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Abstract: In this paper, the problem of controllability of Boolean control networks (BCNs) with multiple time
delays in both states and controls is investigated. First, the controllability problem of BCNs with multiple time
delays in controls is considered. For this controllability problem, a controllability matrix is constructed by defining
a new product of matrices, based on which a necessary and sufficient controllability condition is obtained. Then, the
controllability of BCNs with multiple time delays in states is studied by giving a necessary and sufficient condition.
Subsequently, based on these results, a controllability matrix for BCNs with multiple time delays in both states and
controls is proposed that provides a concise controllability condition. Finally, two examples are given to illustrate

the main results.
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1 Introduction

In system biology, genetic regulatory networks
(GRNs) are essential networks. Boolean networks
(BNs), first proposed by Kauffman (1969), are an
effective tool in modeling, analyzing, and simulat-
ing GRNs, wherein each gene is characterized by a
Boolean variable (active (1) or inactive (0)), and in-
teractions between the states of each gene are deter-
mined by logical functions composed of logical oper-
ators. BNs with external inputs are called Boolean
control networks (BCNs). BNs and BCNs have at-
tracted much attention from biologists, physicists,
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and systems scientists (Albert and Othmer, 2003;
Chaves et al., 2005; Klmat et al., 2006; Cheng and Qi,
2009). In particular, Cheng and Qi (2010) proposed
a generalized matrix product, called the semi-tensor
product (STP), based on which an algebraic state-
space representation framework has been established
for the analysis and control of BNs or BCNs (Cheng
et al., 2011). The framework makes it relatively
easy to formulate and solve classical control-theoretic
problems for BNs or BCNs, and thereby many funda-
mental results of BNs or BCNs have been obtained,
such as controllability and observability (Zhao et al.,
2010; Fornasini and Valcher, 2013; Liang et al., 2017;
Weiss and Margaliot, 2019; Zhou et al., 2019; Zhang
X et al., 2021; Zhu et al., 2021), optimal control (For-
nasini and Valcher, 2014; Wu et al., 2021; Gao et al.,
2022), stability and stabilization (Li R et al., 2013;
Zhong et al., 2020; Acernese et al., 2021; Guo et al.,
2021; Li HT et al., 2021; Shen et al., 2021), system
decomposition and decoupling (Zou and Zhu, 2015;
Li YF and Zhu, 2020, 2022, 2023; Li YF et al., 2021;
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Feng et al., 2022), output regulation (Li HT et al.,
2017), and synchronization (Zhong et al., 2014; Chen
HW et al., 2018).

As is commonly known, the time delay phe-
nomenon encountered in the real world should be
taken into account to reduce its impact on the dy-
namic behavior of models (Wang WQ and Zhong,
2012; Wang ZD et al., 2018). For BNs, based on the
STP, many results concerning BCNs with time de-
lays in states have been presented (Li FF and Sun,
2011; Li FF et al., 2011; Li R et al., 2012; Zheng and
Feng, 2020), and the controllability of BCNs with
delays in states has been investigated widely. In sev-
eral works (Li FF and Sun, 2011; Li R et al., 2012;
Han et al., 2014; Lu et al., 2016), the controllabil-
ity problem of BCNs with a constant time delay in
states has been investigated. For BCNs with time-
varying delays in states, the controllability problem
has been investigated (Zhang LJ and Zhang, 2013;
Ding et al., 2018). Because the information transmis-
sions between different pairs of nodes in a complex
network are, in general, unsynchronized, BCNs with
multiple time delays (high-order BCNs) have been
proposed as a better model for GRNs (Chen H and
Sun, 2013). Moreover, necessary and sufficient con-
ditions for the controllability of BCNs with multiple
constant delays (i.e., high-order BCNs) have been
obtained (Li FF and Sun, 2012; Chen H and Sun,
2013; Ding et al., 2018).

System performance is greatly impacted by time
delays in controls, and systems with such delays
have been studied widely in economic, biological,
and physiological industry fields (Cui et al., 2009;
Liu and Zhao, 2011; Klamka, 2019). The control-
lability of systems with time delays in both states
and controls has been investigated (Dauer and Gahl,
1977; Yang et al., 2009). The controllability of BCNs
with time delays in both states and controls has been
studied in Han et al. (2014), in which the considered
system has a constant delay. A natural question is,
what is the controllability condition for BCNs with
multiple time delays in both states and controls? In
addition, controllability matrices play an essential
role in controllability analysis of delay-free BCNs,
and provide a concise criterion for controllability;
i.e., a delay-free BCN is controllable if and only if
all elements of its controllability matrix are nonzero
(Zhao et al., 2010). An interesting issue to be consid-
ered is how to construct controllability matrices for

BCNs with multiple time delays in both states and
controls. Furthermore, is there a similar concise cri-
terion for the controllability of BCNs with multiple
time delays in both states and controls with the help
of controllability matrices? These questions moti-
vated us to study the controllability of BCNs with
multiple time delays in both states and controls. The
main contributions of this paper are summarized as
follows:

1. To our knowledge, we are investigating con-
trollability of BCNs with multiple time delays in
both states and controls for the first time. In our
study, this problem is transformed into two relatively
simple problems to be solved: BCN controllability
with multiple time delays in controls and with mul-
tiple time delays in states.

2. To solve the controllability problem of BCNs
with multiple time delays in controls, a relatively
simple and clear controllability matrix is constructed
by defining a new product of matrices. A necessary
and sufficient condition is then obtained with the
help of the controllability matrix for the controlla-
bility problem.

3. A necessary and sufficient condition is pro-
posed for the controllability problem of BCNs with
multiple time delays in states. Based on these re-
sults of controllability of BCNs with multiple time
delays in states and BCNs with multiple time delays
in controls, the controllability matrix for BCNs with
multiple time delays in both states and controls is
constructed to provide a concise controllability cri-
terion similar to that for delay-free BCNs.

2 Preliminaries and problem setting

Throughout the paper, we use the following
notations:

(1) Z: set of all integers;

(2) [a,b] :=={a,a+1,--- b}, where a,b € Z;

(3) Ryuxn: set of real matrices of m x n;

(4) Byuxn: set of m x n matrices with each entry
in B, where B := {1, 0};

(5) B™: set of n-dimensional Boolean vectors;

(6) A > 0 means that each entry of matrix A is
positive;

(7) Col;(A): the ith column of matrix A;

(8) AT: transpose of matrix A;

9) 1,: [1,1,...,1]%;

——

n
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(10) 8% : the i*" column of identity matrix Ix;

(11) Ay = {8, : i =1,2,--- ,k}, specially de-
note Ay = {83, 85 } by A,

(12) Linxn = {L € Ryyn|Col(L) C Ap},
and L € L,,«xp is called a logical matrix;

(13) O liv, g, -+ yip) i=[805, 602, ,8lr].
Definition 1 (Cheng and Qi, 2010)  Set A =
(aij) € Ryxn and B = (blj) S Rpxq. Let o =

lem(n,p) be the least common multiple of n and p.
Then the STP of A and B is defined as

AxB=(A®I.)(Bola). (1)

In Definition 1, when n = p, the STP degen-
erates to the conventional matrix product. More-
over, the STP keeps most properties of the conven-
tional product, e.g., associativity, distributivity, and
the transpose and inverse of products (Cheng et al.,
2011). Hence, in the following discussion, A x B is
denoted by AB for simplicity of presentation.
Definition 2 (Cheng and Qi, 2010) The k-

dimensional power-reducing matrix is defined as

Definition 3 (Cheng and Qi, 2010)  The swap
matrix W, ) is defined as
Wi = [0l@dl ., 62@dL, -, "@dL, -,
5, R0, SR8, -, SrRO].

Let x € A, and y € A,,. Then zx = M, ,x
and Wy, ,jzy = yx. In addition, for any matrix
M and column vector x € Ry, it holds that M =
(I: ® M)z (Cheng et al., 2011).

Identify Boolean variable X € B with logical
vector ¢ € Ay as X = 1 ~ x = 8} and X =
0 ~ x = 63. Let x; be the vector form of logical
variable X;; ie., X; ~ x;, ¢ = 1,2,---,n. Then
there is a one-to-one correspondence between X =
(Xl,XQ, e ,Xn)T € B" and x = D(;lzl.’lll‘ € Aon.

Consider a BCN described by the logical

equations:

Xa(t+1) = fi (K@), Xa(t = 1), Xa(t = ),
LX), Xt = 1), Xp(t = N),

Ui(t),Us(t = 1), Ut = ),

Un (). Un(t = 1), . Un(t = ),

Xoa(t+1) =fa (X0, Xa(t = 1), Xa(t = ),
X (), Xt = 1), Xp(t = N),
UL(0), Uit = 1), Us(t = pa) -
Un(0). Un(t = 1), . Un(t = 1)),
3)

where A\ and p are positive integer delays for state
and control respectively, X;,U; € B,i=1,2,--- ,n,
and j = 1,2,---,m. In addition, f; : B"*™ — B" is
the system mapping. Let € = X} x;, v = X2 u;,
where X; ~ x;, U; ~ u;. Based on the properties of
the STP, BCN (3) can be converted into the following
algebraic form:

where L € £271X2(M+1)7n+(>\+1)n .
Remark 1 The conversion process between log-
ical form (3) and algebraic form (4) can be found in
Cheng and Qi (2010).

From algebraic form (4), the initial state space
of BON (4) is Zp := Agn X Agn X - -+ X Agn. There

A1

is a natural one-to-one mapping from Zy to Agnixin
as (xo, 1, - ,x)) —> o X T3 X -+ X &) . Then,
Asna+1y can be seen as the space of initial states.

For convenience of presentation, we denote x; =
z(t) x x(t —1) x --- x &(t — \). For a given initial
state £p = x(0) X (—1) X -+ X &(=A) € Agnri)
and a control sequence {u(t)}{=' ,, the solution to
BCN (4) is denoted by x(t; o, {u(t) i;l_u).
Definition 4 Consider BCN (4). A state
xrqy € Agn is said to be s-step reachable from
xy € Agninrn, if there exists a control sequence
{u(t)}f;iu, such that x(s; o, {u(t)}f;lu) = xzq.

Denote the set of all s-step reachable states from
x € Aynniy and the set of all reachable states from
x € Aynineny by Re(x) and R(x), respectively. Ob-
viously, R(z) = UL R (z).
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Definition 5 BCN (4) is said to be control-
lable at x( if R(xg) = Azn. BCN (4) is said to be
controllable, if for any &y € Aynii, BCN (4) is
controllable at xg.

When g = 0,\ = 0, BCN (4) degenerates to

x(t+1) = Lu(t)x(t), (5)

where L € £2n><2n+m. Let L = [Ll,LQ, v ,LQm].
In Zhao et al. (2010), the controllability matrix for
BCN (5) was defined as C = Z?Zl(z:le L;).
Lemma 1 (Zhao et al., 2010) BCN (5) is con-
trollable if and only if C > 0.

A natural question is whether we can construct
a similar controllability matrix to obtain a concise
criterion for the controllability of BCN (4). This is
exactly the problem to be discussed in this study.

3 Main results

3.1 Controllability of BCNs with multiple
time delays in controls

In this subsection, we consider the case of time
delays only in controls; i.e., A = 0 in BCN (4). Then
the considered system becomes

z(t+1)=Lut)u(t—1) --ult—p=x(t). (6)
We divide L into 2(#t1™ blocks as follows:
L=[Li.11,Ly 12, -+, Ly 19m,- -,
Lym..om1, Lom...gma, -+, Lom..gmom],

where LiliQ"'iu+1 € Lon won, 11,19, * ,7;“+1 € [1, 2m]
Definition 6 BCN (6) is said to be controllable
if for any given initial state g € Az and destina-
tion state xq € Asgn, there exists an s and a con-
trol sequence {w(t) f;il“ such that (0) = x¢ and
z(s) = xq.

From Eq. (6), letting «(0) = @o, u(t) = 84,
t € [—u, s — 1], by a simple calculation, we have

z(s)=Lu(s—1Du(s—2)---u(s—p—1)---
Lu()u(=1) - u(~p)e(0)
=Lh, shyshopyrLhg shy goho s
- Ligh_y-.h_, 0. (7)

Let
gm om 2m
S ._
MS = E g cee E Lh571hs—2“'h87u*1
hs—1=1h,_o=1 h—n=1

“Lh, _shy ghoos Lhoh_yh,,-

(®)

To simplify M? we rearrange L as

L= (Lilig---iﬂ+1)

L. 11 Li..1> L. 19m
Ly. .o L. .o L. .99m
Lym.gmy  Lam.gmg Lym..gmom

E 82n+um><2m+n,

(9)

where Li1i2"'iu+1€ Lon won, 11,12, ,Z'thle [1, 2m]
Definition 7 Given a matrix A € Ryyq, let s|p
and t|q with sm = p and tn = ¢. Then A is expressed
as a block decomposed form as A = (A;;)mxn, Where
Ajj € Ry We define

diag,y;(A) :=

A11A2 -+ Alp
A1 Az -+ Aoy

AmlAm2 o Amn

It is obvious that diag,, ,(A) € Ryysxmnt in Def-
inition 7.
Definition 8 Given A € Ry x, and B € Ry,
let aju and blv with mpa = w and nb = v, and
x = npb. Then A is expressed as a block decomposed
form as A = (Ajj)mpxn, where A;; € Ryyp. We
define a new product of A and B denoted by Ao B
as

Ao B :=diag,.,(A) (1, ® B).

Specifically, denote A?) := Ao A and A®) := Ao
A(s—l).
Proposition 1 Consider a matrix A € Ry, i xnk;

which is expressed as a block decomposed form as
A= (Aij)pnxn with Aij € Rexr. Let

Ay

Ay
A= )
A,
Then

diagy, 1, (A1)
AG) — diagkx.k(A2)
diagy, 1, (An)

where s =2,3,--- .
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”

Proof  According to the definition of “o,” with a ~ Remark 2 Obviously, if matrices A;; and By

straightforward computation, we have are replaced by a;; € R and by € R respectively, in
@ . Definitions 7 and 8 and Proposition 1, Proposition 1
A = Ao A =diagy,,(A) (1, ® A) = still holds.
diagy . (A1) A Lemma 2
diagkxk (AQ) A ~
.. : (L(S)ﬁliz'“iwl
N . 2m 27n 27?1
dlagka (An) = Z Z e Z Li1i2~~~iuh1
diagy,. ;. (A1) hi=lhe=1  hs_1=1
o diagkxk (AQ) A : Lizis---iufnhz T thfphsfu+l”'hsfl7;u+l7 (10)
. ' where s =2,3,---.
diagy,,, (An)
Proof  We first prove that when s = 2, Eq. (10)
and holds. From Eq. (9), one has that L consists of 2™ x
A®) — A0 A® — diag, . (A) (ln ®A(2>> 2™ blocks, where each block L;,,...i,,, € Lanxan,
. i1yd9, s ie1 € [1,2™]. Let
diagy, 1, (A1) A(2)
diagy, ., (A2) AP ~
= . . %—/1 Qg
c ', . L, - Qi
diagy, 1, (An)/ \ AP L= ) and L; := ,
diagy ., (A1) .
_ dia‘gkxk (AQ) A(2) L2m aig(#*l)m
diagkx.k (An) where o, € Lonyonim, @ = 17%, cee2me g =
. 2 L1
diagy,, , (A1) L
. - 2
_ diagy 1, (A2) " 1,2,--- ,2(#71)7". Let L := , where
diagy 1, (An) Eg(ufl)m
Li S BQ71+7n><2n+m, 'L = 1,2, e ,2(#71)1‘”. ACCOI‘ding
Similarly, to Proposition 1, a straightforward computation is
) s—1 shown at the bottom of this page.
dla’gkxk(Al) Thus
diagy, 1, (A2) ’
A = A.
: gm
: ¥ (2
diagkxk(An> (L( )>i1i2'“iu+1 = Z Li1i2"'iph1Li27;3"'7:ph17:p+1'
h1:1
_um ym _
hzan---lhan---lhll hzlLll---lhlLllml)LlQm
1= 1=
Otll(le)
: B 2m om
diagyn y on (i1) AL, (p—1)m (Lz(ufl)m) hlzzflmm"thlemnamhl o hlzzflmmngmhlwmnamhzm
L= : — : —
di' Ton ‘TL il m Qugm E 2m 2/”1
aganxan (Lam) 2 (I) hZILlemlhlLlemlhll hzlem1~-1hlL2m1~-1hlzm
1= 1=
X2 (p=Dym (iW*UM)
2m 2m
L Z1142m2m---2mh1L2m2m---2mh11 : '}'Z114277127”---QMh1L2mmﬂ---2Mh12m
l1: l1: .
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Suppose that when s = k, Eq. (10) holds. In

the following, we consider s = k + 1.

(i(ml))
i1i2~~~iu+1

om

= Z Li1i2"'iuh (i(k)>i2i3wiuhiu+1
_ ZLHQ i Z Z Z Lzzza iy hhy

hi1=1hay=1 hi—1=1

“Ligiyeiphhy by "'Lhk B

om  gm om

_Z Z Z Z Li,.. mhsza “i, hhy

hg—pr1hp 1041

h=1h1=1ho=1 hi_1=1
: Li3i4'”iuhh1h2 T Lhk—uhk—qul"'hk—li;H»l'
Therefore, for any s = 2,3,---, Eq. (10) holds.

From Lemma 2 and the meaning of M?, it fol-
lows that

M* =13, L 1gm. (11)

such that

system (6) reaches a(s) = 84, from @y = 8}, if and

only if (M?),; >0

Proof If there exists {u(t) f;lu, where u(t)=62%,,
€ [_:uv S

Proposition 2 There exists {u(t)}; t——w

— 1], such that system (6) reaches z(s) =
8%, from xo = 63, then by Eq. (7), it follows that
“Lhgh_yh_,)ij >
> 0. The reverse

(Lhoshaohoyr Dhoohe b s
0. Given Eq. (8), we have (M?),;
is also true.

According to the Hamilton-Cayley theory, if
(M?);; =0 for s =0,1,---,2", then (M?);; =0
fors =2"+1,2"+2,---. Let

o
M = ZMS =13, L®1gm,

s=1

(12)

and we call it the controllability matrix of BCN (6).
Theorem 1 BCN (6) is controllable if and only
it M > 0.

Proof  For any given i,j € [1,2"], let the initial
state xgp = Jgn and the destination state x4 = 64n.

(Necessity) If BCN (6) is controllable, then there

exists an s > 0 and a control sequence {u(t)}i=" T
such that z(0) = &3, and x(s) = 85.. Accord-

ing to Proposition 2, (M?);; > 0. Given M,;; =
(Zsll M?);;, we have M,;; > 0. By the arbitrari-
ness of 7, j, we have M > 0.
(Sufficiency) Considering
(X2, M®)5, from My; > 0,

Mij =
it follows that

there exists an s > 0 such that (M?®);; > 0. From
Proposition 2, &4 = &%, can be reachable from
Ty = Jgn at the s*? step. By the arbitrariness of 7, j,
we have that the system is controllable.

3.2 Controllability of BCNs with multiple
time delays in states

In this subsection, we consider the case of time
delays only in states; i.e., p = 0 in BCN (4). Then,
BCN (4) degenerates to

z(t+1)=Lut)et)x(t—1)---x{t—N). (13)
Let
z(t) =x(t)x(t —1) (t—N). (14)
Then
z(t+1)
=z(t+ Da(t) -zt — A+ 1)
=Lu(t)xt)xet—1) -zt —Nxt) -zt —A+1)
=Lu(t) [2An,2<x+1)n][f‘3(t)m(t —1)-a(t— A+ 1))
~x(t = A)
=Lu(t) [2>\n,2(>\+1)n]Mr,2>‘"w(t)w(t — 1)zt =)

=L (IQm X (W[2A7172(A+1)n]Mr,22")> u(t)z(t)'

Let L i= L (Tan & (Wigan yore00 M o) ). Then
we have

z(t+1) = Lu(t)z(t),

which is a delay-free BCN. From Lemma 1, BCN (15)
is controllable if and only if C > 0, where

(15)

2(>\+1)n

¢c= Z; (L x 1ym)’

Denote  the initial state of Eq.
z(0)z(—1)---x(—=\) by xo.
we have xy = z(0) and

(13)
Considering Eq. (14),

(t) = (I ® 15.,)2(1).

Consider BCN (13). Given the
initial state xg = 525(”1)" and destination state x4 =
5., there exists a control sequence {u(t)}iZ; such
that & (s) = xq can be reached from x if and only if
[(I2n ® 15:,)Clag > 0.

Proof (Necessity) Suppose that there exists a
control sequence {u(t)}:Z) such that system (13)

(16)

Theorem 2
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reaches x4 from xo at the s instant; ie., x(s) =
6%.. Under the same control sequence, assume that
BCN (15) reaches 6;(>\+1)n from zp at the s instant
(note that xg = 2¢); i.e., 2(s) = 0)x;1),- Then

Cyg > 0. (17)

Considering z(s) and x(s), from Eq. (16), we have

[(I2n ® 1530)]any > 0. (18)
Combining inequalities (17) and (18), we have
oA+ 1)n
[(IQTL ® 1’2T>\n )é]a,ﬁ = Z (I2n ® 1’2T)\n)0¢ié7;ﬂ > 0.
i=1

(Sufficiency) Given that [(I2n ® 1;”)@]0[3 =

(O+Dn . .
Z?:l (Izn ® 12Tm)aicz'[5, if [(Izn ® l;rm) C} 5 >

0, then there exists £ such that

Ces > 0, (19)

(I» ® 15, . > 0. (20)

Inequality (19) implies that there exists a control se-
quence {u(t) f;&, such that Eq. (15) reaches 55(”1)"
from z(0) = 62’8@“)” at the s instant. Combining in-
equality (20) and Eq. (16), under the same control
sequence {u(t)}iZ;, system (13) reaches x4 = 65,
from xy = 6§<H1)n at the s instant.

BCN (13) is said to be controllable if for any
given initial state xy € Ayoxr1). and destination
state q € Agn, there exists an s and a control se-
quence {u(t)}Z), such that x(s) = z4. Based on
Theorem 2, the following theorem holds:

Theorem 3 BCN (13) is controllable if and only
if (I» ® 1%,,)C > 0.

3.3 Controllability of BCNs with multiple
time delays in both states and controls

Based on the results obtained in Sections 3.1
and 3.2, we investigate the controllability of BCNs
with multiple time delays in both states and controls
in this subsection.

Consider BCN (4). Let
z(t) =x()x(t —1)---x(t—N). (21)

Omitting the same process as that in Section 3.2, one
can obtain

2(t+1) = Lu(t)u(t —1)---u(t — p)z(t), (22)

where i/ = L (IQ(H+1)m (24 (W[an’2(>\+1)n]Mr72Ml))-
Let

13 = [ill---lhill---lQ, s ,i/l...12m, s

)

L2m,,,27n17 L2m,,,27n2’ e 7L2m,,,27n27n]7

where Li1i2'~iu+1 S £2()\+1)n w2(A+1)n .
According to Theorem 1, BCN (22) is control-
lable if and only if

2(>\+1)n

M= Y 150 >0
s=1

where
L= (L+>
Ly .1 Ly -+ Ly.onm
L. o L. -+ Lj.oom
L27n...2m1 L2m,,,27n2 L2m,,,27n2m

GBQ(A+1)n+mn><2m+(>\+1)n.
By Eq. (21), we have
x(t) = (In ® 131,)2(t). (23)

We call (I2n ® l;fm) M the controllability ma-
trix of BCN (4). Considering Eq. (23), according to
Theorem 3, we have the following theorem:
Theorem 4 BCN (4) is controllable if and only
if (I ®13,,.) M > 0.

4 Examples

Example 1 Consider the following BCN with
time delays in controls:

x(t+1) = Lu(t)u(t — Du(t — 2)x(t), (24)
where u € Ay, x(t) € Ay,

L=6,[3,1,1,3,1,2,2,1,2,2,4,1,2,3,4,1,
3,1,3,2,3,2,3,2,2,3,3,2,1,4,1,1].

Let L = [Ly11, L112, L121, L122, Lo11, L2, La21, Lass],
where L, iyi; € Laxa, i1,72,13 € [1,2], and

Liii Lo
i_ Liz1 Lo
Lyi1 Lo
Loy Lo
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A straightforward calculation shows that

M =1711, =

O W W N
— N W N
N W~ N
O = W o

M?=1T0LP1, = > 0.

W O Ot N
= W oD
W = W O
— 00 W

Thus, M = Yo, M°® > 0. According to

Theorem 1, system (24) is controllable.

Example 2 Consider a BCN with time delays

in both states and controls:
x(t+1)=Lult)u(t — zt)x(t — 1), (25)

where L = &[1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1],
u,xz € Ay. Let z(t) = x(t)x(t — 1). Then we have
z(t+1)
=x(t+ 1)x(t)
=Lu(t)u(t — Da(t)x(t — 1)x(t)
=L (122 ® (W[2,22]Mr72)) u(t)u(t — 1)z(t).
Denote L := L (IQz ® W[Q,Qz]Mr’Qz). By a straight-

forward calculation, we have
L= 04[1,1,2,2,1,1,2,2,1,1,2,2,3,1,2,2].
Then we have
2(t +1) = Lu(t)u(t — 1)z(t). (26)

Let i/ = [illh i/lg, i/21, i/22:| s where .t S £4><167 and

1:111 1:112
Ly Loy

€ Bosyo3.

A straightforward calculation yields that

43 44 40 40
4

. z 8 8 8 12

=Y 1161, =
M ;2 2 9 8 12 8 |’
0 0 0 0
. 51 52 48 52

T _

It follows from Theorem 4 that system (25) is
controllable.

5 Conclusions

The controllability problem of BCNs with multi-
ple time delays in both states and controls has been
studied using the STP of matrices, which is trans-
formed into two problems: the controllability prob-
lem of BCNs with multiple time delays in controls
and the controllability problem of BCNs with mul-
tiple time delays in states. For these two controlla-
bility problems, necessary and sufficient conditions
have been given, and subsequently, based on them, a
controllability matrix and a necessary and sufficient
condition have been proposed for the controllability
of BCNs with multiple time delays in both states and
controls. In future work, we will investigate some
observability problems for BCNs with multiple time
delays in both states and controls.
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