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Abstract: This paper studies the multi-agent differential game based problem and its application to cooperative
synchronization control. A systematized formulation and analysis method for the multi-agent differential game is
proposed and a data-driven methodology based on the reinforcement learning (RL) technique is given. First, it is
pointed out that typical distributed controllers may not necessarily lead to global Nash equilibrium of the differential
game in general cases because of the coupling of networked interactions. Second, to this end, an alternative local Nash
solution is derived by defining the best response concept, while the problem is decomposed into local differential
games. An off-policy RL algorithm using neighboring interactive data is constructed to update the controller
without requiring a system model, while the stability and robustness properties are proved. Third, to further tackle
the dilemma, another differential game configuration is investigated based on modified coupling index functions.
The distributed solution can achieve global Nash equilibrium in contrast to the previous case while guaranteeing
the stability. An equivalent parallel RL method is constructed corresponding to this Nash solution. Finally, the
effectiveness of the learning process and the stability of synchronization control are illustrated in simulation results.
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1 Introduction

Cooperative control of multi-agent systems
(MASs) has been a significant part of the networked
control field in the past decades due to the wide
applications in unmanned vehicles, robotics, and so
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on. The consensus problem was previously investi-
gated in Olfati-Saber and Murray (2004) and Ren
and Beard (2005) based on neighboring information
through networks, which provides a fundamental
methodology for subsequent studies. The synchro-
nization problem took a step forward, where agents
not only reach a common constant value but also
track a leader’s trajectory using local interactions
(Qin et al., 2011; Dong et al., 2014). With the devel-
opment of related studies, researchers started to pay
attention to the optimality in cooperative control.
Distributed optimization (Yang T et al., 2019) has
attracted sufficient attention, and has been applied
in a wide range of practical scenarios such as smart
grids (Zheng et al., 2016; Peng and Low, 2018; Wen
et al., 2021) and intelligent transportation (Wang
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MY et al., 2021). This can be decomposed into
a cooperative synchronization control problem with
a predefined optimal reference. Agents simultane-
ously execute the consensus and gradient-decent al-
gorithms based on local objectives, while the global
objective is achieved. By further considering the lo-
cal coupled objectives, which reflect the conflicts of
interest among agents, the distributed game problem
(Sun et al., 2017) was proposed. The distributed
optimization method can be extended to the algo-
rithm commonly called the Nash seeking strategy
(Ye et al., 2018, 2019).

In contrast to distributed optimization with im-
mediate and static objectives, differential game prob-
lems formulate an optimization for the controller of
dynamic systems. Originating in the optimal con-
trol problem (Lewis et al., 2012), the coupling ef-
fects of individual actions as well as index functions
in dynamic systems increase the complexity of this
problem. There are two general types of differen-
tial game problems: (1) zero-sum differential game
between two players; (2) nonzero-sum differential
game between multiple players. The zero-sum dif-
ferential game is aimed to find two balanced con-
trollers, with one minimizing an index function and
the other maximizing the same. This game model,
in which each agent has competitive interests, has
been commonly used in H2 and H∞ control problems
(Modares et al., 2015). The nonzero-sum differential
game is a more general case, where each agent holds
individual, either competitive or cooperative, cou-
pled index functions (Vamvoudakis and Lewis, 2011).
Due to the existence of multiple players, the pursuit
of an optimal/balanced solution turns to finding the
global Nash equilibrium. Early related work was
studied and summarized as game theory (Başar and
Olsder, 1982), and some recent results were given in
Zhu and Başar (2015), Zhao DB et al. (2015), Wang
W et al. (2020), and Zhao JG (2020). However,
this differential game is based on a unified system
with players being regarded as control inputs, and
all players are aware of full system states.

As a combination of distributed MAS control
and game theory, the differential game in a topol-
ogy graph, namely the graphical game, has attracted
more attention in recent years. Graphical game is
the fundamental in attack-defense, pursuit-evasion
problems. Vamvoudakis et al. (2012) built a stan-
dard graphical game formulation for linear MAS con-

sensus control, where the index functions were de-
fined according to neighboring errors and neighbors’
control actions. Each agent optimized its own in-
dex function using the best response method, and
the Nash equilibrium was proved to be obtained.
In addition, agents can update their optimization
results either alternately or simultaneously. Fur-
ther analysis presented a comparison of the dis-
tributed graphical game and the centralized game for
discrete-time (DT) MASs (Abouheaf et al., 2014),
where it was shown that the distributed graphical
game is more challenging due to complex couplings
whereas the key to handling this issue is solving cou-
pled Hamilton–Jacobi (HJ) equations. However, HJ
equations are rather difficult to solve due to complex
interactions. Thus, data-driven methods have been
considered to find approximate solutions.

Reinforcement learning (RL) (Sutton and
Barto, 1998), inspired by natural biological learning
mechanisms, provides an online adaptive method-
ology for decision and control problems. Past re-
sults have shown that RL can equivalently deal
with optimal control problems for DT (Tamimi
et al., 2008) and continuous-time (CT) (Modares and
Lewis, 2014) systems without using actual dynamic
models. Apparently, this property is suitable for
solving the differential game. A Q-learning-based
method was implemented to deal with a linear DT
zero-sum game in Yang YJ et al. (2021). H∞ ro-
bust control for DT systems was modeled as a zero-
sum game between the controller and disturbance in
Modares et al. (2015), and the problem was solved
using the integral RL method. Recent work has ap-
plied the RL-based data-driven method to graphical
game problems. The optimal DT MAS consensus
problem was investigated in Zhang et al. (2017) un-
der the graphical game frame, and the solution was
directly obtained online using neural networks (NNs)
and the policy iteration method. This was extended
to the synchronization problem using the Q-learning
method in Wang MY et al. (2021), where it was
proved that the controller stabilizes leader–follower
MASs while achieving respective equilibrium. Off-
policy RL was implemented in the CT MAS syn-
chronization problem for the controller to satisfy the
Nash equilibrium in the graphical game (Li et al.,
2017; Mu et al., 2017).

It is worth pointing out that the Nash property
in the graphical game should be further discussed.
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Although RL-based data-driven methods provide ef-
ficient ways to solve coupled HJ equations, the NNs
that represent the controllers were usually designed
as related only to the immediate neighboring error.
As stated in the latest research (Liu et al., 2021;
Qian et al., 2021), the approximate results may not
satisfy the global Nash equilibrium condition due
to the couplings. A typical min–max method was
used to deal with the local optimization problem in
Lopez et al. (2020). Li et al. (2017) tried to reduce
the couplings between connected agents by choos-
ing local related index functions. However, to the
best of our knowledge, there are still few guidelines
for the formulation and analysis of graphical game
based cooperative synchronization of CT MASs and
the solution using an RL method. Finding an insti-
tutionalized and systematized MAS graphical game
framework remains an open question.

To this end, this paper studies the multi-agent
differential graphical game with respect to the co-
operative synchronization control problem using a
data-driven RL method. First, by analyzing the
solvability and solution structure of the HJ equa-
tions, a contradiction of distributed control and
global Nash equilibrium is proposed. Second, in-
spired by the original work in the field of graphi-
cal game (Vamvoudakis et al., 2012) and dynamic
game theory (Zhu and Başar, 2015), two compro-
mised schemes are proposed in this paper: the lo-
cal Nash game solution using a strict best response
method and the global Nash solution with respect
to modified index functions. Third, an off-policy RL
algorithm is investigated to design model-free con-
trollers for both scenarios with the stability proper-
ties proved.

Compared with existing work, the main contri-
butions of this paper are as follows:

1. This paper proposes a general game based
framework for the MAS cooperative synchronization
control problem, where the optimum or equilibrium
is considered in the controller design process instead
of stability only.

2. The distributed and Nash properties of the
game solution are discussed in detail. It is proved
that they may not hold at the same time compared
with simplified cases under immediate neighbor-
related assumptions (Li et al., 2017; Zhao JG, 2020;
Wang MY et al., 2021).

3. A systematized scheme consisting of local

and modified global cases is proposed with guaran-
teed Nash equilibrium using a data-driven method.
An off-policy RL for CT MASs is derived to solve
this problem. Compared with the conventional
model-based and existing on-policy RL methods in
Vamvoudakis et al. (2012), this paper provides an
adaptive and model-free method that relaxes the de-
pendence on the system model.

2 Preliminaries and problem descrip-
tion

2.1 Notations

Let vec() represent a vector expanded from a
matrix with respect to its columns. IN denotes an
identity matrix with dimension N . The notation “⊗”
represents the Kronecker product. ∇xf(x) stands for
the gradient of f along parameter x.

2.2 Graph theory

A graph consisting of N + 1 nodes can be rep-
resented by G = {S,W}. S = {s1, s2, . . . , sN+1} is
the node set and the notation (si, sj) denotes a di-
rected path from a parent node si to a child node sj .
The connectivity between nodes is described by non-
negative weights wij , while the associated adjacency
matrix is constructed as W = [wij ] ∈ R

(N+1)×(N+1).
The weight wij = 1 if and only if (sj , si) exists, and
wij = 0 otherwise. wii = 0 holds since there exists no
self-loop in G. Let Ni stand for the set of neighbors
of node si. The Laplacian matrix representing the
topology interactions can be defined by L = D−W ,
where D = diag

(∑
j w1j ,

∑
j w2j , . . . ,

∑
j w(N+1)j

)

denotes the in-degree matrix of the graph. Moreover,
if there is a root node that has at least one directed
path to every other node, the graph is said to contain
a spanning tree.

Consider MASs that consist of one leader and N

followers. The leader is labeled 0, and the followers
are labeled by a set F = {1, 2, . . . , N}. The leader
is defined as an agent with no neighbor, while each
follower has at least one neighbor. Then the Laplace

matrix can be written as L =

[
L1 L2

01×N 0

]
, where

matrix L1 ∈ R
N×N , and L2 ∈ R

N×1 represents
the interactions from the leader to followers. De-
fine the in-degree matrix among the followers as
D1 = diag (dF1, dF2, · · · , dFN ) ∈ R

N×N .
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Assumption 1 The interactions among followers
are strongly connected and there exists a spanning
tree in graph G with the leader being a root node.
Lemma 1 Under Assumption 1, all the eigenval-
ues of L1 have positive real parts and there exists
a positive definite matrix Ω = diag(ω1, ω2, · · · , ωN )

that satisfies ΩL1 + LT
1 Ω > 0.

2.3 Problem description

The dynamics of follower i ∈ F is given by

ẋi(t) = Axi(t) +Bui(t), (1)

where xi(t) ∈ R
n and ui(t) ∈ R

m represent the state
and control input vectors, respectively. A ∈ R

n×n

and B ∈ R
n×m are a follower’s unknown dynamic

and input matrices respectively, where the pair
(A,B) is stabilizable.

The dynamics of the leader is defined as

ẋ0(t) = Ax0(t), (2)

where x0(t) ∈ R
n is the state of the leader. The

leader given in Eq. (2) generates a reference trajec-
tory with which the followers synchronize.

In the graph with local interactions, a neighbor-
ing synchronization error that can be directly ob-
tained by follower i is defined as

ξi(t) =
∑
j∈Ni

wij (xi(t)− xj(t)) + wi0 (xi(t)− x0(t)) .

(3)
Differentiating Eq. (3) along with Eqs. (1) and

(2) yields the neighboring error dynamics:

ξ̇i(t) = Aξi(t) + diBui −
∑
j∈Ni

wijBuj . (4)

Define the vectors ξ(t) =[
ξT1 (t), ξ

T
2 (t), · · · , ξTN (t)

]T, x(t) =[
xT
1 (t), x

T
2 (t), · · · , xT

N (t)
]T, and x̄0(t) = 1N ⊗ x0(t).

The neighboring error and its dynamics can be
written in the following compact form:
{
ξ(t) = (L1 ⊗ In) (x(t)− x̄0(t)) = (L1 ⊗ In) ζ(t),

ξ̇(t) = (IN ⊗A) ξ(t) + (L1 ⊗B)u(t),

(5)
where ζ(t)

Δ
= [ζT1 (t), ζ

T
2 (t), · · · , ζTN (t)]T with the vec-

tor ζi(t) = xi(t) − x0(t) standing for the local syn-
chronization error.
Definition 1 (Synchronization control) For MASs
with any given bounded initial conditions, if there

exists a distributed controller ui(t) = ui(ξi(t)) for
follower i such that

lim
t→∞ ζi(t) = lim

t→∞ (xi(t)− x0(t)) = 0, (6)

then the cooperative synchronization control is said
to be accomplished.
Definition 2 (Multi-agent differential game) In the
MAS synchronization process, follower i maintains a
local index function Ji(t) and there exists a corre-
sponding value function Vi(t) given in the following
form:

Ji(t)|(ui,u−i) = Vi (ξi(t), ξ−i(t))

=

∫ ∞

t

ri
(
ξi(τ), ξ−i(τ), ui(τ), u−i(τ)

)
dτ,

(7)

where the notation “−i” denotes the neighbors of
the ith follower. Then the MASs are said to fulfill
the differential game when each agent pursues the
local optimal controller:

u∗
i (t) = argmin

ui(t)

Vi (ξi(t), ξ−i(t)) . (8)

Definition 3 (Nash equilibrium (Başar and Olsder,
1982))

1. Local best response
The local best response controller u#

i of the ith

follower corresponding to Ji and uj, j �= i, is defined
to satisfy

Ji|(u1, · · · , u#
i , · · · , uN) ≤ Ji|(u1, · · · , ui, · · · , uN).

(9)
2. Global Nash equilibrium
Consider the unified solution of the differential

game with index functions {J∗
1 , J

∗
2 , · · · , J∗

N} and con-
troller tuples {u∗

1, u
∗
2, · · · , u∗

N}. The MAS is said
to achieve the global Nash equilibrium under the
condition

J∗
i |(u∗

1, · · · , u∗
i , · · · , u∗

N) ≤ J∗
i |(u∗

1, · · · , ui, · · · , u∗
N ).

(10)
Remark 1 The purpose of this study is to unify the
synchronization control in a differential game frame.
This problem is multifaceted due to the coupled in-
dex functions which are defined using the neighbor-
ing error and control of their immediate neighbors.
Similar to the optimal solution in single-agent cases,
the Nash equilibrium provides an equivalent concept
for the multi-agent differential game; i.e., the best
response of each individual follower forms the global
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Nash solution. Since L1 is nonsingular according to
Lemma 1, ξ(t) and ζ(t) have the same convergence.
Thus, the graphical game in this study is constructed
based on ξ(t).

3 Main results

3.1 Solvability analysis of differential games

Consider the local index function defined in
Eq. (7) along the following common quadratic form:

ri (ξi, ui, u−i)

=
1

2

⎛
⎝ξTi Qiξi + uT

i Riiui +
∑
j∈Ni

uT
j Rijuj

⎞
⎠ ,

(11)

where Qi ∈ R
n×n, Rii ∈ R

m×m, and Rij ∈ R
m×m

are symmetric definite matrices.
For any arbitrary finite value function, differen-

tiating Eq. (7) along the system dynamics yields the
Bellman equation and the Hamiltonian function:

Hi (ξi,∇ξiVi, ui, u−i)

Δ
=(∇ξiVi)

T

⎛
⎝Aξi + diBui −

∑
j∈Ni

wijBuj

⎞
⎠

+
1

2
ξTi Qiξi +

1

2
uT
i Riiui +

1

2

∑
j∈Ni

uT
j Rijuj = 0,

(12)
where Vi stands for the value function correspond-
ing to the current ui and u−i. Using the stationary
condition gives the local best response as

u#
i = u#

i (Vi)
Δ
=−diR

−1
ii BT

i ∇ξiVi. (13)

Then one can obtain the coupled HJ equation
by substituting Eq. (13) into Eq. (12):

0 =(∇ξiVi)
T(Aξi − d2iBR−1

ii BT∇ξiVi)

+ (∇ξiVi)
T

⎛
⎝∑

j∈Ni

wijdiBjR
−1
jj BT

j ∇ξjVj

⎞
⎠

+
1

2
ξTi Qiξi +

1

2
d2i (∇ξiVi)

TBR−1
ii BT∇ξiVi

+
1

2

∑
j∈Ni

d2j (∇ξjVj)
TBR−1

jj RijR
−1
jj B

T∇ξjVj .

(14)
The solution tuple

{
(∇ξ1V1)

T
, (∇ξ2V2)

T
, · · · ,

(∇ξNVN )
T} for coupled HJ equations gives the

theoretical result to the MAS differential game,

which leads to the global Nash equilibrium. De-
note the augmented gradient vector as ∇V =[
(∇ξ1V1)

T
, (∇ξ2V2)

T
, · · · , (∇ξNVN )

T]T. Employing
the fact that a symmetric matrix P satisfying ∇V =

Pξ is supposed to exist for a linear quadratic differ-
ential game, Eq. (14) can be equivalently written in
the matrix form:

0 =PAi + (Ai)TP + PEidiag
(
dkBR−1

kk B
T
)
P +Qi

+Pdiag
(
dkBR−1

kk

)
diag (Rik) diag

(
dkR

−1
kk B

T
)
P,

(15)
where Ai Δ

=diag
(
[A]i

)
and Qi Δ

=diag
(
[Qi]

i) are
block-wise diagonal matrices with the ith elements
being A and Qi, respectively. Matrix Ei is given by

Ei Δ
=

⎡
⎢⎢⎢⎣

0 · · · 0 0
... 0

...
...

wi1In wi2In −diIn wiN In
0 · · · 0 0

⎤
⎥⎥⎥⎦.

Note that there is a set of N equations of
Eq. (15) that require a uniform solution P . To sim-
plify the analysis, adding the equations with the
index i from 1 to N yields a reduced necessary
condition:

0 =P (IN ⊗A) + (IN ⊗A)TP − P (L1 ⊗ In)

· diag (dkBR−1
kk B

T
)
P + diag (Qk) + Pd2k

· diag(BR−1
kk

)
diag

(∑
j∈Ni

Rik

)
diag

(
R−1

kk B
T
)
P.

(16)
Because (L1 ⊗ In) diag

(
dkBR−1

kk B
T
)

is usually
not symmetric due to the different values of in-degree
dk, k ∈ F , Eq. (16) is not a typical algebra Riccati
equation and may be difficult or even impossible to
solve. This indicates that the Nash solution may not
exist. Moreover, as an assumption that has been
commonly made in the literature, consider that each
controller uses only its respective neighboring infor-
mation. Then it can be further inferred that ∇ξiVi is
related only to ξi so that P = diag(P1, P2, · · · , PN )

is a block diagonal matrix, where Pi is a symmetric
positive-definite matrix that satisfies Vi=

1
2ξ

T
i Piξi.

Then the necessary condition can be equivalent to
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 = PiA+ATPi − d2iPiBR−1
ii BTPi +Qii

+d2iPiBR−1
ii

∑
j∈Ni

RjiR
−1
ii BTPi = 0,

0 = wijdiPiBR−1
jj BTPj .

(17)
Since there exists no solution tuple for coupled

Eq. (17) according to the positive-definite property
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of Pi, the requirements of being distributed and the
global Nash cannot be fulfilled at the same time.
Remark 2 Because the index function (11) is
defined in quadratic form, it is reasonable to assume
the value function to be quadratic. There is no block
diagonal or symmetric solution, which indicates that
the distributed and global Nash solution does not
exist. One can see from Eq. (16) that the coupled
term L1⊗In prevents the solution from being solved.
To dig deeper, the coupled term is introduced by
both ξi and uj in Eq. (11), whereas the value function
is related to not only the immediate neighbors, but
also “neighbors’ neighbors.” In addition, the reduced
index function without uj (Li et al., 2017) cannot
solve this problem due to the use of ξi. Thus, the key
issue lies on how to cover or decouple the graphical
game, which is the motivation of this study.

3.2 Local best response solution using RL

Inspired by the zero-sum game mechanism, in
this subsection we propose a local differential game
solution using the best response method. Off-policy
RL for CT systems based on the state-action function
is derived for stable controller design.

Consider the local index function defined in the
following quadratic form:

ri (ξi, ui, u−i)

=
1

2

⎛
⎝ξTi Qiξi + diu

T
i Riiui −

∑
j∈Ni

uT
j Rijuj

⎞
⎠ .

(18)

The Hamiltonian can be written accordingly as

Hi (ξi,∇ξiVi, ui, u−i)

Δ
=(∇ξiVi)

T

⎛
⎝Aξi + diBui −

∑
j∈Ni

wijBuj

⎞
⎠

+
1

2
ξTi Qiξi +

1

2
diu

T
i Riiui − 1

2

∑
j∈Ni

uT
j Rijuj = 0.

(19)
Now the local differential game regards uj , j ∈

F , as extra players to help form the local best re-
sponse results, while the corresponding solutions can
be given by

u#
i = −R−1

ii BT∇ξiVi, u
#
ij = −wijR

−1
ij BT∇ξiVi,

(20)
where uij is the local value of uj in the ith game. In
the local scenario, the value function is assumed to

be local-dependent because ∇ξiVi = P̃iξi. Note that
HJ equations independently hold with any arbitrary
trajectory of ξi. Substituting Eq. (20) into Eq. (19)
yields the decoupled equation:

P̃ ∗
i A+ATP̃ ∗

i − diP̃
∗
i BR−1

ii BTP̃ ∗
i

+ w2
ijP̃

∗
i B

∑
j∈Ni

R−1
ij BTP̃ ∗

i +Qi = 0. (21)

Theorem 1 Consider the differential MAS graph-
ical game with dynamics (1) and (2) and index
function (18). The local best response solution
u∗
i = −R−1

ii BTP̃ ∗
i ξi, where P̃ ∗

i is derived in Eq. (21),
produces the following results: (1) The local Nash
is achieved for the differential game; (2) The dis-
tributed controller gives L2 stability against other
players; (3) The asymptotical stability of the MAS
synchronization error is guaranteed.
Proof For the best responses u#

i and u#
ij with

respect to any arbitrary Vi, ui, and uij , the corre-
sponding Hamiltonian has the following property:

Hi

(
ξi, ui, uij , P̃i

)
−Hi

(
ξi, u

#
i , u

#
ij , P̃i

)

=diξ
T
i P̃iB

(
ui − u#

i

)
− wijξ

T
i P̃iB

(
uij − u#

ij

)

+
1

2
ξTi Qiξi +

1

2
diu

T
i Riiui − 1

2

∑
j∈Ni

uT
ijRijuij

− 1

2
ξTi Qiξi − 1

2
di

(
u#
i

)T

Riiu
#
i

+
1

2

∑
j∈Ni

(
u#
ij

)T

Riju
#
ij .

(22)

Note that if ξTi P̃iB = −
(
u#
i

)T

Rii and

wijξ
T
i P̃iB = −

(
u#
ij

)T

Rij , then Eq. (22) can be fur-
ther derived as

Hi

(
ξi, ui, uij , P̃i

)
−Hi

(
ξi, u

#
i , u

#
ij , P̃i

)

=− di

(
u#
i

)T

Rii

(
ui − u#

i

)
+

1

2
diu

T
i Riiui

− 1

2
di

(
u#
i

)T

Riiu
#
i +

∑
j∈Ni

(
u#
ij

)T

Rij

(
uij − u#

ij

)

+
1

2

∑
j∈Ni

(
u#
ij

)T

Riju
#
ij −

1

2

∑
j∈Ni

uT
j Rijuj

=− 1

2

∑
j∈Ni

(
uij − u#

ij

)T

Rij

(
uij − u#

ij

)

+
1

2
di

(
ui − u#

i

)T

Rii

(
ui − u#

i

)
.

(23)
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For any arbitrary trajectory with bounded ξi(t),
lim
t→∞ Vi (ξi(t)) = lim

t→∞Vi(0) = 0 holds. The index
function satisfies

Ji

(
ξi, ui, uj, P̃i

)

=Ji

(
ξi, ui, uj, P̃i

)
+ Vi (ξi(0)) +

∫ ∞

0

V̇i (ξi(t))dt

=Vi (ξi(0)) +

∫ ∞

0

Hi

(
ξi, ui, uj, P̃i

)
dt

=Vi (ξi(0)) +
1

2

∫ ∞

0

di

(
ui − u#

i

)T

Rii

(
ui − u#

i

)
dt

− 1

2

∫ ∞

0

∑
j∈Ni

(
uij − u#

ij

)T

Rij

(
uij − u#

ij

)
dt.

(24)
Then the following results can be obtained by

substituting u#
i and u#

ij into Eq. (24):

Ji

(
u#
i , uij , P̃i

)
≤Ji

(
u#
i , u

#
ij , P̃i

)
≤Ji

(
ui, u

#
ij , P̃i

)
.

(25)
Further consider the local best responses u∗

i and
u∗
ij corresponding to J∗

i and H∗
i . One can obtain

J∗
i

(
u∗
i , uij , P̃

∗
i

)
≤J∗

i

(
u∗
i , u

∗
ij , P̃

∗
i

)
≤J∗

i

(
ui, u

∗
ij , P̃

∗
i

)
.

(26)
This indicates the local Nash between u∗

i and
u∗
ij .

Since the Bellman equation is satisfied with
H∗

i (ξi, u
∗
i , u

∗
ij , P̃

∗
i ) = 0, it can be further inferred

from Eq. (23) that

1

2
ξTi Qiξi +

1

2
di(u

∗
i )

TRiiu
∗
i −

1

2

∑
j∈Ni

uT
ijRijuij

+ ξTi P̃
∗
i

⎛
⎝Aξi + diBu∗

i −
∑
j∈Ni

wijBuj

⎞
⎠

=H∗
i

(
ξi, u

∗
i , uij , P̃

∗
i

)

=− 1

2

(
uij − u∗

ij

)T
Rij

(
uij − u∗

ij

) ≤ 0.

(27)
Integrating both sides of inequiality (27) yields

∫ T

0

(
ξTi Qiξi + di(u

∗
i )

TRiiu
∗
i

)
dt+ V (ξi(T ))

≤
∫ T

0

∑
j∈Ni

uT
ijRijuijdt+ V (ξi(0)) .

(28)
This means that u∗

i gives a bounded response
under any uij ; i.e., the L2 stability is realized.

The local L2 property cannot lead to global
asymptotic stability for MASs. For each agent using
the local controller u∗

i , the closed loop dynamics can
be obtained by

ξ̇i(t) =Aξi(t)− diBR−1
ii BTP̃iξi(t)

+
∑
j∈Ni

wijBR−1
jj BTP̃jξj(t).

(29)

Without loss of generality, it is assumed that Rii

are uniformly selected as R̃. Then the augmented
system can be written as

ξ̇(t) =
(
IN ⊗A− (

L1 ⊗BR−1BT
)
P̃
)
ξ(t), (30)

where matrix P̃ = diag(P̃1, P̃2, · · · , P̃N ). Con-
sider the global Lyapunov function candidate as
L(ξ) = ξT(t)

(
P̃ (Ω ⊗ IN )

)
ξ(t) with its time deriva-

tive given by

L̇(ξ) = ξT(t) (Λ1 + Λ2) ξ(t), (31)

where Λ1 = P̃ (Ω ⊗A) +
(
Ω ⊗AT

)
P̃ , Λ2 =

−P̃
(
Λ3 ⊗BR−1BT

)
P̃ , and Λ3 = ΩL1+LT

1 Ω. One
can obtain from Λ3 > 0 that Λ2 < 0. Moreover, un-
der the sufficient condition Qi − dFiP̃iBR−1BTP̃i >

0, dFi =
∑

j∈Ni

w2
ij denotes the in-degree among fol-

lowers. For the diagonal matrix Ω with positive el-
ements, ωiP̃iA+ ωiA

TP̃i < 0 holds, which indicates
that Λ1 < 0. Then L̇(ξ) < 0 can be derived and
the global synchronization error converges to zero
asymptotically. This completes the proof.
Remark 3 Theorem 1 gives a sufficient condition
of asymptotic stability, whereas uniformly choosing
Rii aims only to simplify the proof. This selection is
reasonable due to the redundant design variables. To
be specific, the controller can be tuned by Qi and the
interaction weights can be compensated for by Rij .
It is worth pointing out that inequality (26) holds
only in the case of local best response u∗

ij . Because
the best responses u∗

ij and u∗
j are incompatible, the

local Nash does not lead to the global Nash.
It can be seen that the coupled HJ

equations (19) and (21) involve a complex solution
process and require extra communication of other
followers’ parameters. An off-policy RL algorithm is
proposed to provide an online solution using system
data.

Denote uk
i and uk

ij as the updated controllers
and V k

i as the value function in the kth learning
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phase, and u#k
i and u#k

ij as the best response con-
trollers related to V k

i . According to the property of
the Hamiltonian function deduced in Eq. (23), the
following equation holds for any arbitrary (ui, uij),
j ∈ Ni:

Hk
i

(
ξi, ui, uij ,∇ξiV

k
i

)−Hk
i

(
ξi, u

#k
i , u#k

ij ,∇ξiV
k
i

)

=− 1

2

∑
j∈Ni

(
uij − u#k

ij

)T

Rij

(
uij − u#k

ij

)

+
1

2
di

(
ui − u#k

i

)T

Rii

(
ui − u#k

i

)
.

(32)
Substituting the control tuples (u0

i , u
0
ij) and

(uk
i , u

k
ij) into Eq. (32) yields

(∇ξiV
k
i )T

⎛
⎝Aξi+diBu0

i −
∑
j∈Ni

wijBu0
ij

⎞
⎠+

1

2
ξTi Qiξi

+
1

2
di(u

k
i )

TRiiu
k
i −

1

2

∑
j∈Ni

(uk
ij)

T
Riju

k
ij − di(u

#k
i )

T

·Rii

(
u0
i − uk

i

)
+

∑
j∈Ni

(u#k
ij )

T
Rij

(
u0
ij − uk

ij

)
= 0.

(33)
Then the off-policy recursive equation can be

derived by integrating Eq. (33) through time interval
T as

V k
i (ξi(t+ T ))− V k

i (ξi(t))

+

∫ t+T

t

∑
j∈Ni

(u#k
ij )

T
Rij

(
u0
ij − uk

ij

)
dt

−
∫ t+T

t

di(u
#k
i )

T
Rii

(
u0
i − uk

i

)

=−
∫ t+T

t

ri(ξi, u
k
i , u

k
ij)dt.

(34)

One can see that the left-hand side of Eq. (34)
contains value function V k

i and action pairs (u0
ij ,uk

ij)
and (u0

i ,uk
i ) which act as the action-dependent Q-

functions of a CT system. Employ NNs to approxi-
mate the value function and the best response con-
trollers as

⎧
⎪⎪⎨
⎪⎪⎩

Vi (ξi(t)) = WT
i1φi(ξi),

u#k
i = WT

i2ϕi(ξi),

u#k
ij = WT

ij2ϕij(ξi),

(35)

where Wi1 ∈ R
p1 , Wi2 ∈ R

p2 , Wij2 ∈ R
p3 are the

weights, and φi(ξi) ∈ R
p1 , ϕi(ξi) ∈ R

p2 , ϕij(ξi) ∈

R
p3 represent the NN basis functions. Then write

the cross terms in the linear form as
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(u#k
i )TRii

(
u0
i − uk

i

)

=
[(
u0
i − uk

i

)T
Rii ⊗ ϕi(ξi)

]
vec(Wi2),

(u#k
ij )TRij

(
u0
ij − uk

ij

)

=
[(
u0
ij − uk

ij

)T
Rij ⊗ ϕij(ξi)

]
vec(Wij2).

(36)

Then the approximate error of Eq. (34) is given
by

ei = ΦT
i (ξi)Wi +

∫ t+T

t

ri
(
ξi, u

k
i , u

k
ij

)
dt, (37)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Wi =
[
WT

i1 , vec(W
T
i2), vec(W

T
ij2)

]
,

Φi = [Φi1, Φi2, Φi3],

Φi1 = φi(ξi(t+ T ))− φi(ξi(t)),

Φi2 = − ∫ t+T

t di

[(
u0
i − uk

i

)T
Rii ⊗ ϕi(ξi)

]
dt,

Φi3 =
∫ t+T

t

[(
u0
ij − uk

ij

)T
Rij ⊗ ϕij(ξi)

]
dt.

(38)
The NN update law is designed by reducing the

approximation error Ei = 1
2e

2
i using the gradient-

decent method as
⎧
⎨
⎩
Ẇi(t) = −αi

Φi(ξi)Si(t)

(1+ΦT
i (ξi)Φi(ξi))

2 ,

Si(t) = Wi(Φi(ξi)) +
∫ t+T

t ri
(
ξi, u

k
i , u

k
ij

)
dt.

(39)
The detailed learning procedure is summarized

in Algorithm 1.
Remark 4 The two-loop structure of Algorithm 1
has the same convergence property as that of the
policy iteration method; the inner loop equivalently
solves the Bellman equation (34) and the outer loop
updates the controller to its optimal solution. In
practice, Eq. (39) can be launched with an inde-
pendent rate higher than the data collection rate.
The algorithm combines the Q-learning mechanism
and the integral RL for a CT system. By deriv-
ing the action-dependent value function according
to Eq. (34), the model-free and off-policy properties
are guaranteed compared with other methods. Thus,
the controller pair to be updated, (u#k

i , u#k
ij ), and

the input pair driving the system, (u0
i , u0

ij), can be
different. The collected data can be stored in a data
buffer and reused during the learning process, which
helps improve the convergence with higher data ef-
ficiency. In the learning phase, each follower can
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Algorithm 1 Data-driven solution of the differential
game using off-policy RL
1: Initialize a control tuple (u0

1, u
0
2, · · · , u0

N ) to drive the
MASs. For each agent i, set u0

ij = u0
j as the jth local

controller.
2: Initialize the online local iterative control tuple

(uk
1 , u

k
2 , · · · , uk

N ), and set k = 1. Randomly choose the
NN weights Wi1, Wi2, Wij2 and the activate functions
φi, ϕi, ϕij with a proper scale for each agent.

3: loop
4: Collect system data ξi(t) and (u0

i , u
0
ij), calculate Φi1,

Φi2, Φi3 during time intervals [ts, ts + T ] for s = 1 to
Nm, and store the data in a buffer.

5: loop
6: Randomly choose a set of data from the buffer, and

calculate
∫ t+T
t ri(ξi, uk

i , u
k
ij)dt as the index function

return accordingly.
7: Update the NN weights online using Eq. (39) until

the inner loop converges.
8: end loop
9: Update the iterative controller with uk+1

i = u#k
i .

10: Set k = k + 1, and iterate until the outer loop
converges.

11: end loop
12: Set u∗

i = uk
i as the local best response solution.

be initialized with an arbitrary stable local or dis-
tributed controller recorded as u0

i . This avoids the
contradiction between uj and uij .

3.3 Global Nash solution of the modified dif-
ferential game using RL

To tackle the unsolvable problem in Section 3.1
and the local Nash restriction in Section 3.2, a gen-
eral index function for a differential graphical game
is proposed to achieve both distributed and global
Nash control in this subsection.

Define the following modified index function in
a general case:

ri (ξi, ui, u−i)

=
1

2

⎛
⎝diu

T
i Riiui +

∑
j∈Ni

uT
j Rijuj +

∑
j∈Ni

ξTijQ̃iξij

⎞
⎠ ,

(40)

where ξij = [ξi, ξj ]
T and Q̃i =

[
d−1
i Qi Sij

ST
ij Qij

]
.

Sij and Qij are parameter matrices chosen to
decouple the differential game and are to be deter-
mined later. Compared with earlier results, one can
see from Eq. (40) that the neighboring error ξj of the
jth agent is included in the quadratic form, which
gives a more general case.
Theorem 2 Consider the differential game of

MASs with dynamics (1) and (2) and index func-
tion (40). Under the sufficient condition that Q̃i is
given with the following elements:

{
Qij = −P̄ ∗

j BR−1
jj RijR

−1
jj BTP̄ ∗

j ,

Sij = −P̄ ∗
i BR−1

jj BTP̄ ∗
j ,

(41)

the value function of each follower can be decoupled
in a distributed form V̄i=

1
2ξ

T
i P̄iξi, while the corre-

sponding distributed controller u∗
i = −R−1

ii BTP̄ ∗
i ξi

maintains two properties: (1) global asymptotic sta-
bility for synchronization control and (2) achieve-
ment of the global Nash equilibrium.
Proof Similarly, the Hamiltonian function can be
rewritten as

0 =H̄i

(
ξi, ui, u−i,∇ξi V̄i

)

Δ
=(∇ξi V̄i)

T

⎛
⎝Aξi + diBui −

∑
j∈Ni

wijBuj

⎞
⎠

+
1

2
diu

T
i Riiui +

1

2

∑
j∈Ni

uT
j Rijuj

+
1

2

∑
j∈Ni

(
ξTi Qiξi + ξTj Qijξj + 2ξTi Sijξj

)
.

(42)
The value function corresponding to J̄i and H̄i

is supposed to be ∇ξi V̄ = P̄iξi. Then the distributed
controller in the best response form satisfies the sta-
tionary condition:

u#
i = −R−1

ii BTP̄iξi. (43)

Substituting Eq. (43) into Eq. (42) and rear-
ranging the terms give the HJ equation:

ξTi
[
P̄iA+ATP̄i − diP̄iBR−1

ii BTP̄i + diQi

]
ξi

+ 2ξTj

⎛
⎝∑

j∈Ni

P̄jBR−1
jj RijR

−1
jj BTP̄j +

∑
j∈Ni

Qij

⎞
⎠ ξj

+ 2ξTi

⎛
⎝∑

j∈Ni

Sij +
∑
j∈Ni

wij P̄iBR−1
jj BTP̄j

⎞
⎠ ξj = 0.

(44)
Apparently, when extra parameter matrices are

chosen by Eq. (41), the coupled terms can be elimi-
nated and Eq. (44) is equivalent to the local algebra
Riccati equation:

P̄ ∗
i A+ATP̄ ∗

i − diP̄
∗
i BR−1

ii BTP̄ ∗
i +Qi = 0. (45)

This indicates that the HJ equation is solv-
able compared with Eq. (17) and that the solution
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controller is in a distributed form. Note that the
controller u∗

i = −R−1
ii BTP̄ ∗

i ξi for the local agent has
the same form as in Section 3.2. The stability anal-
ysis and condition are similar to those in the local
case and are omitted here.

Consider the Hamiltonian function H̄∗
i related

to controllers u∗
i and u∗

−i, which satisfies

H̄∗
i (ξi, ξ−i, ui, u−i, P̄

∗
i )− H̄∗

i (ξi, ξ−i, u
∗
i , u

∗
−i, P̄

∗
i )

=
1

2
di(ui − u∗

i )
T
Rii (ui − u∗

i )

− 1

2

∑
j∈Ni

wij

(
uj − u∗

j

)T
Rij

(
uj − u∗

j

)

+
∑
j∈Ni

wij(u
∗
iRii − u∗

jRij)
T
(
uj − u∗

j

)
.

(46)
Note that lim

t→∞ V̄i (ξi(t)) = lim
t→∞ V̄i(0) = 0. The

index function can be derived similar to Eq. (24) as

J̄∗
i (ξi, ξ−i, ui, u−i)

=

∫ ∞

0

H̄∗
i

(
ξi, ξ−i, , ui, u−i, P̄

∗
i

)
dt+ V̄ ∗

i (ξi(0))

=− 1

2

∫ ∞

0

∑
j∈Ni

wij

(
uj − u∗

j

)T
Rij

(
uj − u∗

j

)
dt

+
1

2

∫ ∞

0

di(ui−u∗
i )

T
Rii (ui − u∗

i ) dt+V̄ ∗
i (ξi(0))

+

∫ ∞

0

∑
j∈Ni

wij(u
∗
iRii − u∗

jRij)
T (

uj − u∗
j

)
dt.

(47)
Substituting the control tuples

(
ui, u

∗
−i

)
and(

u∗
i , u

∗
−i

)
in respective index functions yields

J̄∗
i (ξi, ξ−i, ui, u

∗
−i) = J̄∗

i (ξi, ξ−i, u
∗
i , u

∗
−i)

+
1

2

∫ ∞

0

di(ui − u∗
i )

T
Rii

(
ui − u#

i

)
dt

≥J̄∗
i (ξi, ξ−i, u

∗
i , u

∗
−i).

(48)

Therefore, the optimal controllers given by
Eq. (45) build the global Nash equilibrium. This
completes the proof.

Since the construction of index functions (40)
and (41) involves the equilibrium value P̄ ∗

i , whereas
the RL method requires online feedback data from in-
dex functions, a contradictory problem arises. Note
that the final global Nash solution is equivalent to
that in the uncoupled case. To this end, the RL pro-
cedure can be constructed in a parallel way as the
single-agent case while regarding the neighbor’s in-
put as a known vector. The NN approximations are

given as V̄i (ξi(t)) = W̄T
i1φi(ξi) and ū#k

i = W̄T
i2ϕi(ξi).

The NN approximation error is given by

ei = ΦT
i (ξi)W̄i +

∫ t+T

t

rmi

(
ξi, ū

k
i

)
dt, (49)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rmi

(
ξi, ū

k
i

)
=

1

2

(
ξTi Qiξi + di

(
ūk
i

)T
Riiū

k
i

)
,

W̄i =
[
W̄T

i1 ,
(
vec(W̄i2)

)T]
,

Φi = [Φi1, Φi2],

Φi1 = φi(ξi(t+ T ))− φi(ξi(t)),

Φi2 = − ∫ t+T

t

[(
ū0
i − ūk

i

)T
Rii ⊗ ϕi(ξi)

]
dt,

ū0
i = u0

i −
∑

j∈Ni

d−1
i u0

j .

(50)
The remaining steps are similar to those in Al-

gorithm 1 and are omitted here.
Remark 5 In summary, the local best response
solution considers interactions virtually in the worst
case, which indicates L2 stability in inequality (28).
The global Nash solution guarantees the unified equi-
librium in Eq. (45) by directly handling real interac-
tions. Although the above two cases are derived un-
der divergent bases, they can be solved uniformly and
systematically by the proposed RL-based method be-
cause of the same formulation structure.

4 Simulation results

Consider a multi-agent system consisting of one
leader labeled 0 and four followers labeled from 1
to 4 with the interaction topology demonstrated in
Fig. 1. To include as many attributes as possible, the
followers are designed with different configurations.
The number of neighboring players and in-degree are
given by pairs as (0, 1), (1, 2), (1, 1), (2, 2).

1 3

42

0

Fig. 1 Communication topology of a multi-agent sys-
tem (MAS)
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The dynamics of MASs is chosen to be naturally
unstable as

A =

[
0 1

2 −1

]
, B =

[
0

1

]
. (51)

1. Solution in the local best response case
Define the index functions of the local best

response case with parameters set as Qi = 5I2,
Rii = 1, R24 = 3, R42 = 2, R43 = 3, R31 = 3.
The activation functions can be chosen by φT

i (ξi) =[
ξ2i1, ξ

2
i2, ξi1ξi2

]
, ϕT

i = ϕT
ij = [ξi1, ξi2] for linear sys-

tems. In the RL procedure, let the MASs be per-
sistently excited by an off-policy signal of amplitude
10 and be composed of random frequencies within
30 Hz. The learning rate is set as αi = 30. The
convergence curves of the weights for each agent are
illustrated in Fig. 2.

The theoretical results of the nominal con-
trollers are listed as follows to show the validity of
the RL method and local Nash properties:

K∗
1 = [−4.995,−2.998] ,Kopt1 = [−5.000,−3.000] ,

K∗
2 = [−3.303,−2.106] ,Kopt2 = [−3.307,−2.107] ,

K∗
3 = [−7.047,−4.053] ,Kopt3 = [−7.062,−4.062] ,

K∗
4 = [−4.390,−2.683] ,Kopt4 = [−4.402,−2.688] .

(52)
One can see that even if the parameters are the

same, divergent graph settings bring different solu-
tions. The synchronization error of each agent is
given in Fig. 3a to illustrate the stability of local
best response based controllers. To further verify
the local Nash property stated in Eq. (34), the L2

gains
∫

t
0 (ξ

T
i Qiξi+di(u

∗
i )

TRiiu
∗
i )dτ+V (ξi(t))

∫
t
0

∑
j∈Ni

uT
ijRijuijdτ+V (ξi(0))

for agents 2,
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Fig. 2 Convergence curves of the neural network (NN) weights in the local best response case: (a) agent 1;
(b) agent 2; (c) agent 3; (d) agent 4
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3, and 4 are suppressed under threshold 1.0 as shown
in Fig. 4a. Agent 1 is omitted here because it has no
neighbor in the follower set.

2. Solution in the global Nash case
The index functions of the global Nash case are

set with Qi = 5I2, Rii = 1, R24 = R31 = R42 =

R43 = 0.1. Conduct the RL procedure in the same
manner as in the single-agent case, where the cou-
pled neighboring control inputs can be regarded as
off-policy signals. Taking agents 1 and 3 as examples,
the convergence of learning procedures is demon-
strated by the error curves of NN weights to their
target values in Fig. 5. The distributed global Nash
controller and the compensational terms of modified
index functions can be given as follows based on the
learning results:

K̄∗
1 = [−4.993,−2.998] , K̄∗

2 = [−2.867,−1.870] ,

K̄∗
3 = [−4.994,−2.998] , K̄∗

4 = [−2.867,−1.870] ,

S31 =

[ −24.9 −14.9

−14.9 −8.98

]
, S43=

[ −14.3 −8.59

−9.34 −5.60

]
,

S24 = S42 =

[ −8.22 −5.36

−5.36 −3.50

]
,

Q24 = Q42 =

[ −0.822 −0.536

−0.536 −0.349

]
,

Q31 = Q43 =

[ −2.494 −1.496

−1.496 −0.898

]
.

Similarly, the stabilities in the global Nash case
are verified by demonstrating the synchronization er-
ror in Fig. 3b.

Moreover, Fig. 4b shows the evolution of index
function (40) for global controllers in Section 3.3.
The solid lines represent the evolution curves gen-
erated by the global Nash equilibrium controllers.
The dashed lines denote the results of the above con-
trollers with random biases. As compared in the
diagram, one can see that the global Nash controller
for each agent gives a smaller index value than the
biased controller, which conforms to the global Nash
equilibrium.
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5 Conclusions

This paper studied the cooperative synchroniza-
tion control of MASs from a differential game per-
spective. The solution was highly coupled and may
not exist in general cases. The local best response
controller and global Nash controller with modi-
fied index functions were successively investigated
to deal with the coupling issues. An off-policy RL
method was proposed to solve the problem online in
a data-driven manner. The configurations of graph
topology and system dynamics affected the solutions.
Thus, to extend the results to more complex scenar-
ios, such as the existence of switching topologies and
disturbances, is quite a significant direction for fu-
ture research.
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