+00 2.70E-95 0.00E+00 

f5 Mean 2.69E+08 2.49E+08 2.16E+08 2.29E+01 2.92E+01 2.81E+01 2.85E+01 1.99E+00 3.82E+01 1.26E-05 

 Std. 6.21E+07 2.76E+08 5.79E+07 3.25E+00 4.19E+00 3.98E-01 2.03E-02 1.62E+01 3.61E+02 1.50E-04 

f6 Mean 7.69E+04 6.18E+04 5.48E+04 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

 Std. 3.38E+03 5.12E+04 2.16E+03 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

f7 Mean 5.16E+01 3.24E-01 4.43E+01 1.30E-01 5.47E-02 2.76E-03 4.41E-16 1.26E-02 1.96E-03 9.09E-07 

 Std. 2.46E+01 4.80E+01 1.72E+01 2.36E-01 4.65E-02 1.10E-02 1.25E-16 1.86E-02 4.54E-03 7.44E-06 

f8 Mean −1.56E+03 −2.01E+03 −1.85E+03 −7.63E+03 −1.21E+04 −6.25E+03 −1.20E+04 −8.86E+03 −7.38E+03 −1.22E-04 

 Std. 3.77E+03 3.23E+03 8.56E+02 8.72E+02 3.61E+02 1.26E+02 2.25E+02 2.04E+04 4.48E+03 1.09E+03 

f9 Mean 3.33E+02 3.61E+02 3.12E+02 6.47E+02 2.69E+01 1.21E+01 0.00E+00 0.00E+00 3.19E+01 0.00E+00 

 Std. 6.28E+01 8.56E+01 4.18E+01 2.53E+01 1.52E+01 2.77E+00 0.00E+00 0.00E+00 5.07E+01 0.00E+00 

f10 Mean 2.03E+01 2.05E+01 2.03E+01 4.23E-04 3.61E-14 2.55E-14 5.89E-16 5.68E-15 5.09E-15 5.89E-16 

 Std. 2.23E-01 5.56E-01 2.46E-01 3.35E-04 5.98E-14 6.48E-15 0.00E+00 9.64E-15 8.61E-15 0.00E+00 

f11 Mean 6.54E+02 6.09E+02 5.47E+02 9.86E-03 0.00E+00 3.33E-16 0.00E+00 2.99E-02 2.38E-03 0.00E+00 

 Std. 1.69E+02 4.19E+02 1.29E+02 6.81E-03 0.00E+00 2.22E-16 0.00E+00 1.52E-01 2.45E-02 0.00E+00 

f12 Mean 7.16E+08 6.18E+08 3.99E+08 5.04E-08 4.50E-05 1.23E-16 1.57E-32 1.57E-32 1.57E-32 4.10E-12 

 Std. 1.82E+08 8.38E+08 1.05E+08 3.27E-08 6.28E-04 1.59E-16 0.00E+00 1.50E-47 1.49E-47 1.38E-11 

p  0.002 0.002 0.002 0.003 0.005 0.013 0.327 0.043 0.016  

w/t/l  12/0/0 12/0/0 12/0/0 11/1/0 10/2/0 10/1/1 6/4/2 6/5/1 10/1/1  

The best optimization results are in bold. The p values are obtained by the Wilcoxon test (García et al., 2009) for DRFA and other FAs. The p 
value less than 0.05 is in bold, indicating that DRFA is clearly superior to the compared algorithm. w/t/l indicates that compared with the 
algorithm, the performance of DRFA is better on w functions, equivalent on t functions, and worse on l functions 
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indicating that DRFA has strong local development 
capability. The rank mean value of DRFA is the 
smallest, indicating that the comprehensive perfor-
mance of DRFA is the best among the 10 algorithms. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 5 shows the convergence process curves of 

10 algorithms on 12 test functions. As shown in the 
figure, DRFA has faster convergence on functions 
f1–f11. On function f12, although DRFA has faster 
convergence in the early stage, the convergence rate 
in the middle stage decreases continuously, lower 
than that of ApFA, NSRaFA, and DLFA. In the later 
stage, the convergence is premature and the optimi-
zation accuracy is no longer improved. On the single- 
mode test function, both DLFA and DRFA can find 
the global optimum on f1, f2, and f4. However, the 
difference is that DLFA shows a jump phenomenon, 
and it suddenly jumps to 0 when the convergence 
accuracy is still very high, while DRFA continues to 
refine the search and the optimal value is constantly 
approaching the global optimum. Although DRFA has 
faster convergence, it cannot find the optimal value of 
the function in the early stage as can DLFA. On the 
multi-mode test function, there are several algorithms 
that can find the optimal value of f9 and f11, but DRFA 
has the smallest number of evaluations. Generally 
speaking, DRFA has high performance in terms of 
both optimization accuracy and optimization speed. 

5.1.2  Time complexity analysis 

For a given function f, the time complexity for 
calculating the function value is f, and Gmax is the 
maximum number of iterations. For FA, WSSFA, 

VSSFA, MFA, and ApFA, because these algorithms 
use the full attraction model, there are two loop nests 
to traverse all fireflies, and the time complexity is 
GmaxN

2(D+f). RaFA improves the attraction model of 
FA, and each firefly needs only to move once in an 
iteration, so the complexity is GmaxN(D+f). NSRaFA 
adds a judgment mechanism based on the random 
attraction. If the learning object randomly selected by 
the firefly is better than itself, the firefly moves ac-
cording to the standard FA formula; if the learning 
object is inferior, three neighborhood learning for-
mulas are used to generate three candidate solutions, 
from which the optimal solution is selected to update 
the position. Therefore, the time complexity is 
GmaxN(D+f) to 3GmaxN(D+f). DLFA first updates the 
firefly position using the random attraction model, 
and then constructs the generalized central particle so 
that it can carry out deep learning; after deep learning 
it is used to lead the population evolution, and its time 
complexity is Gmax(2N+DL_count)(D+f) (DL_count 
is the number of deep learning times). LVFA uses a 
hierarchical learning model to ensure that the excel-
lent position information found by the population is 
not lost, and the best particles in the population do not 
move, so its time complexity is GmaxN(k−1)/k(D+f) (k 
is the number of layers). 

As for DRFA, each particle in the population 
needs only to move once, and the time complexity is 
the same as that of RaFA, i.e., GmaxN(D+f). Table 7 
lists the time complexity of all algorithms. The time 
complexity of DRFA is lower than that of FA, 
WSSFA, VSSFA, MFA, ApFA, NSRaFA, and DLFA, 
equivalent to that of RaFA, but inferior to that of 
LVFA. Although the time complexity of DRFA is 
higher than that of LVFA, LVFA does not use the best 
part of the particle information for further mining. 
However, DRFA takes the greedy Cauchy mutation 
 

 
 
 
 
 
 
 
 
 
 
 

Table 6  Friedman test results of 10 algorithms on 12 
test functions 

Algorithm 
Rank 

Single-mode 
f1–f7 

Multi-mode 
f8–f12 

All f1–f12 

FA 10.00 (10) 9.30 (10) 9.71 (10) 

WSSFA 8.43 (8) 8.10 (8) 8.29 (8) 

VSSFA 8.57 (9) 9.00 (9) 8.75 (9) 

MFA 4.86 (5) 7.00 (7) 5.75 (7) 

RaFA 5.86 (7) 4.40 (4) 5.25 (6) 

ApFA 5.00 (6) 4.80 (6) 4.92 (5) 

NSRaFA 3.71 (3) 2.10 (1) 3.04 (2) 

DLFA 2.86 (2) 3.60 (3) 3.17 (3) 

LVFA 3.86 (4) 4.40 (4) 4.08 (4) 

DRFA 1.86 (1) 2.30 (2) 2.04 (1) 

The best results are in bold 

Table 7  Time complexity of 10 algorithms 

Algorithm Time complexity 
FA 

GmaxN
2(D+f) 

WSSFA 
VSSFA 
MFA 
ApFA 
RaFA GmaxN(D+f) 

NSRaFA GmaxN(D+f) to 3GmaxN(D+f) 
DLFA Gmax(2N+DL_count)(D+f) 
LVFA GmaxN(k−1)/k(D+f) 
DRFA GmaxN(D+f) 
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strategy for the leader, so that the population has the 
potential to jump out of the local optimum, which is 
better than LVFA. 

5.2  Comparison with other algorithms 

5.2.1  Comparison on 22 test functions 

To further test the performance of DRFA, in this 
subsection 22 test functions are used (Sun et al., 2019) 
to compare DRFA with some classical and recent 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

algorithms in the swarm intelligence field. Among 
them, f1–f9 are the single-mode functions; f10 is the 
single-mode function when in low dimension and the 
multi-mode function when in high dimension; f11–f22 
are multi-mode functions. The number of local opti-
mal values increases exponentially with the increase 
of the dimension. The compared algorithms include 
improved differential evolution algorithms CoDE 
(Wang Y et al., 2011), JADE (Zhang JQ and Sand-
erson, 2009), and jDEscop (Brest and Maučec, 2011), 
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Fig. 5  Convergence process curves of 10 algorithms on 12 test functions: (a) sphere (f1); (b) Schwefel 2.22 (f2); (c) 
Schwefel 1.2 (f3); (d) Schwefel 2.21 (f4); (e) Rosenbrock (f5); (f) step (f6); (g) quartic with noise (f7); (h) Schwefel 2.26 (f8); 
(i) Rastrigin (f9); (j) Ackley (f10); (k) Griewank (f11); (l) penalized (f12) 
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improved particle swarm optimization algorithms 
CLPSO (Liang et al., 2006) and HCOPSO (Sun et al., 
2019), improved ABC algorithms AABCLS (Jadon  
et al., 2015), ABCVSS (Kiran et al., 2015), and 
BABC (Gao et al., 2015). 

The dimension of the test function is set at D=50, 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

and the maximum number of evaluation times of the 
algorithm is MAX_FEs=5000D. Refer to the corre-
sponding references for specific parameters of each 
algorithm. The algorithm runs independently on each 
function 25 times, and its mean and standard devia-
tion are shown in Table 8. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 8  Optimization results of 9 algorithms on 22 test functions 

Function Type CoDE JADE jDEscop CLPSO HCOPSO AABCLS ABCVSS BABC DRFA 

f1 Mean 1.16E-37 2.50E-87 1.15E-36 3.59E-13 0.00E+00 4.60E-35 6.68E-23 1.01E-14 0.00E+00 

 Std. 2.69E-37 8.62E-87 5.75E-36 1.50E-13 0.00E+00 1.67E-35 3.16E-32 5.07E-14 0.00E+00 

f2 Mean 1.25E-34 4.43E-78 4.77E-36 5.99E-11 0.00E+00 4.48E-33 1.11E-23 3.14E-29 0.00E+00 

 Std. 1.50E-34 2.21E-77 1.85E-35 2.37E-11 0.00E+00 2.16E-33 4.17E-23 4.95E-29 0.00E+00 

f3 Mean 1.94E-38 2.27E-85 1.80E-41 4.78E-14 0.00E+00 2.54E-35 1.77E-33 1.23E-13 0.00E+00 

 Std. 4.08E-38 1.14E-82 1.47E-16 1.33E-14 0.00E+00 1.24E-35 7.88E-33 6.16E-13 0.00E+00 

f4 Mean 6.20E-143 3.01E-100 3.58E-124 1.70E-65 0.00E+00 1.52E-50 7.21E-41 2.96E-92 0.00E+00 

 Std. 3.15E-142 1.00E-99 1.79E-123 2.62E-65 0.00E+00 4.88E-50 3.56E-40 0.00E+00 0.00E+00 

f5 Mean 1.21E-20 1.89E-41 1.71E-22 6.75E-09 0.00E+00 4.98E-18 2.89E-18 2.18E-06 0.00E+00 

 Std. 8.94E-21 8.32E-41 8.46E-22 1.61E-09 0.00E+00 1.34E-18 6.52E-18 1.06E-05 0.00E+00 

f6 Mean 6.00E-05 8.20E-10 2.52E+00 1.04E+01 0.00E+00 1.16E-01 2.06E+00 7.20E+00 0.00E+00 

 Std. 9.51E-05 9.51E-10 5.61E-01 7.69E-01 0.00E+00 1.24E-01 3.77E-01 2.78E+00 0.00E+00 

f7 Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

 Std. 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

f8 Mean 2.67E-109 2.67E-109 2.67E-109 2.67E-109 6.00E-106 2.67E-109 2.67E-109 2.67E-109 2.67E-109 

 Std. 9.67E-125 9.60E-125 9.65E-125 7.60E-116 1.02E-104 2.77E-119 3.08E-120 2.62E-116 2.59E-124 

f9 Mean 8.17E-03 2.50E-03 3.91E-03 1.32E-02 3.20E-05 1.63E-02 6.14E-02 5.74E-02 4.84E-06 

 Std. 2.79E-03 1.54E-03 1.47E-03 2.50E-03 1.74E-04 4.68E-03 1.38E-02 1.11E-02 3.27E-05 

f10 Mean 3.32E+01 3.19E-01 2.58E+01 5.44E+01 4.10E+01 3.09E+00 1.09E-01 6.29E-02 5.27E-04 

 Std. 2.26E+01 1.10E+00 2.68E+01 2.37E+01 3.51E+00 1.36E+01 2.52E-01 1.24E-01 1.37E-03 

f11 Mean 7.34E-01 1.78E-11 1.03E-14 2.00E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

 Std. 8.82E-01 1.74E-11 1.31E-14 1.31E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

f12 Mean 2.28E+01 2.74E-08 8.02E-02 4.24E-03 0.00E+00 8.00E-02 0.00E+00 0.00E+00 0.00E+00 

 Std. 4.68E+00 2.07E-08 2.77E-01 2.67E-03 0.00E+00 2.77E-01 0.00E+00 0.00E+00 0.00E+00 

f13 Mean 2.96E-04 7.88E-04 1.47E-16 1.23E-09 0.00E+00 4.44E-18 3.67E-14 0.00E+00 0.00E+00 

 Std. 1.48E-03 2.82E-03 2.60E-16 2.48E-09 0.00E+00 2.22E-17 1.84E-13 0.00E+00 0.00E+00 

f14 Mean 4.74E+00 4.75E+00 6.18E+01 9.48E+00 7.19E+02 1.41E-11 4.66E-12 3.78E-12 2.21E+03 

 Std. 2.37E+01 2.32E+01 1.69E+02 4.74E+01 2.08E+03 3.53E-12 2.47E-12 7.28E-13 3.09E+03 

f15 Mean 2.81E-15 6.22E-15 1.43E+01 7.32E-06 5.89E-16 2.65E-14 1.70E-14 7.50E-15 5.89E-16 

 Std. 7.11E-16 0.00E+00 6.50E+00 4.28E-06 0.00E+00 3.48E-15 5.75E-33 2.49E-15 0.00E+00 

f16 Mean 9.42E-33 2.49E-03 1.91E-31 1.20E-13 3.25E-31 9.42E-33 1.07E-32 1.22E-13 3.96E-06 

 Std. 1.40E-48 1.24E-02 5.28E-31 5.37E-14 4.92E-30 1.40E-48 5.74E-33 6.09E-13 1.46E-05 

f17 Mean 1.55E-33 1.01E-04 5.02E-32 1.87E-13 8.89E-31 1.50E-33 1.80E-33 2.50E-15 7.76E-05 

 Std. 2.47E-34 8.05E-05 5.95E-32 6.87E-14 2.14E-29 0.00E+00 1.08E-33 1.25E-14 5.96E-04 

f18 Mean 4.39E-03 1.01E-04 2.95E-05 1.13E-03 0.00E+00 5.32E-11 2.14E-16 2.07E-16 9.19E-05 

 Std. 6.44E-03 8.05E-05 3.09E-05 2.87E-04 0.00E+00 9.68E-11 7.43E-16 7.79E-16 1.73E-03 

f19 Mean 1.35E-31 1.35E-31 1.30E-30 1.84E-14 1.76E-02 1.35E-31 1.35E-31 1.35E-31 4.86E-03 

 Std. 2.47E-33 2.23E-47 3.69E-30 6.58E-15 2.01E-01 2.23E-47 2.23E-47 2.23E-47 8.07E-03 

f20 Mean 3.45E+00 3.33E-01 0.00E+00 2.79E-01 0.00E+00 2.56E-06 0.00E+00 0.00E+00 0.00E+00 

 Std. 2.94E-01 4.45E-02 0.00E+00 4.51E-02 0.00E+00 7.39E-06 0.00E+00 0.00E+00 0.00E+00 

f21 Mean −7.83E+01 −7.83E+01 −7.83E+01 −7.83E+01 −7.07E+01 −7.83E+01 −7.83E+01 −7.83E+01 −7.70E+01 

 Std. 4.10E-15 2.26E-01 1.12E-13 7.67E-15 8.04E+00 4.10E-15 1.00E-14 1.16E-14 2.27E+01 

f22 Mean −4.86E+01 −4.98E+01 −5.00E+01 −4.97E+01 −4.12E+01 −5.00E+01 −5.00E+01 −5.00E+01 −2.03E+01 

 Std. 4.45E-01 3.86E-02 9.23E-03 7.12E-02 1.03E+01 9.13E-04 3.82E-07 6.79E-06 9.93E+00 

p  0.370 0.218 0.841 0.411 0.878 1.000 0.687 0.605  

w/t/l  14/2/6 16/2/4 12/3/7 14/2/6 5/12/5 12/3/7 10/5/7 9/6/7  

The best optimization results are in bold. The p values are obtained by the Wilcoxon test for DRFA and other algorithms. w/t/l indicates that 
compared with the algorithm, the performance of DRFA is better on w functions, equivalent on t functions, and worse on l functions 
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As shown in Table 8, DRFA has the best per-
formance on 15 functions, followed by HCOPSO 
which has the best performance on 13 test functions, 
and then BABC which has the best performance on 10 
functions. From this point of view, DRFA has the best 
performance among all the algorithms. In specific 
analysis, compared with the improved differential 
evolution algorithms CoDE, JADE, and jDEscop, the 
optimization performance of DRFA is superior on 14, 
16, and 12 functions, and inferior on 6, 4, and 7 
functions respectively, and its performance is worse 
on functions f14, f16, f17, f19, f21, and f22. Compared with 
the improved PSO algorithms CLPSO and HCOPSO, 
the performance of DRFA is superior on 14 and 5 
functions, and is inferior on 6 and 5 functions re-
spectively. Compared with HCOPSO, DRFA has the 
same number of advantages and disadvantages in 
terms of performance. Compared with the improved 
ABC algorithms AABCLS, ABCVSS, and BABC, 
the performance of DRFA is superior on 12, 10, and 9 
functions respectively, and inferior on seven functions, 
and the seven functions in the inferior position are the 
same, namely f14, f16, f17, f18, f19, f21, and f22. The re-
sults show that the ABC algorithm is more suitable 
for dealing with these problems. In general, DRFA 
has higher performance on functions f1–f13, f15, and f20, 
but the capacity is not enough on functions f14, f16, f17, 
f18, f19, f21, and f22; in particular, its worst performance 
occurs on function

 
f14. The ability of DRFA to deal 

with such problems needs to be improved. According 
to the results of the Wilcoxon test, DRFA does not 
achieve a significant performance improvement 
compared with the other algorithms. 

As can be seen from the Friedman test results in 
Table 8, DRFA has the best performance on the  
single-mode function, followed by HCOPSO. In 
terms of the multi-mode test function, the improved 
ABC algorithm has more advantages, followed by 
HCOPSO and DRFA, which indicates that the ABC 
algorithm has strong global exploration ability but 
weak local development ability. Among all the test 
functions, DRFA leads to the best overall optimiza-
tion. As can be seen from Table 8, the performance of 
DRFA is similar to that of HCOPSO. As can be seen 
from Table 9, DRFA has stronger development ability, 
while HCOPSO has stronger exploration ability. 
However, the overall optimization performance of 

DRFA is better on the 22 test functions than that of 
HCOPSO. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5.2.2  Comparison on CEC 2015 test functions 

The first and second groups of test functions are 
the earlier version of test functions, and most of the 
improved algorithms have good optimization results. 
However, CEC 2015 test functions are a group of 
newly proposed test functions, which are more diffi-
cult to optimize (Chen et al., 2015). They contain 15 
functions divided into four groups: single-mode 
functions f1 and f2, multi-mode functions f3–f5, mixed 
functions f6–f8, and composite functions f9–f15.  

To further verify the optimization performance 
of DRFA, in this subsection CEC 2015 test functions 
are used to compare DRFA and FA (Yang, 2008), PSO 
(Kennedy and Eberhart, 1995), and the new hybrid 
algorithms FA and PSO, i.e., HPSOFF (Arunachalam 
et al., 2014), FFPSO (Kora and Krishna, 2016), and 
HFPSO (Aydilek, 2018).  

The dimension of the optimization problem is set 
at D=30, and the maximum number of evaluation 
times MAX_FEs=1500. Since the number of evalua-
tions is smaller, the step attenuation period of DRFA 
is set at c=1. Other parameters of DRFA are the same 
as those in the section above. For parameter settings 
of each algorithm, please refer to Aydilek (2018). The 
algorithm runs independently on each function 30 
times, and its mean and standard deviation are shown 
in Table 10. Because the number of each class of 
functions in this group is small, there is no grouping 
test when the Friedman test is carried out. 

Table 9  Friedman test results of 9 algorithms on 22 test 
functions 

Algorithm 
Rank 

Single-mode 
f1–f9 

Multi-mode 
f10–f22 

All f1–f22 

CoDE 4.44 (4) 5.85 (7) 5.30 (8) 
JADE 3.69 (3) 6.12 (8) 5.09 (7) 

jDEscop 4.69 (5) 5.38 (6) 5.07 (6) 
CLPSO 7.44 (9) 6.62 (9) 6.89 (9) 

HCOPSO 2.88 (2) 5.00 (4) 4.09 (2) 
AABCLS 5.94 (6) 3.96 (3) 4.82 (3) 
ABCVSS 6.56 (7) 3.42 (2) 4.82 (3) 

BABC 7.06 (8) 3.35 (1) 4.91 (5) 
DRFA 2.31 (1) 5.31 (5) 4.02 (1) 

The best results are in bold 
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As shown in Table 10, DRFA has the highest 
optimization accuracy on 11 functions, followed by 
HFPSO which has the best performance on 4 func-
tions. Specifically, DRFA outperforms FA and FFPSO 
on 15 functions. Compared with PSO, DRFA wins on 
12 functions and has poor performance on f1, f8, and 
f10. Compared with HPSOFF, DRFA is superior on 13 
functions, and inferior on f8 and f10. DRFA is better 
than HFPSO on 11 functions and worse on f1, f4, f8, 
and f10. From the Wilcoxon test results, DRFA is sig-
nificantly better than FA and FFPSO. Compared with 
PSO, HPSOFF, and HFPSO, DRFA does not achieve 
significant performance improvement. The results of 
the Friedman test show that DRFA performs best 
among the six algorithms. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6  Optimal scheduling of cascade reservoirs 
 

A series of stepped reservoirs are built from up-
stream to downstream of a river or reach; i.e., they are 
“cascade” reservoirs. The optimal scheduling of 
cascade reservoirs is characterized by being multi- 
dimensional, high-order, non-convex, and non-linear. 
At the same time, there are complicated hydrological, 
hydraulic, and electric power connections among 
cascade reservoirs. This makes the problem more 
difficult to solve. It is a typical complex optimal 
scheduling problem with many resources, various 
scheduling objectives, and coupling constraints. 

Here, the water level of cascade reservoirs at the 
end of the month is taken as the scheduling object, the 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 10  Optimization results of six algorithms on CEC 2015 test functions 

Function Type PSO FA FFPSO HPSOFF HFPSO DRFA 
f1 Mean 3.90E+09 2.89E+10 9.33E+10 4.75E+09 1.18E+09 4.22E+09 
 Std. 1.60E+09 5.85E+09 1.28E+10 1.34E+09 6.24E+08 1.65E+09 

f2 Mean 9.98E+04 1.34E+05 6.94E+06 9.74E+04 8.57E+04 8.39E+04 
 Std. 2.58E+04 2.63E+04 1.45E+07 2.08E+04 2.09E+04 1.71E+04 

f3 Mean 3.31E+02 3.39E+02 3.48E+02 3.31E+02 3.26E+02 3.47E+01 
 Std. 2.83E+00 1.96E+00 1.92E+00 2.62E+00 4.14E+00 3.25E+00 

f4 Mean 7.79E+03 8.03E+03 9.67E+03 6.82E+03 5.12E+03 5.31E+03 
 Std. 5.24E+02 4.26E+02 4.03E+02 8.57E+02 6.79E+02 6.76E+02 

f5 Mean 5.04E+02 5.04E+02 5.06E+02 5.04E+02 5.04E+02 3.99E+00 
 Std. 7.22E-01 5.19E-01 1.20E+00 6.16E-01 8.13E-01 5.92E-01 

f6 Mean 6.01E+02 6.04E+02 6.08E+02 6.01E+02 6.01E+02 7.63E-01 
 Std. 1.88E-01 2.29E-01 6.70E-01 1.31E-01 9.53E-02 1.09E-01 

f7 Mean 7.04E+02 7.70E+02 8.94E+02 7.08E+02 7.01E+02 4.07E+00 
 Std. 2.01E+00 1.22E+01 2.69E+01 4.27E+00 3.33E-01 2.94E+00 

f8 Mean 4.00E+03 2.35E+06 1.60E+08 1.72E+04 2.64E+03 4.41E+04 
 Std. 3.35E+03 1.45E+06 1.16E+08 3.33E+04 4.49E+03 5.00E+04 

f9 Mean 9.14E+02 9.14E+02 9.14E+02 9.14E+02 9.13E+02 1.33E+01 
 Std. 2.34E-01 2.81E-01 1.85E-01 3.17E-01 2.27E-01 3.19E-01 

f10 Mean 7.56E+06 2.99E+07 3.94E+08 1.13E+07 5.47E+06 2.09E+07 
 Std. 3.12E+06 1.45E+07 1.68E+08 6.35E+06 3.35E+06 1.05E+07 

f11 Mean 1.16E+03 1.29E+03 2.11E+03 1.16E+03 1.13E+03 9.75E+01 
 Std. 4.10E+01 3.76E+01 4.66E+02 2.85E+01 2.24E+01 3.64E+01 

f12 Mean 2.24E+03 2.97E+03 4.99E+05 2.06E+03 1.78E+03 8.28E+02 
 Std. 1.86E+02 2.80E+02 6.16E+05 2.07E+02 1.45E+02 3.06E+02 

f13 Mean 1.77E+03 1.96E+03 3.63E+03 1.74E+03 1.69E+03 4.71E+02 
 Std. 2.65E+01 8.11E+01 7.74E+02 2.34E+01 1.65E+01 4.65E+01 

f14 Mean 1.66E+03 1.75E+03 2.17E+03 1.67E+03 1.65E+03 3.12E+02 
 Std. 1.86E+01 2.61E+01 1.46E+02 2.85E+01 9.74E+00 2.91E+01 

f15 Mean 2.55E+03 2.83E+03 3.90E+03 2.65E+03 2.45E+03 1.32E+03 
 Std. 1.71E+02 5.55E+01 4.47E+02 1.69E+02 2.10E+02 1.30E+02 

Rank  3.27 (3) 4.87 (5) 5.90 (6) 3.33 (4) 1.97 (2) 1.67 (1) 
p  0.307 0.001 0.001 0.211 0.334  

w/t/l  12/0/3 15/0/0 15/0/0 13/0/2 11/0/4  

The best optimization results are in bold. The p values are obtained by the Wilcoxon test for DRFA and other algorithms. The p value less than 
0.05 is in bold, indicating that DRFA is clearly superior to the compared algorithm. w/t/l indicates that compared with the algorithm, the 
performance of DRFA is better on w functions, equivalent on t functions, and worse on l functions 
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maximum total power generation of cascade reser-
voirs is taken as the scheduling objective, and FA is 
selected as the scheduling algorithm. The optimal 
scheduling model of cascade reservoirs based on FA 
is established and compared with many improved FAs 
to verify the performance of DRFA in solving the 
optimal scheduling problem of cascade reservoirs. 

6.1  Objective function 

In the optimal scheduling model of cascade res-
ervoirs based on FA, the firefly position is determined 
by the water level of each reservoir at the end of each 
month, and the firefly brightness is determined by the 
total power generation of each reservoir. The greater 
the total power generation is, the brighter the firefly is. 
The total power generation of each reservoir is shown 
in Eq. (9): 
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where t=1, 2, …, T is the number of time periods, i=1, 
2, …, N represents the number of power stations, Ni,t 
is the output of power station i in period t, Δt is a 
single period,

 
ηi is the comprehensive output coeffi-

cient of power station i, Qi,t represents the average 
discharge flow, Hi,t is the generation head, and E is the 
total power generation of cascade power stations. 

Eq. (9) needs to satisfy four constraints listed in 
Eq. (10). These are the constraints of water balance, 
reservoir water level, output, and discharge flow. 
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where Ii,t represents the average water inflow of res-
ervoir i in time period t, and Vi,t represents the storage 

capacity of reservoir i at the end of period t. 
,min i t

Z  

and 
,max i t

Z  are the minimum and maximum limited 

water levels of the reservoir, respectively. Usually, 

,min =
i t

Z dead water level and 
,max =

i t
Z normal water 

level. 
,max i t

N  and 
,min i t

N are the installed capacity and 

guaranteed output respectively. 
,min i t

Q and 
,max i t

Q are 

the minimum and maximum discharge flow of the 
reservoir, respectively. All variables satisfy the 
nonnegative constraints. 

6.2  Constraint processing and solving steps 

Of the four constraints mentioned above, the 
water balance constraint is essentially the water yield 
connection of each reservoir. This plays the role of 
connecting the variables in the function, and does not 
have to be dealt with. In the reservoir water level 
constraint, since the firefly position is determined by 
the water level, 

,min i t
Z  and 

,max i t
Z  represent the 

boundary of the firefly search space. In FA, there is a 
corresponding mechanism for handling the boundary 
crossing. Hence, the reservoir water level constraint 
does not have to be processed additionally. For the 
output constraint, the output is related to the power of 
the power station, and the output processing will 
directly affect the fitness function. The flow con-
straint shall consider not only the overflow capacity 
of the unit, but also the downstream irrigation and 
shipping demand. In view of the above problem, a 
penalty function is adopted to deal with the output 
constraint and discharge flow constraint. See Eq. (11): 
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where Li,t records the default situation of the output of 

reservoir i at time period t, and ,
*
i tN  is the output 

value. In the same way, the penalty function is used to 
deal with the discharge constraint. The total power 
after the penalty function is added: 
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where E* is the calculated value of the total power, 
and uN is the penalty coefficient. As shown in this 
formula, the intensity of punishment is directly pro-
portional to the number of defaults, i.e., the more the 
number of defaults, the greater the punishment.  

The steps of solving the optimal scheduling 
model of cascade reservoirs based on FA are: 
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Step 1: Initialization. The number of fireflies is 
N. Within the water level constraint range of each 
reservoir period, the random water level is generated 
to represent the firefly position, where the dimension 
D=number of reservoirs×number of time periods. 

Step 2: Calculate the power generation of cas-
cade reservoirs at the current water level, that is, the 
fitness value of the firefly particles. 

Step 3: Through the mutual attraction movement 
between fireflies, update the position of each firefly 
particle and recalculate the fitness value.  

Step 4: Judge whether the end condition of the 
algorithm is reached. If so, the optimal solution will 
be outputted; otherwise, return to step 3. 

6.3  Case study 

The Qingjiang cascade reservoirs are taken as 
the scheduling object, and the annual scheduling pe-
riod is used for monthly scheduling. The characteris-
tic parameters of each reservoir are shown in Table 11. 
The scheduling period is from the beginning of Jan-
uary to the end of December. The starting and ending 
water levels of each reservoir are 370 m in Shuibuya, 
170 m in Geheyan, and 79 m in Gaobazhou. June and 
July are the flood seasons, and the maximum limited 
water level comes in the flood season. 

Due to the poor performance of WSSFA, VSSFA, 
MFA, and RaFA, we compare only DRFA with the 
classical FA and ApFA, NSRaFA, DLFA, and LVFA 
with higher performance. The number of fireflies is 
set at 20, the dimension as D=36, and the maximum 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

number of evaluation times as 100 000. The results of 
the algorithm are shown in Table 12. 

As shown in Table 12, DRFA has the highest 
power generation in Shuibuya and Geheyan hydro-
power stations. In the Gaobazhou hydropower station, 
the power generation of DRFA is lower than that of 
NSRaFA, DLFA, and ApFA, where DLFA has the 
highest power generation. In terms of total power 
generation, the total power generated by the algorithm 
in this study is the highest. Fig. 6 shows the conver-
gence curves of all algorithms. When the evaluation 
number is 10 000, the convergence speed of each 
algorithm is approximately the same except for FA. 
However, the convergence of DRFA and LVFA is 
significantly faster than that of other algorithms be-
tween 10 000 and 20 000 times, among which DRFA 
has the fastest convergence. After 20 000 times, the  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 

Table 11  Characteristic parameters of each hydropower station in Qingjiang cascade reservoirs 

Reservoir 
Normal 

water level 
(m) 

Flood 
water level 

(m) 

Dead 
water level 

(m) 

Installed  
capacity 
(MW) 

Firm 
output 
(MW) 

Maximum 
head (m) 

Minimum 
head (m) 

Comprehensive 
output  

coefficient 
Shuibuya 400.0 391.8 350.0 1600.0 310.0 203.0 147.0 8.5 
Geheyan 200.0 193.6 160.0 1200.0 241.5 121.6   80.7 8.5 
Gaobazhou   80.0   78.5   78.0   270.0   77.3   40.0   22.3 8.4 

Table 12  Maximum power generation after optimal scheduling of six algorithms 

Algorithm 
Maximum power generating ability (×108 kWꞏh) 

Shuibuya  Geheyan  Gaobazhou  Total  
FA 33.552 02 26.359 89   9.849 58 69.761 49 

ApFA 37.453 11 29.624 85 10.577 57 77.655 53 
NSRaFA 38.984 70 32.549 24 11.321 09 82.855 03 

DLFA 38.038 87 29.005 23 11.396 26 78.440 36 
LVFA 41.095 58 32.551 07 10.468 05 84.114 70 
DRFA 41.215 95 33.494 23 10.499 12 85.209 30 
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Fig. 6  Convergence diagram of power generation and the 
number of evaluation times of six algorithms 
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optimization speed of each algorithm is clearly slower. 
DRFA, ApFA, and LVFA basically stop evolving. 
DRFA can achieve higher power generation with a 
smaller number of evaluation times. 

Table 13 shows the surplus water amount of each 
algorithm. Specifically, surplus water refers to the 
amount of water available for power generation under 
the power generation capacity of hydropower stations, 
but not actually used for power generation for various 
reasons, so the lower the better. The smaller the sur-
plus water amount is, the higher the utilization of 
water resources is during the scheduling of cascade 
reservoirs. As shown in Table 13, in the Shuibuya 
hydropower station and the Geheyan hydropower 
station, the surplus water amount is 0. In the Gaoba-
zhou hydropower station, the surplus water amount of 
FA is the largest, followed by NSRaFA and DLFA. 
The surplus water amount of ApFA, LVFA, and 
DRFA is 0 in each case. By comprehensive compar-
ison, this algorithm is characterized by the largest 
power generation capacity and the smallest surplus 
water amount. Hence, when the cascade reservoir 
scheduling problem is solved, the performance of 
DRFA is the best among the six algorithms. 
 
 
 
 
 
 
 
 
 
 
 
 
 
7  Conclusions 

 
1. Taking the scheduling of cascade reservoirs as 

an example, this paper determines that the current 
optimal operation problem is a complex problem 
featuring multi-objective, multi-constraint, multi- 
stage, and strong coupling. 

2. Given that FA cannot solve the complex op-
timal scheduling problem, DRFA is proposed by in-
tegrating various learning strategies into FA with the 
idea of division of roles, which makes up for the de-

ficiency of FA using a single learning strategy. DRFA 
takes full account of the optimization characteristics 
of the complex optimal scheduling problem, and di-
vides the fireflies into leaders, developers, and fol-
lowers, where the leader uses the greedy Cauchy 
mutation strategy to save better scheduling schemes 
and find new ones; the developer conducts fine search 
around the leader to adjust for a better scheduling 
scheme to further improve the scheduling effect; the 
follower integrates the information of the two sched-
uling schemes to form a new one, so as to weaken the 
impact of the single scheduling scheme on the 
scheduling. 

3. Experimental results show that DRFA can 
effectively improve the adaptability of an algorithm to 
complex optimization problems. In the next step, 
more targeted learning strategies will be developed 
and applied to different roles of fireflies. At the same 
time, DRFA will be applied to other complex optimal 
scheduling problems to expand its application scope.  
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