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Abstract: In this paper, we address matrix-valued distributed stochastic optimization with inequality and equality
constraints, where the objective function is a sum of multiple matrix-valued functions with stochastic variables
and the considered problems are solved in a distributed manner. A penalty method is derived to deal with the
constraints, and a selection principle is proposed for choosing feasible penalty functions and penalty gains. A
distributed optimization algorithm based on the gossip model is developed for solving the stochastic optimization
problem, and its convergence to the optimal solution is analyzed rigorously. Two numerical examples are given to
demonstrate the viability of the main results.
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1 Introduction

1.1 Distributed optimization

In recent years, distributed optimization has re-
ceived great attention thanks to its important role in
describing a number of collective assignments. As an
effective parallel computing method, distributed op-
timization can tackle large-scale optimization prob-
lems which can be decomposed into several sub-
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problems that can be solved in parallel. Its appli-
cations and theoretical significance relate to various
fields, including sensor networks (Wan and Lemmon,
2009), machine learning (Li H et al., 2020), resource
allocation (Deng et al., 2018), and so on (Yang SF
et al., 2017; Shi et al., 2019; Yang T et al., 2019;
Jiang et al., 2021; Wang D et al., 2021; Wang XY
et al., 2021; Yue et al., 2022; Zeng et al., 2022).

Distributed optimization can be regarded as an
optimization approach with a multi-agent system.
Each agent has its local objective function, and a
local decision variable denotes the state of an agent.
The objective function of the considered optimiza-
tion problem is the sum of multiple local objective
functions. A distinguishing feature of distributed op-
timization is that the information exchange among
agents is through a network topology graph. In the
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graph, a node denotes an agent. Each agent knows
only its own information (its local objective function
and local decision variable). Compared with cen-
tralized optimization, distributed optimization has
several desirable features as follows: (1) each agent
needs to interact with only neighbor agents, so it can
save the communication cost; (2) the information re-
lated to the optimization problem is distributed and
stored in each agent, so it is more private and safer;
(3) there is no single point of failure, which greatly
improves the fault tolerance of the system; (4) be-
cause it is a parallel computing method, the scalabil-
ity of the optimization algorithm can be enhanced.

A large number of distributed optimization
methods have been developed in recent years. For
example, distributed subgradient methods for multi-
agent optimization were developed in Nedic and
Ozdaglar (2009). In Liu and Wang (2015), a
second-order multi-agent system was proposed for
distributed optimization with bound constraints. In
Zeng et al. (2017), a distributed continuous-time op-
timization method was presented via non-smooth
analysis. In Liu et al. (2017), a recurrent neu-
ral network (RNN) system was developed for dis-
tributed optimization. Based on an RNN sys-
tem, decentralized-partial-consensus constrained op-
timization was addressed in Xia ZC et al. (2023). In
Xia ZC et al. (2021, 2022), multi-complex-variable
distributed optimization was studied.

Note that the proposed systems in existing
works are vector-variable systems. Hence, the com-
putation time relies on the dimension of the state
in the optimization problem. However, if the di-
mension is high, the methods converge slowly. A
matrix-valued optimization model can overcome this
difficulty in several areas (Bouhamidi and Jbilou,
2012; Bin and Xia, 2014; Xia YS et al., 2014; Li
JF et al., 2016; Huang et al., 2021). However, the re-
sults of matrix-valued optimization methods are not
systematic enough, although several seminal works
have been done (Huang et al., 2021; Xing et al., 2021;
Zhu ZH et al., 2021; Zhang et al., 2022).

1.2 Constraints and penalty methods

Various types of constraints are studied in dis-
tributed optimization. For the resource allocation
problem, the choice of each agent is in a certain
range, and no agent shares its private informa-
tion with others (Zeng et al., 2017). In this case,

bound constraints and linear equality constraints are
needed. Many engineering tasks have complex con-
straints due to time limitations and technical restric-
tions. In addition, the limitations of communication
capacities cause constraints in social networks. To
this end, the handling of constraints has been in-
vestigated in many works, including inequality con-
straints (Zhu MH and Martínez, 2012; Liang et al.,
2018a; Li XX et al., 2020), equality constraints (Zhu
MH and Martínez, 2012; Liu and Wang, 2013; Liang
et al., 2018b; Lv et al., 2020), bound constraints
(Zeng et al., 2017; Zhou et al., 2019), and approx-
imate constraints (Jiang et al., 2021).

The exact penalty method is a valid method
for dealing with the constraints of the optimiza-
tion problem. Its core is to choose feasible penalty
functions and penalty gains to transform a con-
strained optimization problem into an equivalent un-
constrained one, in which the penalty gains are not
so large in contrast to the ones in the conventional
penalty methods. There are several related works
about the exact penalty methods for distributed op-
timization. An adaptive exact penalty method was
proposed in Zhou et al. (2019) for distributed op-
timization. A distributed optimization algorithm
was developed in Liang et al. (2018a) using an ex-
act penalty function. However, Zhou et al. (2017,
2019) considered the bound constraint and used the
distance function as the penalty function. In this
paper, we develop an exact penalty method for han-
dling inequality and equality constraints.

1.3 Gossip model

Originating from the social communication net-
work, the gossip model plays an important role in
consensus algorithms, and is applied in sensor net-
works and peer-to-peer networks thanks to its advan-
tages including high fault-tolerance and high scala-
bility (Boyd et al., 2006). In studies of distributed
optimization, the gossip model has been applied
widely to achieve consensus on the states of agents.
In recent years, a large number of works on gossip-
like optimization algorithms have been done. For
example, a gossip algorithm was designed for the
convex consensus optimization in Lu et al. (2011).
In Jakovetic et al. (2011), a gossip algorithm was de-
veloped to solve cooperative convex optimization in
networked systems. In Yuan (2014), a gossip-based
gradient-free method was developed, and the gossip
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model was regarded as a multi-agent system. In
Koloskova et al. (2019), a distributed stochastic op-
timization algorithm was proposed based on a gossip
model with compressed communication.

1.4 Goal and contributions

In this paper, we consider a distributed stochas-
tic optimization problem with N agents as follows:

min

N∑

i=1

fi(X) =

N∑

i=1

Eξi∈DiFi(X, ξi)

s.t. g(X) ≤ 0, h(X) = 0,

(1)

where X ∈ R
n×m, fi : Rn×m → R, g : Rn×m → R,

and h : Rn×m → R. Fi(X, ξi) is a stochastic func-
tion, and Eξi∈DiFi(X, ξi) is an experience expecta-
tion with ξi denoting a sample in a local dataset Di

of agent i.
Problem (1) is said to be a matrix-valued

distributed stochastic optimization problem. For
vector-valued stochastic optimization, several works
have been done. The problem of distributed stochas-
tic optimization was addressed by Shamir and Srebro
(2014). The strongly convex stochastic optimization
problem was studied in Rakhlin et al. (2012). Several
gossip algorithms with compressed communication
were derived for decentralized stochastic optimiza-
tion in Koloskova et al. (2019).

In this paper, we address the matrix-valued dis-
tributed stochastic optimization with inequality and
equality constraints using an algorithm based on
a gossip model. Specifically, the contributions are
summarized as follows:

1. An auxiliary function is proposed to analyze
several properties of the matrix-valued functions.
Many common properties for vector-valued opti-
mization methods are proposed in a matrix-valued
fashion (see in Definitions 1–5 and Lemma 1).

2. A selection principle of the penalty functions
and the penalty gains is derived (see in Selection
principle 1). Based on the selection principle, an ex-
act penalty method is proposed for transforming a
matrix-valued optimization problem with inequality
and equality constraints into a problem without in-
equality or equality constraints (see in Theorems 1
and 2, and Fig. 1).

3. A distributed optimization algorithm based
on a gossip model is developed for solving the matrix-
valued distributed stochastic optimization problem

(see in Algorithm 1), and its convergence is analyzed
(see in Theorem 3 and Remark 1). Two numeri-
cal examples are provided to illustrate the efficiency
of Algorithm 1 for solving matrix-valued distributed
stochastic optimization problems (see in Figs. 2 and
3).

2 Preliminaries

2.1 Notations

Let R, Rn, and R
n×m denote the set of all real

numbers, the set of all n-dimensional real vectors,
and the set of all (n×m)-dimensional real matrices,
respectively. IN = {1, 2, ..., N}. ‖ · ‖ denotes the
Euclidean norm, ‖ · ‖F denotes the Frobenius norm,
and | · | denotes the absolute value. ∀X ∈ R

n×m,
X(i, j) denotes the (i, j)th element of X. vec(X) =

(X(1, 1), X(2, 1), . . . , X(n, 1), X(1, 2), X(2, 2), . . . ,

X(n,m))T ∈ R
nm. For vectors x1,x2, ...,xN ,

col(x1,x2, ...,xN ) = (xT
1 ,x

T
2 , ...,x

T
N )T. AT denotes

the transpose of matrix A. tr(A) denotes the
trace of the nth-order matrix A. δ2(A) denotes the
second largest eigenvalue of the nth-order matrix
A. In denotes the n-dimensional identity matrix,
and 1n denotes the n-dimensional vector with all
components being 1. “⊗” denotes the Kronecker
product operator. G = (V , E ,A) denotes a graph
with N nodes, where V = IN is the node set,
E ⊂ V × V is the edge set, and A ∈ R

N×N is the
weighted adjacency matrix. A(i, j) > 0 if (i, j) ∈
E ; otherwise, A(i, j) = 0. Let Ni = {j|A(i, j) 	= 0}
be the set of the neighbors of node i. For a set
S ⊂ R

n×m, PS(X) = argminY ∈S ‖X − Y ‖F.

2.2 Matrix-valued function

In problem (1), local objective function fi is a
mapping from R

n×m to R. In addition, the func-
tions g and h in the constraints are the mappings
from R

n×m to R. In this study, we call the func-
tion f : Rn×m → R a matrix-valued function. An
optimization problem is said to be a matrix-valued
optimization problem if its objective function is a
matrix-valued function with n 	= 1 and m 	= 1. Dif-
ferent from the normal vector-valued optimization,
the decision variable of a matrix-valued optimization
problem is a matrix.

To address matrix-valued optimization prob-
lem (1), we need to analyze the properties of
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matrix-valued function f . Before analyzing the prop-
erties of f , we define an auxiliary function α(x) =

f(X), where x = vec(X). α(x) is a useful tool for
proving the properties of f(X). Now, we propose
several definitions and lemmas of f(X) using α(x).
Definition 1 (L-Lipschitz continuity) f : Rn×m →
R is said to be L-Lipschitz continuous if ∀X,Y ∈
R

n×m, ∃L > 0, such that |f(X) − f(Y )| ≤ L||X −
Y ‖F, where L is a Lipschitz constant.
Definition 2 (l-smoothness) f : Rn×m → R is said
to be l-smooth if ∀X,Y ∈ R

n×m, ∃l > 0, such that
‖∇f(X)−∇f(Y )‖F ≤ l||X − Y ‖F.
Definition 3 (μ-strong convexity) f : Rn×m → R

is said to be μ-strongly convex if ∀X,Y ∈ R
n×m,

∃μ > 0, such that f(Y ) ≥ f(X)+tr((∇f(X))
T
(Y −

X)) + μ‖Y −X‖2F/2.
Note that Definition 3 defines the convexity of

f if μ = 0.
Definition 4 For any convex function f : Rn×m →
R, the subdifferential of f with respect to X is de-
fined by

∂f(X) =

{
G|f(Y ) ≥ f(X) + tr

(
GT(Y −X)

)}
.

In addition, G ∈ ∂f(X) is called a subgradient of f
at X.

Furthermore, based on the properties of the
Frobenius norm and Definitions 1–3, two lemmas are
derived:
Lemma 1 Assume f : Rn×m → R and α: Rnm → R

with vec(X) = x. ∀X,Y ∈ R
n×m, we have the

following statements:
(1) tr(XTY )=(vec(X))

T
vec(Y );

(2) ‖X‖F = ‖x‖;
(3) ∀η > 0, ‖X + Y ‖F ≤ (1 + η)‖X‖F + (1 +

η−1)‖Y ‖F;
(4) f(X) is l-Lipschitz continuous if and only if

α(x) is l-Lipschitz continuous;
(5) f(X) is l-smooth if and only if α(x) is l-

smooth;
(6) f(X) is μ-strongly convex if and only if α(x)

is μ-strongly convex.
Proof For statement (1), we can obtain

XTY =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n∑
i=1

X(i, 1)Y (i, 1)
n∑

i=1

X(i, 1)Y (i, 2) . . .
n∑

i=1

X(i, 1)Y (i, m)

n∑
i=1

X(i, 2)Y (i, 1)
n∑

i=1

X(i, 2)Y (i, 2) . . .
n∑

i=1

X(i, 2)Y (i, m)

...
...

...
...

n∑
i=1

X(i, m)Y (i, 1)
n∑

i=1

X(i,m)Y (i, 2) . . .
n∑

i=1

X(i, m)Y (i,m)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Next, we have

tr(XTY ) =

m∑

j=1

n∑

i=1

X(i, j)Y (i, j)

= (vec(X))
T
vec(Y ).

For statement (2), based on statement (1) we have

‖X‖F =
√
tr(XTX)

=

√
(vec(X))

T
vec(X)

=
√
xTx

= ‖x‖.

For statement (3), it is a well-known norm inequality.
For statements (4)–(6), they can be easily proved
using statements (1) and (2).
Lemma 2 If f(X) is μ-strongly convex and
bounded with M ′, and ∇f(X) is bounded with M ′′,
then f(X) is 2M ′μ/M ′′-Lipschitz continuous.
Proof Based on statement (5) in Lemma 1,
α(x) is μ-strongly convex if f(X) is μ-strongly con-
vex. Then, according to Lemma 4.2 in Zhou et al.
(2017), we have that α(x) is 2M ′μ/M ′′-Lipschitz
continuous. Based on statement (3) in Lemma 1,
f(X) is 2M ′μ/M ′′-Lipschitz continuous if α(x) is
2M ′μ/M ′′-Lipschitz continuous.

Definitions 1–3 provide several properties of
function f(X) which will be commonly considered
in the vector-optimization theory. Thus, in matrix-
valued optimization, we generalize them into the
matrix-valued domain. Based on Lemma 1 and α(x),
many existing results in the vector-valued domain
R

nm can be generalized to the matrix-valued domain
R

n×m. For example, Lemma 2 can be proved via
statements (4) and (6) in Lemma 1. According to
Lemma 2, the strong convexity can lead to Lipschitz
continuity under the conditions in Lemma 2.

For a non-smooth function, the subgradient de-
fined in Definition 4 is adopted when the gradient
does not exist. In distributed optimization, there are
many works about non-smooth analysis with subgra-
dients (Ruszczyński, 2006; Zeng et al., 2017). In the
optimization problem min

∑N
i=1 fi(Xi), if for any i ∈

IN , fi(Xi) satisfies the Lipschitz condition in Defini-
tion 1, the sum sign and the subdifferential sign can
be exchanged, i.e., ∂

∑N
i=1 fi(Xi) =

∑N
i=1 ∂fi(Xi).

This statement can be proved by changing the matrix
problem into a vector problem via function α(x), and
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its proof can be obtained from Ruszczyński (2006)
by statement (3) in Lemma 1. In addition, for Def-
initions 2 and 3, if the function is non-smooth, we
can substitute its subgradient for its gradient. In
these cases, μ-strong convexity is still called μ-strong
convexity, but l-smoothness is now called l-pseudo
smoothness and is defined as follows:
Definition 5 (l-pseudo smoothness) f(X):

R
n×m → R is l-pseudo smooth if for any

X,Y ∈ Ωn×m, ∀ξ ∈ ∂f(X), ∃l > 0, such that
f(Y ) ≤ f(X) + tr(ξT(Y −X)) + l‖Y −X‖2F/2.
Lemma 3 If l‖X‖2F/2−f(X) is convex, then f(X)

is l-pseudo smooth.
Proof If l‖X‖2F/2− f(X) is convex, then we have

l‖Y ‖2F/2− f(Y )

≥l‖X‖2F/2− f(X) + tr(ξT(Y −X))

+ l · tr(XTY )− l‖X‖2F,

which leads to

f(Y ) ≤ f(X) + tr(ξT(Y −X)) + l‖Y −X‖2F/2.

Lemma 3 provides a sufficient condition for
judging the l-pseudo smoothness of a non-smooth
function.

3 Problem formulation

Consider an optimization problem with inequal-
ity and equality constraints as follows:

min

N∑

i=1

fi(Xi)

s.t.

⎧
⎨

⎩

Xi = Xj , i, j ∈ IN ,

g(Xi) ≤ 0, i ∈ IN ,

h(Xi) = 0, i ∈ IN ,

(2)

where fi : R
n×m → R is the local objective function

for i ∈ IN , g : Rn×m → R and h : Rn×m → R are
the constraint functions.

Problem (2) is a constrained matrix-valued dis-
tributed optimization problem, and the handling of
its constraints is a difficult point. For handling
bound constraints, a penalty method was proposed
in Zhou et al. (2019). In Zhou et al. (2019), the se-
lection of penalty gains relied on the Lipschitz con-
stants of the objective functions, and the continuous-
time optimization method was also dependent on the
penalty gains. Compared with bound constraints,

equality and inequality constraints in problem (2)
are more complex, and the selection of penalty gains
relies on not only the objective functions fi, but also
g and h, which may be more complex than the opti-
mization in Zhou et al. (2019). Thus, we will develop
an exact penalty method for handling the equality
and inequality constraints in Section 4.2. The exact
penalty method can transform an optimization prob-
lem with equality and inequality constraints into an
optimization problem without equality or inequality
constraints.

Using the penalty method, an optimization
problem without inequality constraint g(Xi) ≤ 0 or
equality constraint h(Xi) = 0 is proposed as follows:

min
N∑

i=1

f̃i(Xi)

s.t. Xi = Xj , i, j ∈ IN ,

(3)

where f̃i(Xi)=fi(Xi)+PgiAi(Xi)+PhiBi(Xi) with
Ai(Xi) = (g(Xi)+ |g(Xi)|)2 and Bi(Xi) = |h(Xi)|2
for i ∈ IN .

The core of the penalty method is to derive fea-
sible penalty gains and penalty functions for guar-
anteeing the equivalence between the original con-
strained problems and unconstrained problems. In
this study, Ai and Bi are penalty functions. Pgi and
Phi (i = 1, 2, ..., N) are the penalty gains that need
to be chosen to guarantee the equivalence between
problems (2) and (3). Thus, the penalty gains Pgi

and Phi are important for problem transformation,
and the selection principle of them is given in Sec-
tion 4.1.

In addition, we propose a new type of optimiza-
tion, matrix-valued distributed stochastic optimiza-
tion, in which stochastic variables are considered into
problem (2), and its form is shown as follows:

min

N∑

i=1

fi(Xi) =

N∑

i=1

Eξi∈DiFi(Xi, ξi)

s.t.

⎧
⎨

⎩

Xi = Xj, i, j ∈ IN ,

g(Xi) ≤ 0, i ∈ IN ,

h(Xi) = 0, i ∈ IN .

(4)

Note that problems (4) and (1) are identical if we
set Xi = Xj = X, ∀i, j ∈ IN . Fi(Xi, ξi) can be
regarded as a stochastic function since Di satisfies
some distribution. We call problem (4) a matrix-
valued distributed stochastic optimization with in-
equality and equality constraints. In this study, we
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focus on solving problem (4) by developing a dis-
tributed optimization algorithm.

4 Main results

In this section, we address the exact penalty
method and the development of a distributed op-
timization algorithm for solving the matrix-valued
distributed stochastic optimization problem (4). In
Section 4.1, a selection principle of penalty gains and
penalty functions is proposed. Then, we analyze
how to obtain feasible penalty gains. In Section 4.2,
an exact penalty method is proposed to select the
penalty gains and handle the inequality and equality
constraints. In Section 4.3, an algorithm based on a
gossip model for solving problem (4) is developed.

4.1 Selection principle of penalty gains

Beginning with a centralized matrix-valued op-
timization problem min f(X) s.t. X ∈ S ⊂ R

n×m

(S denotes a feasible set), we propose a selection
principle for seeking the penalty gains and penalty
functions:
Selection principle 1 Penalty gain c (c > 0) and
penalty function τS(X) : R

n×m → R satisfy the
following conditions:

(1) ∀X ∈ R
n×m, f(X) + cτS(X) ≥ f(PS(X));

(2) ∀X ∈ R
n×m, τS(X) ≥ 0;

(3) ∀X ∈ S, τS(X) = 0.
Based on Selection principle 1, the equivalence

theorem is derived in the following:
Theorem 1 If there exist c and τS(X) satisfy-
ing Selection principle 1 and the considered problem
has at least one solution, then argminX∈S f(X) =

argminX∈Rn×m (f(X) + cτS(X)).
Proof Let X∗ = argminX∈S f(X). We can
determine that ∀X ∈ S, f(X∗) ≤ f(X). Ac-
cording to condition (3) in Selection principle 1,
f(X∗) + cτS(X

∗) = f(X∗) ≤ f(X) = f(X) +

cτS(X) holds. Note that ∀X ∈ S, f(X∗) +

cτS(X
∗) ≤ f(X) + cτS(X). Then, we have

that ∀X ′ /∈ S, f(X∗) + cτS(X
∗) ≤ f(X ′) +

cτS(X
′). According to condition (1) in Selec-

tion principle 1 and PS(X) ∈ S, we can obtain
that f(X∗) + cτS(X

∗) = f(X∗) ≤ f(PS(X
′)) ≤

f(X ′) + cτS(X
′). Therefore, ∀X ∈ S, f(X∗) +

cτS(X
∗) ≤ f(X) + cτS(X), which implies X∗ =

argminX∈Rn×m (f(X) + cτS(X)). Conversely, let-
ting X∗ := argminX∈Rn×m (f(X) + cτS(X)), we

need to prove that ∀X ∈ S, f(X∗) ≤ f(X). Based
on conditions (2) and (3) in Selection principle 1,
∀X ∈ S, f(X) = f(X) + cτS(X). Thus, X∗ =

argminX∈S f(X). To sum up, argminX∈S f(X) =

argminX∈Rn×m (f(X) + cτS(X)).
According to Theorem 1, if the penalty func-

tion τS(X) and the penalty gain c satisfy Selection
principle 1, then the equivalence between the orig-
inal constrained problem minX∈S f(X) and prob-
lem minX∈Rn×m (f(X) + cτS(X)) can be guaran-
teed. Similarly, we can select the penalty functions
and penalty gains by Selection principle 1 to guar-
antee the equivalence between problems (2) and (3).
Actually, when we set S := Ωgi = {Xi|g(Xi) ≤ 0},
the function

τΩgi
(X) = Ai(Xi) = (g(Xi) + |g(Xi)|)2

satisfies conditions (2) and (3) in Selection princi-
ple 1. When we set S := Ωhi = {Xi|h(Xi) = 0},
the function

τΩhi
(Xi) = Bi(Xi) = |h(Xi)|2

satisfies conditions (2) and (3) in Selection princi-
ple 1. Hence, if the penalty gains Pgi and Phi

satisfy condition (1) in Selection principle 1, then
problems (2) and (3) are equivalent. Therefore, in
the next subsection, we propose an exact penalty
method to select feasible penalty gains satisfying
condition (1) in Selection principle 1.

4.2 A penalty method

In this subsection, we derive the selection of
penalty gains for problem (2). Let

X̂i := PΩgi
∩Ωhi

(Xi) = arg min
Y ∈Ωgi

∩Ωhi

||Y −Xi||F,

Lgi(Xi) = Ai(Xi)/‖Xi − X̂i‖F,
and

Lhi(Xi) = Bi(Xi)/‖Xi − X̂i‖F.
Then, Assumption 1 is provided as follows:
Assumption 1 (1) fi is convex and Lf -Lipschitz
continuous for i ∈ IN ; (2) Slater’s condition holds.

Next, we give the equivalence theorem between
problems (2) and (3) on the basis of penalty gains
Pgi and Phi satisfying the conditions with Lgi(Xi)

and Lhi(Xi):
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Theorem 2 Under Assumption 1, if Lgi(Xi)Pgi +

Lhi(Xi)Phi ≥ Lf for Xi /∈ Ωgi ∩ Ωhi , then prob-
lem (2) is equivalent to problem (3).
Proof According to Theorem 1, we should prove
that Pgi and Phi satisfy condition (1) in Selection
principle 1, ∀fi, i ∈ IN . Because Lgi(X)Pgi +

Lhi(X)Phi ≥ Lf , we have

f̃i(Xi)− fi(X̂i)

=fi(Xi) + PgiAi(Xi) + PhiBi(Xi)− fi(X̂i)

≥− Lf‖Xi − X̂i‖F + (PgiLgi(Xi)

+ PhiLhi(Xi))‖Xi − X̂i‖F
≥(PgiLgi(Xi) + PhiLhi(Xi)− Lf )‖Xi − X̂i‖F
≥0,

which implies that condition (1) in Selection princi-
ple 1 holds. Therefore, minX∈Ωg∩Ωh

fi(X) is identi-
cal to minX∈Rn×m f̃i(X), which indicates that prob-
lem (2) is equivalent to problem (3).

Theorem 2 shows that problems (2) and (3) are
equivalent if Lgi(Xi)Pgi + Lhi(Xi)Phi ≥ Lf holds.
Thus, if we select the penalty gains Pgi and Phi sat-
isfying Lgi(Xi)Pgi + Lhi(Xi)Phi ≥ Lf , then we can
solve problem (2) by solving problem (3) which is
not subject to inequality constraint g(Xi) ≤ 0 or
equality constraint h(Xi) = 0.

4.3 Matrix-valued distributed stochastic op-
timization algorithm based on a gossip model

In this subsection, we develop an algorithm
based on a gossip model (its vector-valued form can
be found in Xiao and Boyd (2004)). First, we intro-
duce the gossip model as follows:

Xi(t+ 1) = Xi(t) + κ
∑

j∈Ni

A(i, j)(Xj(k)−Xi(k)),

where i ∈ IN . κ > 0 limits the rate of the gossip
updating. Each state Xi is an n × m matrix. A

is the adjacency matrix of graph G = (V , E ,A). In
gossip updating, each agent shares its own informa-
tion with its neighbors and updates by local average,
which makes all of the agents reach an agreement on
a target solution.

Before proceeding, we propose Assumption 2:
Assumption 2 (1) fi is bounded with m, μ-
strongly convex, and l-smooth for i ∈ IN .
∇fi is bounded with M . (2) Ai is convex
and lg-pseudo smooth; Bi is convex and lh-
pseudo smooth. ∂Ai is bounded with Mg, and

∂Bi is bounded with Mh. (3) For i ∈ IN ,
∀Xi ∈ R

n×m, Eξi ‖∇Fi (Xi, ξi)−∇fi(Xi)‖2 ≤ σ2
i ,

Eξi ‖∇Fi (Xi, ξi)‖2 ≤ E2, with σi and E being
known upper bounds. (4) A is a symmetric dou-
bly stochastic matrix. (5) Slater’s condition holds.

In Assumption 2, the convexity of the objec-
tive functions and constraint functions can lead to
a globally optimal solution for optimization prob-
lems (Boyd and Vandenberghe, 2004) when the op-
timal solution exists. The strong convexity and the
l-smoothness contribute to the proof of the conver-
gence of the proposed algorithm (Rakhlin et al.,
2012). According to Lemma 2, item (3) gives the
characteristics of random sampling. Item (4) in-
dicates that the graph is connected and weight-
balanced, which contributes to the consensus of
states. Slater’s condition is a common constraint
qualification to guarantee the solvability of an op-
timization problem (Liu et al., 2017; Xia ZC et al.,
2022).

To proceed, based on the gossip model, Algo-
rithm 1 is developed for solving problem (4).

Xi is regarded as the state of the ith agent.
Eqs. (5) and (6) are regarded as information update
processes of the ith agent, and they originate from the
gossip model. Each agent shares its own information
with its neighbors by A and updates by local average,
which makes all of the agents reach an agreement on
a target solution. Therefore, Eq. (5) with Eq. (6) is a
multi-agent system, and Algorithm 1 is a distributed
optimization method.

In Algorithm 1, the time-varying step ζ(k)

should be chosen to achieve convergence to the op-
timal value. Thus, we give a convergence theorem
to prove the convergence of Algorithm 1, and ζ(k)

is designed in the theorem. Before proposing the
convergence theorem, we introduce four necessary
lemmas.
Lemma 4 For Algorithm 1, let X (k) :=

col[X1(k),X2(k), ...,XN (k)] ∈ R
nN×m, Y(k) :=

col[Y1(k),Y2(k), ...,YN (k)] ∈ R
nN×m, and X̄ (k) :=

col[X̄(k), X̄(k), ..., X̄(k)] ∈ R
nN×m with X̄(k) =∑N

i=1 Xi(k)/N . If A is a doubly stochas-
tic matrix, then X̄ (k + 1) = X̄ (k) − 1T

N ⊗
(ζ(k)/N)

∑N
i=1(∇Fi(Xi(k), ξi(k)) +Hi(k)).

Proof According to Algorithm 1, we have

X̄(k + 1)
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Algorithm 1 Distributed stochastic gradient de-
scent algorithm
1: Initialization
2: Input: Xi(0), time-varying step ζ(k), total number

of iterations K, and A

3: For k = 1, 2, ..., K

4: Sample ξi(k), and calculate ∇Fi(Xi(k), ξi(k))

5: Choose Pgi and Phi satisfying

Lgi(Xi(k))Pgi + Lhi(Xi(k))Phi ≥ 2mμ

M

6: Choose Hi(k) ∈ Pgi∂A(Xi(k)) + Phi∂B(Xi(k))

7: Calculate

Yi(k) = Xi(k)− ζ(k)(∇Fi(Xi(k), ξi(k)) +Hi(k))

(5)

8: Calculate

Xi(k+1) = Yi(k)+κ
∑

j∈Ni

A(i, j)(Yj(k)−Yi(k)) (6)

9: End for
10: Output: Xavg(K)

=X̄(k)− ζ(k)

N

N∑

i=1

(∇Fi(Xi(k), ξi(k)) +H(k))

+
κ

N

N∑

i=1

∑

j∈Ni

A(i, j)(Yj(k)− Yi(k)).

(7)

Note that A⊗In is also a symmetric doubly stochas-
tic matrix. Thus, we can obtain 1T

nN (A ⊗ In)/N =

1T
nN/N , which yields

1

N

N∑

i=1

∑

j∈Ni

A(i, j)(Yj(k)− Yi(k))

=
1T
nN

N
((A ⊗ In)− InN )Y(t)

=0.

(8)

Based on Eq. (8), the proof of Lemma 4 is completed.
According to Lemma 2, we have that fi is

2mμ/M -Lipschitz continuous.
Lemma 5 Assume that X∗ is an optimal solution
to problem (4). Under Assumption 2, X̄(k) in Algo-
rithm 1 satisfies

Eξ1(k),ξ2(k),...,ξN (k)

∥∥X̄(k + 1)−X∗∥∥2
F

≤
(
1− ζ(k)χ1

2

)∥∥X̄(k)−X∗∥∥2
F
+ ζ2(k)

(
σ̄2

N
+ χ2

)

− 2ζ(k)

(
N∑

i=1

f̃i(X̄(k)) −
N∑

i=1

f̃i(X
∗)

)

+ ζ(k)
χ3

N

N∑

i=1

∥∥X̄(k)−Xi(k)
∥∥2
F
,

(9)

where
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

χ1 = μ,

χ2 = 2M2 + 4PgMg + 4PhMh,

χ3 = l+ Pglg + Phlh + μ,

σ̄2 := 1
N

∑N
i=1 σ

2
i ,

with Pg = maxi{Pgi} and Ph = maxi{Phi}.
Proof Let H(k) = PgH′(k) + PhH′′(k) ∈
Pg∂A(Xi(k)) + Ph∂B(Xi(k)) with H′(k) ∈
∂A(Xi(k)) and H′′(k) ∈ ∂B(Xi(k)). Owing to
Lemma 4, we have

∥∥X̄(k + 1)−X∗∥∥2
F

=

∥∥∥∥∥X̄(k)−ζ(k)

N

N∑

i=1

(∇Fi(Xi(k), ξi(k))+H(k))−X∗
∥∥∥∥∥

2

F

=

∥∥∥∥∥X̄(k)−X∗ − ζ(k)

N

N∑

i=1

(∇fi(Xi(k)) +H(k))

+
ζ(k)

N

N∑

i=1

(∇fi(Xi(k)) +H(k))

−ζ(k)

N

N∑

i=1

(∇Fi(Xi(k), ξi(k)) +H(k))

∥∥∥∥∥

2

F

=‖Δ1‖2F + ζ2(k)‖Δ2‖2F +
2ζ(k)

N
tr(ΔT

1 Δ2),

(10)
where

Δ1 = X̄(k)−X∗ − ζ(k)

N

N∑

i=1

(∇fi(Xi(k)) +H(k))

(11)
and

Δ2 =
1

N

N∑

i=1

(∇fi(Xi(k)) +H(k))

− 1

N

N∑

i=1

(∇Fi(Xi(k), ξi(k)) +H(k)).

Since
∑N

i=1 fi(Xi) =
∑N

i=1 Eξi∈DiFi(Xi, ξi), we
have

Eξ1(k),ξ2(k),...,ξN (k)
2ζ(k)

N
tr(ΔT

1 Δ2) = 0.
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Based on item (4) in Assumption 2, we can derive

Eξ1(k),ξ2(k),...,ξN (k)ζ
2(k)‖Δ2‖2F ≤ ζ2(k)σ̄2

N
.

For ‖Δ1‖2F, we can obtain

‖Δ1‖2F =
∥∥X̄(k)−X∗∥∥2

F

+ ζ2(k)

∥∥∥∥∥
1

N

N∑

i=1

(∇fi(Xi(k)) +H(k))

∥∥∥∥∥

2

F︸ ︷︷ ︸
Δ3

−2ζ(k)tr

(
(
X̄(k)−X∗)T 1

N

N∑

i=1

(∇fi(Xi(k))+H(k))

)

︸ ︷︷ ︸
Δ4

.

Then, according to statement (3) in Lemma 1,
and items (1) and (2) in Assumption 2, we have

Δ3 =

∥∥∥∥∥
1

N

N∑

i=1

(∇fi(Xi) +H(k))

∥∥∥∥∥

2

F

≤2

∥∥∥∥∥
1

N

N∑

i=1

∇fi(Xi)

∥∥∥∥∥

2

F

+ 4

∥∥∥∥∥
1

N

N∑

i=1

PgiH′(k)

∥∥∥∥∥

2

F

+ 4

∥∥∥∥∥
1

N

N∑

i=1

PhiH′′(k)

∥∥∥∥∥

2

F

≤2M2 + 4PgMg + 4PhMh

=χ2.

According to items (1) and (2) in Assumption 2, we
can also obtain

− 1

ζ(k)
Δ4

=− 2

N

N∑

i=1

[
tr
((

X̄(k)−Xi(k)
)T

(∇fi(Xi)+H(k))
)

+ tr
(
(Xi(k)−X∗)T (∇fi(Xi) +H(k))

)]

≤− 2

N

N∑

i=1

[
f̃i(X̄(k))− f̃i(Xi(k))

− l + Pglg + Phlh
2

‖X̄(k)−Xi(k)‖2F

+ f̃i(Xi(k))− f̃i(X
∗)− μi

2
‖Xi(k)−X∗‖2F

]

≤− 2

N

( N∑

i=1

f̃i(X̄(k))−
N∑

i=1

f̃i(X
∗)
)

+

N∑

i=1

l + Pglg + Phlh + μ

N
‖X̄(k)−Xi(k)‖2F

−
N∑

i=1

μ

2N
‖X̄(k)−X∗‖2F.

(12)
Combining with expressions (10)–(12), the proof is
completed.
Lemma 6 (Koloskova et al., 2019) Under As-
sumption 2, {X (k)}k≥0 in Algorithm 1 with ζ(k) =

a1/(k + a2), a1 > 0, and a2 ≥ 5/p satisfies

∥∥X (k + 1)− X̄ (k + 1)
∥∥2
F
≤ 40ζ2(k)

NQ

p2
, (13)

where Q = E2 + 2P 2
gM

2
g + 2P 2

hM
2
h (E, Mg, and Mh

are from Assumption 2), and 0 < p ≤ 1 denotes the
convergence rate of Algorithm 1 if the conditions of
Lemma 4 hold.

From Theorem 1 in Koloskova et al. (2019), we
obtain p = κ(1−δ2(A)) (κ is from the gossip model).
Based on item (4) in Assumption 2, A is a symmetric
doubly stochastic matrix; thus, all its eigenvalues are
positive and its largest eigenvalue is 1.
Lemma 7 (Koloskova et al., 2019) Let {a(k)}k≥0

with a(k) ≥ 0 and {e(k)}k≥0 with e(k) ≥ 0 be the
sequences satisfying

a(k)≤(1−χζ(k))a(k)−ζ(k)e(k)A+ζ2(k)B+ζ3(k)C

for step ζ(k) = 4/(χ(a + k)) and constants A >

0, B ≥ 0, C ≥ 0, χ > 0, a > 1. Then

A

S(K)

K−1∑

k=0

ω(k)e(k)

≤ χa3

4S(K)
a(0) +

2K(K + 2a)

χS(K)
B +

16K

χ2S(K)
C

for ω(k) = (a + k)2 and S(K) :=
∑K−1

k=0 ω(k) =

K
(
2K2 + 6aK − 3K + 6a2 − 6a+ 1

)
/6 ≥ K3/3

with K being the total number of iterations in Algo-
rithm 1.

Summing with Lemmas 4–7, we derive a theo-
rem as follows, which implies that Algorithm 1 can
converge to an optimal solution to problem (4) with
a proper ζ(k):
Theorem 3 Under Assumption 2, for p > 0, Al-
gorithm 1 for ζ(k) = 4/(χ1(a+ k)) with a ≥ 5/p
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converges at the rate

N∑

i=1

fi (Xavg(K))−
N∑

i=1

fi(X
∗)

≤ χ1a
3

8S(K)

∥∥X̄(0)−X∗∥∥2
F
+

K(K + 2a)

χ1S(K)

(
σ̄2

N
+ χ2

)

+
320Kχ3Q

χ2
1S(K)p2

,

where Xavg (K) =
∑K−1

k=0 ω(k)X̄(k)/S(K) for
ω(k) = (a + k)2, and S(K) =

∑K−1
k=0 ω(k) ≥ K3/3

(X̄(k) is from Lemma 4).
Proof Substituting inequality (13) into the bound
in inequality (9), we can obtain

Eξ1(k),ξ2(k),...,ξN (k)

∥∥X̄(k + 1)−X∗∥∥2

≤
(
1− ζ(k)χ1

2

)∥∥X̄(k)−X∗∥∥2 + ζ2(k)

(
σ̄2

N
+ χ2

)

− 2ζ(k)

(
N∑

i=1

f̃i(X̄(k))−
N∑

i=1

f̃i(X
∗)

)

+ 40ζ3(k)
χ3Q

p2
.

Let A = 2, B = σ̄2/N + χ2, C = 40χ3Q/p2, and
a(k) =

∥∥X̄(k)−X∗∥∥2
F
. According to Lemma 7 with

A, B, and C, we can derive

2

S(K)

K−1∑

k=0

ω(k)

(
N∑

i=1

f̃i(X̄(k))−
N∑

i=1

f̃i(X
∗)

)

≤ χ1a
3

4S(K)

∥∥X̄(0)−X∗∥∥2
F

+
2K(K + 2a)

χ1S(K)

(
σ̄2

N
+ χ2

)
+

16K

χ2
1S(K)

40
χ3Q

p2
.

Because of the convexity of fi, A, and B (ac-
cording to items (1) and (2) in Assumption 2),
we have that f̃i is convex for i ∈ IN . In addi-
tion, according to Selection principle 1, we have
that

∑N
i=1 fi (Xavg (K)) ≤ ∑N

i=1 f̃i (Xavg (K)) and∑N
i=1 fi (X

∗) =
∑N

i=1 f̃i (X
∗) . Then, we can derive

N∑

i=1

fi (Xavg (K))−
N∑

i=1

fi(X
∗)

≤
N∑

i=1

f̃i (Xavg (K))−
N∑

i=1

f̃i(X
∗)

≤ 1

S(K)

K−1∑

k=0

ω(k)

(
N∑

i=1

f̃i(X̄(k))−
N∑

i=1

f̃i(X
∗)

)

≤ χ1a
3

8S(K)

∥∥X̄(0)−X∗∥∥2
F
+

320Kχ3Q

χ2
1S(K)p2

+
K(K + 2a)

χ1S(K)

(
σ̄2

N
+ χ2

)
.

Theorem 3 provides the proper time-varying
step ζ(k) for Algorithm 1. With ζ(k), Algorithm 1
can solve the matrix-valued distributed stochastic
optimization problem (4). In the next section, we
will provide two examples to show the validity of the
proposed penalty method and Algorithm 1.
Remark 1 (Convergence rate) The convergence
rate of Algorithm 1 is T1(K) = O( σ̄

2+Nχ2

KNχ1
) (see

in Theorem 3), where χ1 = μ and χ2 = 2M2 +

4PgMg + 4PhMh. The methods developed in Zhou
et al. (2019), Huang et al. (2021), Xia ZC et al.
(2021), and Zhang et al. (2022) are continuous-time
optimization methods; thus, they are conservative.
Therefore, their convergence rate is low. The con-
vergence rate of the algorithm in Koloskova et al.
(2019) is T2(K) = O( σ̄2

KNμ ). Because the problems
considered in Koloskova et al. (2019) are not subject
to any constraint, T1(K) is larger than T2(K). The
extra part of T1(K), except T2(K), is the handling
of constraints; note that χ2, with respect to con-
straints mainly, is natural to the balance between
unconstrained problems and constrained ones.
Remark 2 (Complexity) The numbers of floating
points are the same in X and vec(X). Thus, the spa-
tial complexities of a matrix-valued algorithm and a
vector-valued algorithm are the same when there are
no other constraints. The complexity of Algorithm 1
is O(4KN(nm+ 1)), while the complexity of the al-
gorithm in Koloskova et al. (2019) is O(3KNnm).
The difference is also generated from the handling of
constraints naturally.

Compared with conventional distributed opti-
mization methods (see in the references in Sec-
tion 1.1), we consider matrix-valued optimization
and stochastic optimization. In addition, an ex-
act penalty for dealing with (in)equality constraints
is employed to distributed optimization. Table 1
presents the comparison results.

5 Simulations

In this section, two numerical examples are pre-
sented to illustrate the characteristics of the penalty
methods and Algorithm 1. The algorithm and the
data are implemented and simulated in MATLAB�
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Table 1 Comparison of existing works with this study

Reference Matrix-valued Distributed Stochastic Constraint

Huang et al. (2021) � × × Bound constraints
Zhang et al. (2022) � × × Equality constraints
Zhou et al. (2019), Xia ZC et al. (2021) × � × Bound constraints
Koloskova et al. (2019) × � � None
This study � � � Equality constraints; inequality constraints

R2017b and run on Intel� CoreTM i5-8257U CPU
@1.40 GHz, Intel Iris Plus Graphics 645 1536 MB,
8 GB 2133 MHz LPDDR3, macOS 10.15.7.
Example 1 Consider the following matrix-valued
distributed optimization problem with N = 3:

min

3∑

i=1

‖HiX −Bi‖2F

s.t.

{
(2, 1, 3)X(1, 1, 1)T = 6.22,

(5, 2, 3)X(1, 1, 1)T ≤ 10.38,
(14)

where X ∈ R
3×3,

H1 =

⎡

⎣
1 1 1

1 7 3

1 5 6

⎤

⎦ , H2 =

⎡

⎣
1 1 1

1 2 3

1 3 6

⎤

⎦ ,

H3=

⎡

⎣
0.568 1.000 0.234

1.000 0.310 0.163

0.234 0.163 0.550

⎤

⎦ , B1=

⎡

⎣
1 1 1

2 2 3

2 3 4

⎤

⎦ ,

B2 =

⎡

⎣
3 3 5

2 3 5

1 3 4

⎤

⎦ , B3 =

⎡

⎣
2 0 3

9 0 0

3 4 5

⎤

⎦ .

Note that the objective functions are all con-
vex and 2maxi∈{1,2,3} ‖Hi‖2F-strongly convex. The
equality constraint function and inequality con-
straint function are linear. Thus, the penalty
functions A(X) and B(X) are convex and pseudo
smooth. We can obtain the optimal solution X̄∗

without any constraint as follows:

X̄∗ =

⎡

⎣
1.01 1.14 0.23

0.18 0.00 0.38

0.00 0.37 0.38

⎤

⎦ ,

and the optimal value 107.88. Then, we per-
form Algorithm 1 without random samples where
parameters are taken as κ = 0.1, Pg = 4, Ph = 10,

A =

⎡

⎣
0.6357 0.0969 0.2674

0.0969 0.8751 0.0280

0.2674 0.0280 0.7047

⎤

⎦

with δ2(A) = 0.8212, and a = 280 based on p =

0.0178.
Based on MATLAB, we run Algorithm 1, and

we can obtain Figs. 1a–1c depicting the transient
states of Xk(i, j), k, i, j ∈ {1, 2, 3}, showing that
Algorithm 1 is always globally convergent. We can
obtain the optimal solution to problem (14):

X∗ =

⎡

⎣
0.52 0.23 0.43

0.29 0.14 0.29

0.30 0.14 0.64

⎤

⎦ ,

and the optimal value is 147.21. Fig. 1d shows that
the objective function value obtained by Algorithm 1
is the same as the optimal solution to problem (14).
Therefore, the exact penalty method is valid, and
Algorithm 1 can solve problem (14) without random
samples.

Then we add random samples to problem (14),
and other settings remain the same. We run Algo-
rithm 1 by MATLAB and Fig. 2 is obtained. Fig. 2
depicts the transient objective function values of
problem (14) with or without random samples by
running Algorithm 1. Note that two trajectories are
roughly the same; thus, Algorithm 1 can also solve
problem (14) with random samples, which illustrates
that Algorithm 1 can be used to solve matrix-valued
distributed stochastic optimization problems.
Example 2 Consider a matrix-valued distributed
stochastic optimization problem with more agents
and higher dimensions (N = 10 and X ∈ R

9×9) as
follows:

min F (X) =

10∑

i=1

‖XHi −Bi‖2F

s.t. Q1X19 = 0, Q2X19 ≤ 0,

(15)

where Hi, Bi, QT
1 , and QT

2 are generated in∏9
i=1[0, 1] randomly.

We run Algorithm 1 to solve problem (15) with-
out or with random samples, and then we obtain
Fig. 3. Fig. 3 shows the errors between the transient
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Fig. 1 Transient states of Xk(1, i) (a), Xk(2, i) (b), Xk(3, i) (c), and the transient values of the objective
function (d) in Example 1 (k, i ∈ {1,2,3})
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Fig. 2 Transient values of the objective function in
Example 1

values of the objective function obtained by Algo-
rithm 1 and the optimal values of the objective func-
tion in Example 2. The error converges to 0, and two
trajectories are roughly the same, which illustrates
the validity of Algorithm 1.

6 Conclusions

In this paper, we have focused on a special
constrained optimization called matrix-valued dis-
tributed stochastic optimization subject to inequal-
ity and equality constraints. We have adopted an ex-
act penalty for the handling of the constraints. Based
on a gossip model, we have developed a distributed
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Fig. 3 Errors between the transient values of the
objective function obtained by Algorithm 1 and the
optimal values of the objective function in Example 2

stochastic gradient descent algorithm and analyzed
its stability. Two illustrative examples have been
provided to explain the validity of the exact penalty
method and the optimization method.
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