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Abstract: A novel separation identification strategy for the neural fuzzy Wiener–Hammerstein system using hybrid signals is 
developed in this study. The Wiener–Hammerstein system is described by a model consisting of two linear dynamic elements 
with a nonlinear static element in between. The static nonlinear element is modeled by a neural fuzzy network (NFN) and the 
two linear dynamic elements are modeled by an autoregressive exogenous (ARX) model and an autoregressive (AR) model, 
separately. When the system input is Gaussian signals, the correlation technique is used to decouple the identification of the two 
linear dynamic elements from the nonlinear element. First, based on the input and output of Gaussian signals, the correlation 
analysis technique is used to identify the input linear element and output linear element, which addresses the problem that 
the intermediate variable information cannot be measured in the identified Wiener – Hammerstein system. Then, a zero-pole 
match method is adopted to separate the parameters of the two linear elements. Furthermore, the recursive least-squares 
technique is used to identify the nonlinear element based on the input and output of random signals, which avoids the impact 
of output noise. The feasibility of the presented identification technique is demonstrated by an illustrative simulation example 
and a practical nonlinear process. Simulation results show that the proposed strategy can obtain higher identification precision 
than existing identification algorithms.

Key words: Wiener – Hammerstein system; Neural fuzzy network; Correlation analysis technique; Hybrid signals; Separation 
identification
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1  Introduction

Block-oriented systems have been recognized 

as particularly useful for identification modeling of 

practical nonlinear processes owing to their simple 

structure and excellent approximation capability (Mu 

and Chen, 2014). The systems most representative 

of this particular type are the Hammerstein and the 

Wiener systems, which are composed of a static nonlin‐

ear element and a linear dynamic element (Li F et al., 

2022, 2023a, 2023b; Wang et al., 2022).

The Wiener–Hammerstein system (Ghanmi et al., 

2020) is a type of block structure system consisting of 

a static nonlinear element and two linear dynamic ele‐

ments, inheriting properties from both Wiener and 

Hammerstein systems (Fig. 1). Thus, it can more 

effectively approximate a nonlinear system than 

either of the two separate systems. Such a block 

structure system may be used to represent many 

practical nonlinear applications, such as an elec‐

tronic circuit (Piroddi et al., 2012), heat exchanger 
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(Ławryńczuk, 2016), wing flutter clearance of an F-18 
system (Janjanam et al., 2022), and a continuous 
stirred tank reactor (Škrjanc, 2021). Much effort 
has been made in identifying the nonlinear Wiener–
Hammerstein systems. In general, there are two 
kinds of identification schemes: synchronous identifica‐
tion and decoupled identification. The synchronous 
identification approaches identify hybrid parameters 
composed of nonlinear and linear elements, and in‐
clude subspace methods (Ase and Katayama, 2015; 
Katayama and Ase, 2016), multi-innovation-based 
methods (Li LW et al., 2020), and over-parameter 
methods (Falck et al., 2012). These methods contain a 
parameter product term and need to be further separat‐
ed by adopting a parameter separation technique, 
such as a singular value decomposition method or an 
average method. Therefore, the identification accu‐
racy of the synchronous identification approaches is 
reduced and the computational complexity is in‐
creased. In contrast, a decoupled identification scheme 
can separate parameter identification of the static 
nonlinear and linear dynamic elements by estimating 
the immeasurable intermediate variable. Thus, non‐
linear element and linear element parameters are car‐
ried out independently, such as in iterative methods 
(dos Santos et al., 2012; Han and de Callafon, 2012) 
and frequency-domain methods (Rijlaarsdam et al., 
2012; Shaikh and Barbé, 2019). In addition, some 
intelligent optimization techniques are used to identify 
the Wiener–Hammerstein system, such as the genetic 
method (Naitali and Giri, 2016) and particle swarm 
optimization method (Zong et al., 2021).

In recent years, identification modeling methods of 
Wiener–Hammerstein systems have been widely stud‐
ied. Substantial research work has focused on the iden‐
tification modeling issue of the Wiener–Hammerstein 
nonlinear systems with modeling of static nonlinear 
functions by polynomial expression, piecewise linear 
function, and basis function expansion (Paduart et al., 

2012; Sjöberg and Schoukens, 2012; Tiels et al., 2014). 
Li LW and Ren (2018) investigated parameter identi‐
fication of Wiener–Hammerstein systems by using a 
filter gain and novel cost function, in which smooth 
nonlinearity modeled by polynomials and non-smooth 
nonlinearity approximated by dead-zone were con‐
sidered. Hafsi et al. (2012) applied the multi-segment 
piecewise-linear characteristic to represent the non‐
linearity of the Wiener–Hammerstein system and the 
recursive least-squares method to fulfill simultane‐
ous estimation of both linear blocks and nonlinear 
block parameters. Based on the best linear approxi‐
mation theory, Sjöberg et al. (2012) used a maximum 
likelihood estimate and iterative search method to 
describe the identification of a Wiener–Hammerstein 
system with basis function expansion and obtained 
good initial estimates. Note that the nonlinearities used 
in the above scheme can be considered as a linear 
combination of basis functions, which are not suitable 
for approximating complex discontinuous functions 
because the order of the nonlinear model may need 
to be large to obtain accurate modeling.

Neural networks and fuzzy systems have been 
applied widely to nonlinear dynamic system model‐
ing owing to their ability to model nonlinearity to high 
precision. However, very few algorithms for identifi‐
cation of the Wiener–Hammerstein system based on 
neural networks or fuzzy systems have been pro‐
posed and formally analyzed. Weber and Gühmann 
(2021) used a non-autoregressive neural network archi‐
tecture to represent the Wiener–Hammerstein system, 
and considered an optimized caching algorithm for 
identification. Škrjanc (2021) combined a filtered 
recursive least-squares method with incrementally 
evolving Gaussian clustering to identify an interval 
fuzzy model in an online manner for the Wiener–
Hammerstein structure. Note that neural networks and 
fuzzy systems have their own advantages, namely 
their self-studying capability and fuzzy reasoning capa‐
bility. In this context, neural fuzzy systems consider 
both the self-studying ability and the reasoning ability, 
which can more effectively model non-smooth or dis‐
continuous nonlinear functions than the two models. 
Therefore, the main goal is to use a neural fuzzy 
system to represent the nonlinearity of the Wiener–
Hammerstein system. In addition, the redundancy 

Fig. 1  A diagram of the Wiener–Hammerstein system
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of the parameters and the existence of the internal 
variables, which are inaccessible to measurement, are 
the major difficulties for the identification of Wiener–
Hammerstein systems.

In this research, we focus on Wiener–Hammerstein 
system identification. The neural fuzzy network (NFN) 
is used to model only the static nonlinear element of 
the Wiener–Hammerstein system. Note that the iden‐
tification of an NFN-based Wiener–Hammerstein sys‐
tem is fundamentally different from that of a single 
NFN. The main difference lies in the system structure 
constraint imposed by the Wiener–Hammerstein system, 
in which a static nonlinear element is embedded be‐
tween the linear elements. It is apparent that the result‐
ing identification problem needs to consider both non‐
linear mapping and linear dynamics. In contrast, single 
NFN research results focus on the identification of one 
global nonlinear mapping.

In this study, we develop a new two-step separa‐
tion identification approach for identifying a Wiener–
Hammerstein system with output noise using hybrid 
signals. Hybrid signals, consisting of Gaussian signals 
and random signals, are applied to separate the identi‐
fication of the two linear dynamic elements from the 
nonlinear element, which avoids decomposing param‐
eter product terms in synchronous identification and 
improves identification accuracy. In the first step, in 
the case of input and output of Gaussian signals, the 
correlation analysis technique is used to identify the 
input linear element and output linear element. 
Thus, the issue that the intermediate variables of 
the Wiener–Hammerstein system cannot be measured 
is effectively handled. In the second step, the recursive 
least-squares technique is used to identify the non‐
linear element based on the input and output of a 
random signal, which avoids the impact of output 
noise. The significant innovations of this work lie in 
the following aspects:

1. The parameter product term of the nonlin‐
ear element and the linear element is included for 
synchronous identification methods (Ase and Katayama, 
2015; Katayama and Ase, 2016; Li LW et al., 2020). 
Unlike synchronous identification, the presented method 
separates parameter identification of the nonlinear 
element from that of the linear elements using the 
designed hybrid signals. This avoids decomposing 
parameter product terms in synchronous identifica‐
tion and improves identification accuracy.

2. To address the issue that the intermediate vari‐
ables of the Wiener–Hammerstein system cannot be 
measured, unlike the auxiliary model technique used 
in Zong et al. (2021), a correlation analysis technique is 
used. The technique involves the autocorrelation func‐
tion of input and cross-correlation function of input 
and output, which ensures that the identification pro‐
cedure is realized.

3. The zero-pole match technique is adopted to 
acquire the parameters of the two linear elements with‐
out parameter redundancy.

2  Problem statement and preliminaries

The nonlinear Wiener–Hammerstein system con‐
sidered consists of a model with an input linear dy‐
namic element G(q) in cascade with a static nonlin‐
ear element f(· ) with an output linear dynamic ele‐
ment H(q), as described in Mzyk and Wachel (2017) 
and Li LW et al. (2018). In this proposal, the autore‐
gressive exogenous (ARX) model and autoregressive 
(AR) model are used to model the input linear dy‐
namic element and output linear dynamic element, 
and NFN is represented to approximate the static 
nonlinear element. Fig. 2 shows the Wiener – Ham‐
merstein system with ARX-NFN-AR interfered by 
output noise.

Fig. 2  Wiener–Hammerstein system with ARX-NFN-AR interfered by the output noise
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The mathematical representations of the Wiener–
Hammerstein system interfered by output noise are 
described by
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v ( t )=u ( t )G (q )=u ( t )
B (q )
A (q )

,

z ( t )= f (v ( t ) ) ,

m ( t )=H (q ) z ( t )=
1

C (q )
z ( t ) ,

y ( t )=m ( t )+e ( t ) ,

(1)

where v(t), z(t), and m(t) represent the intermediate 

unmeasurable variables, A (q )=1+∑
i = 1

na

ai q− i, B (q ) =

∑
j = 1

nb

bj q− j, C (q )=1+∑
m = 1

nc

cm q−m, q−1 is the backshift oper‐

ator, namely y ( t )q−1=y ( t−1), na, nb, and nc are given 

orders of the ARX model and the AR model, and e(t) 
is white noise.

It is assumed that the static nonlinear element can 
be represented by a four-layer NFN (Li F et al., 2017, 
2022, 2023a, 2023b), and its output can be expressed as

f ( )v ( t ) =∑
l = 1

L μ l( )v ( t )

∑
l = 1

L

μ l( )v ( t )

wl , (2)

where μ l( )v ( t ) =exp( )− ( )v ( t )− cl

2

σ 2
l

, cl is center, σ l is 

width, wl is weight, and L indicates the number of fuzzy 
rules.

Our goal is to estimate the unknown parameters of 
the Wiener–Hammerstein system with ARX-NFN-AR, 
i.e., the ARX model, NFN, and the AR model. This 
requires that the following objective functions be 
optimized:

J ( )Ĝ (q ) , f ̂ ( v̂ ( t ) ) ,Ĥ (q ) =
1

2N∑t = 1

N

[ ŷ ( t )− y ( t ) ] 2⩽ε
s.t.    v̂ ( t )=Ĝ (q )u ( t ) ,   ẑ ( t )=f ̂ ( v̂ ( t ) ) ,         

     m̂ ( t )=Ĥ (q ) ẑ ( t ) ,   ŷ ( t )=m̂ ( t )+e ( t ) , (3)

in which symbol “˄” denotes estimate, N represents the 
length of the measured data, and ε is a given threshold.
Remark 1    ARX and AR models have been used 
widely to handle linear system problems. In this work, 
ARX and AR are used only to establish the two linear 

dynamic elements of the Wiener–Hammerstein system. 
However, we pay more attention to the problem of 
Wiener–Hammerstein system identification. Note that 
the identification of an ARX- or AR-based Wiener–
Hammerstein system is fundamentally different from 
that of a single ARX or AR. The main difference is 
that the system structure constraint imposed by the 
Wiener–Hammerstein system is a static nonlinear 
element embedded between linear elements. For the 
resulting identification problem we need to consider both 
nonlinear mapping and linear dynamics. In contrast, 
single ARX or AR research results focus on linear 
system identification.

3  Outline of the Wiener–Hammerstein system 
with ARX-NFN-AR identification

The synchronous method for identification of the 
Wiener–Hammerstein system (Li LW et al., 2020) in‐
cludes a product term of element parameters, and the 
parameters of two linear elements are separated under 
the condition that the first parameter of both linear ele‐
ments is set to one. In contrast, in our study, a feasible 
separation estimation approach is developed for esti‐
mating independently the Wiener–Hammerstein system 
with ARX-NFN-AR based on hybrid signals. In our pre‐
vious work (Jia et al., 2017), the input–output function 
relationship of the Wiener system in the presence of a 
zero-mean white Gaussian process was derived, by 
which separation identification was realized. Consider‐
ing the advantages of this approach, here we apply it to 
the Wiener–Hammerstein system with ARX-NFN-AR 
identification.

Assume that the system input is a zero-mean 
white Gaussian process, i.e., u ( t ) ~N(0, σ 2

u ), and con‐

sider that the system input is a zero initial state. Then 
v(t) can be expressed as
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v (1) = 0,

v (2 ) = b1u (1),

v (3) =−a   1v (2 )−a2v (1)+b1u (2 )+b2u (1)

          = (−a1b1 +b2 )u (1)+b1u (2 ),

         ⋮
v ( t ) =∑

k = 1

t−1

ht ( k )u ( t−k ) ,

(4)
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in which ht is a coefficient.
Based on Eq. (4), the conditional expectation of 

v(t) can be obtained:

    E ( )v ( t−τ ) | v ( t )

    = ∑
k = 1

t−τ−1

ht−τ ( k ) E (u ( t−τ−k )
|

|

|
||
|
|
|∑
ξ = 1

t−1

ht (ξ ) u ( t−ξ ) )
    = ∑

k = 1

t−τ−1

ht−τ ( k ) E
é

ë

ê
êê
êu ( t−τ−k )

|

|

|
||
| (ht ( τ + k )u ( t−τ−k )

         )+∑
ξ = 1

t−1

ht (ξ ) u ( t−ξ ) , ξ ≠ τ + k
ù

û

ú
úú
ú

    = ∑
k = 1

t−τ−1

ht−τ ( k ) E (Ut−τ−k| ( Xt−τ−k + Yt )) , (5)

where
Xt−τ−k=ht ( τ+k )Ut−τ−k, 

Yt=∑
ξ = 1

t−1

ht (ξ )u ( t−ξ ) , ξ≠τ+k, Ut−τ−k=u ( t−τ−k ). 

From Eq. (5), sequences Ut−τ−k and Xt−τ−k are inde‐
pendent of Yt, and Ut−τ−k=Xt−τ−k /ht ( τ+k ). Define Vt=

v ( t )=Xt−τ−k+Yt. Since Ut−τ−k and Vt are related, their 

joint probability distribution of functions (Ross, 
2014; Jia et al, 2017) can be calculated by

f(Ut−τ−k,Vt ) (u,v )

    = f( Xt−τ−k,Yt )(ht ( τ+k )u, v−ht ( τ+k )u)
        ·| Jac ( Xt−τ−k,Yt ) |−1

    = fXt−τ−k(ht ( τ+k )u) fYt(v−ht ( τ+k )u)
        ·| Jac ( Xt−τ−k,Yt ) |−1

    = ht ( τ+k )
1

2πσuσYht ( τ+k )

        ·exp ( )− z2

2σ 2
u

− (v−ht ( τ+k )u )2

2σ 2
Y

    =
1

2πσuσY

exp ( )− u2σ 2
Y + (v−ht ( τ+k )u )2σ 2

u

2σ 2
u σ

2
Y

, 

(6)

where

Jac ( Xt−τ−k,Yt ) = 
∂ (Ut−τ−k,Vt )
∂ ( Xt−τ−k,Yt )

 = 

|

|

|

|

|

|
||
|
|

|

||

|

|

|

|

|
||
|
|

|

| ∂Ut−τ−k∂Xt−τ−k

∂Ut−τ−k∂Yt

∂Vt∂Xt−τ−k

∂Vt∂Yt

= 
1

ht ( τ+k )
.                 

Assume that constant c is the value of v(t) at time 
t. The conditional probability density function of 
Ut−τ−k in the condition of v(t) can be computed using 
Eq. (7):

fUt−τ−k|Vt = C (u|v = c ) =
f(Ut−τ−k,Vt ) (u,c )

fVt
(c )

=
σv

2π σuσY

exp ( c2

2σ 2
v

− u2σ 2
Y + (c−ht ( τ+k )u )2σ 2

u

2σ 2
u σ

2
Y )

=
σv

2π σuσY

exp ( )σ 2
u σ

2
Y c2

2σ 2
v σ

2
u σ

2
Y

exp ( )− (u2σ 2
Y + (c−ht ( τ+k )u )2σ 2

u )σ 2
v

2σ 2
v σ

2
u σ

2
Y

=
σv

2π σuσY

exp ( )σ 2
u (σ 2

Y − σ 2
v )c2

2σ 2
v σ

2
u σ

2
Y

⋅exp ( )− σ 2
v (σ 2

Y + σ 2
u ht ( τ + k )2 )u2 − 2σ 2

v σ
2
u ht ( τ + k )cu

2σ 2
v σ

2
u σ

2
Y

= kcexp ( )− kau2 − 2kbcu

2σ 2
v σ

2
u σ

2
Y

= kcexp ( )− ka (u−kbc/ka )2

2σ 2
v σ

2
u σ

2
Y

exp ( )k 2
b c2

2kaσ
2
v σ

2
u σ

2
Y

= kdexp ( )− ka (u−kbc/ka )2

2σ 2
v σ

2
u σ

2
Y ht ( τ + k )2

, (7)
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where
ka=σ

2
v (σ 2

Y+σ 2
u ht ( τ+k )2 ), kb=σ

2
v σ

2
u ht ( τ+k ) , 

kc=
σv

2π σuσY

exp ( )σ 2
u (σ 2

Y − σ 2
v )c2

2σ 2
v σ

2
u σ

2
Y

, 

kd=kc·exp ( )k 2
b

2kaσ
2
v σ

2
u σ

2
Y

,

and σ 2
u , σ 2

v , and σ 2
Y are variances.

Eq. (7) shows that the conditional probability den‐
sity function fUt−τ−k|Vt = C (·) follows a normal distribution 

with mean kbc/ka and variance σ 2
v σ

2
u σ

2
Y ht ( τ+k)2 /ka.

Therefore, we can obtain the conditional mathe‐
matical expectation u ( t−τ−k ) in the condition of v(t):

   E ( )u ( t−τ−k ) | v ( t )=c

=E ( )u ( t−τ−k )
|

|

|
||
|∑

k = 1

t−1

ht ( k ) u ( t−k )=c  = 
kb

ka

c. (8)

Using Eq. (8) concludes the following conditional 
mathematical expectation v ( t−τ ):

E (v ( t−τ ) | v ( t ) )
      = E (∑k=1

t−τ−1

ht−τ ( k )u ( t−τ−k )
|

|

|
||
|∑

k = 1

t−1

ht ( k )u ( t−k ) )
      = ∑

k = 1

t−τ−1

ht−τ ( k )
kb

ka

c = b ( τ )c, (9)

where b ( τ )=
kb

ka
∑
k = 1

t−τ−1

ht−τ ( k ) is a constant independent 

of c.
As mentioned in Martin and Lennart (2005), the 

process v(t) holds separability in Eq. (9).
Theorem 1    Assume that the input of the Wiener–
Hammerstein system described by Eq. (1) is a zero-
mean white Gaussian process. Then, there is a constant 
b0 that has the following relationship:

Ryu ( τ )=b0G (q ) H (q ) Ru ( τ )=b0GH (q ) Ru ( τ ) ,  (10)

where Ryu ( τ ) is the cross-correlation function of the 

input and output, Ru ( τ ) is the autocorrelation function 

of the input, GH (q )=G (q ) H (q ) indicates a product 

of two linear elements, and b0 =
E ( )z ( t )v ( t )

E ( )v ( t )v ( t )
.

Proof    Since v(t) satisfies the separability, the corre-
lation function Rzv ( τ ) can be computed by

Rzv ( τ ) = E ( z ( t )v ( t−τ ) )
= E ( z ( t ) E (v ( t−τ )|v ( t ) ) )
= b ( τ ) E ( z ( t )v ( t ) ) . (11)

Similarly, the correlation function is given by

Rv ( τ )=E ( )v ( t )v ( t−τ ) =b ( τ ) E (v ( t )v ( t ) ) .  (12)

According to Eqs. (11) and (12), we have 
Rzv ( τ )
Rv ( τ )

= 

E ( )z ( t )v ( t )

E ( )v ( t )v ( t )
. Let b0=

E ( )z ( t )v ( t )

E ( )v ( t )v ( t )
. Thereby, we 

have

Rzv ( τ )=b0 Rv ( τ ). (13)

The input linear dynamic element G(q) is expressed 

using infinite impulse response, namely

v ( t )=G (q )u ( t )=∑
k = 1

∞

g ( k )qku ( t )=∑
k = 1

∞

g ( k )u ( t−k ).

(14)

Based on Eq. (14), Eq. (11) can be written as

Rzv ( τ ) = E ( z ( t )v ( t−τ ) )
= E ( )z ( t )∑

k = 1

∞

g ( k )u ( t−τ−k )

=∑
k = 1

∞

g ( k ) Rzu ( τ+k )

=∑
k = 1

∞

g ( k )qk Rzu ( τ ). (15)

Analogously, the following expression is obtained using 

Eq. (12):

Rv ( τ ) = E (v ( t )v ( t−τ ) )
= E (∑k=1

∞

g ( k )u ( t−k )∑
ς=1

∞

g (ς )u ( t−τ−ς ) )
=∑

k=1

∞∑
ς=1

∞

g ( k ) Ru ( τ+ς−k ) g (ς )

=∑
ς=1

∞

g (ς )qξRu ( τ )∑
k=1

∞

g ( k )q−k. (16)
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Note that, for the input linear element, ∑
k=1

∞

g ( k )qk in 

Eq. (15) and ∑
ς=1

∞

g (ς )qξ in Eq. (16) are equal. Therefore, 

we have

Rzu ( τ )=b0∑
k=1

∞

g ( k )q−kRu ( τ )=b0G (q ) Ru ( τ ).   (17)

The output linear element H(q) can also be expressed 
by an infinite impulse response using Eq. (14), and 
as shown in Eqs. (15) and (16), similar derivation pro‐
cesses are carried out. We can obtain

Rmu ( τ )=E ( )m ( t )u ( t−τ ) =E ( )H (q ) z ( t )u ( t−τ )

=H (q ) Rzu ( τ ).                                (18)

Based on the equation y ( t )=m ( t )+e ( t ) , the following 

equation holds:

Ryu ( τ )=E ( )m ( t )u ( t−τ ) +E ( )e ( t )u ( t−τ )              

   =E ( )H (q ) z ( t )u ( t−τ ) =H (q ) Rzu ( τ ). (19)

Therefore,

Ryu ( τ )=b0G (q ) H (q ) Ru ( τ )=b0GH (q ) Ru ( τ ).  (20)

The proof is completed.

3.1  Parameter identification for two linear elements

As discussed above, Theorem 1 is used to esti‐
mate the parameters of two linear elements, namely 

θG=[ ]a1,a2,…,ana
,b1,b2,…,bnb

T
 and θH=[ ]c1,c2,…,cnc

T
. 

Using a group of Gaussian signals u(t) as input, ac‐
cording to the linear relationship between the cross-
correlation function and the autocorrelation function 
described in Theorem 1, for the dynamic linear ele‐
ments of the Wiener–Hammerstein system, the corre‐
lation analysis technique can be used to identify pa‐
rameters of the two linear elements, that is,

GH (q )=G (q ) H (q )                                                     

  =∑
j=1

nb

bjq
− j

é

ë

ê
êê
ê ù

û

ú
úú
ú( )1+∑

i=1

na

ai q− i ( )1+∑
m=1

nc

cm q−m . (21)

Combining Eqs. (20) and (21) gives

Ryu ( τ )=

b0∑
j = 1

nb

bj q− j

( )1+∑
i=1

na

ai q− i ( )1+∑
m=1

nc

cm q−m

Ru ( τ ). (22)

Here, set τ=1, 2, …, P and b͂j=b0bj. Then

Ryu ( τ ) ( )1+∑
i=1

na

ai q−i ( )1+∑
m=1

nc

cm q−m =∑
j=1

nb

b͂j q− jRu ( τ ).  (23)

Hence,

Ryu ( τ ) = − ( )( )1+∑
i=1

na

ai q− i ( )1+∑
m=1

nc

cm q−m −1 Ryu ( τ )

+∑
j=1

nb

b͂j q− jRu ( τ ).                         (24)

To simplify Eq. (24), define (
-
ac )r (r∈[1, na+

nc]) as the coefficient of expression − (( )1 +∑
i = 1

na

ai q− i  

)·( )1+∑
m = 1

nc

cm q−m −1, which is from high to low. 

Thus, Eq. (24) can be rewritten as

Ryu ( τ )=−∑
r=1

na +nc

(
-
ac )r Ryu ( τ−r )+∑

j = 1

nb

b͂j Ru ( τ− j ).  (25)

The least-squares algorithm described in Eq. (26) 
is used to estimate the parameters of two elements:

θ=RΦT (ΦΦT )−1, (26)

where

θ=((
-
ac )1, (

-
ac )2,⋅ ⋅ ⋅, (-ac )na + nc

,b͂1,b͂2,⋅ ⋅ ⋅,b͂nb ) ,

R=(Ryu (1),Ryu (2 ),⋅ ⋅ ⋅,Ryu ( P ) ) ,

Φ=

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê
ê

ê

ê

ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú
ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
−Ryu (0 ) −Ryu (1) −Ryu (2 ) ⋯ −Ryu ( P−1)

0 −Ryu (0 ) −Ryu (1) ⋅ ⋅ ⋅ −Ryu ( P−2 )

⋮ ⋮ ⋮ ⋮
0 0 0 ⋅ ⋅ ⋅ −Ryu ( P−na−nc )

Ru (0 ) Ru (1) Ru (2 ) ⋅ ⋅ ⋅ Ru ( P−1)

0 Ru (0 ) Ru (1) ⋅ ⋅ ⋅ Ru ( P−2 )

⋮ ⋮ ⋮ ⋮
0 0 0 ⋅ ⋅ ⋅ Ru ( P−nb )

.
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Eqs. (27) and (28) can be used to estimate Ryu ( τ ) 

and Ru ( τ ), respectively:

Ryu ( τ ) = 
1
n∑t=1

n

y ( t )u ( t−τ ) , (27)

Ru ( τ ) = 
1
n∑t=1

n

u ( t )u ( t−τ ). (28)

In this work, the ARX and AR models are used, 
so the zeros and gain exist only in the input dynamic 
linear element. According to Eq. (21), the zeros and 
poles of the product element are still composed of 
the zeros and poles of these two linear elements. The 
number of zeros generated by the product element is 
nb−1, and the number of poles is na+nc. Thus, when na=i, 
nb=j, nc=m, there are ( j−1)C2

i+m possible configuration 

methods.
To configure the zeros and poles correctly, for each 

set of zeros and poles, when the error between the actual 
output and the estimated output is the lowest, the zero-
pole configuration is correctly configured (Shaikh and 
Barbé, 2019). After the zeros and poles are correctly 
configured, the transfer function in the form of zeros 
and poles is directly converted into the traditional 

transfer function form, and the linear parameters θ̂G=

[ â1,â2,…,âna
,b̂1,b̂2,⋅ ⋅ ⋅,b̂nb

] and θ̂H=[ ĉ1,ĉ2,…,ĉnc
] are 

identified.

3.2  Parameter identification for the nonlinear 
element

Based on previous analysis and discussion, param‐

eters âi, b̂j, and ĉm have been identified. In this sub‐

section, a group of random signals u1 ( t ) is applied to 

nonlinear element estimation. The clustering algorithm 
(Li F et al., 2017, 2022, 2023a, 2023b) is used to esti‐
mate center cl and width σ l. The key problem is to esti‐
mate weight wl.

According to Eqs. (1) and (2), we have

y1 ( t )+∑
m=1

nc

cm y1 ( t−m )=∑
l = 1

L

ϕ l( v̂1 ( t ) )wl+e ( t ).   (29)

Then, we can obtain

y1 ( t )=−∑
m=1

nc

cm y1 ( t−m )+∑
l = 1

L

ϕ l( v̂1 ( t ) )wl+e ( t ).   (30)

Based on Eq. (30), the Wiener–Hammerstein sys‐
tem can be written as

y1 ( t )=(φ ( t ) )Τθ1+e ( t ) , (31)

where

φ ( t )=[−y1 ( t−1), −y1 ( t−2 ),…, −y1 ( t−nc ),

]ϕ1( )v̂1 ( t ) ,ϕ2( )v̂1 ( t ) ,…,ϕL( )v̂1 ( t )
Τ

,

θ1=[ ]c1,c2,…,cnc
,w1,w2…,wL

T
.

Define the following criterion functions:

J (θ1 ) =∑
t=1

N

[ ]y1 ( t )−(φ ( t ) )Tθ1

2
. (32)

Then, the recursive least-squares method is used 
to calculate the weights of NFN:

θ̂1 ( t )=θ̂1 ( t−1)+L ( t ) [ ]y1 ( t )−(φ ( t ) )Tθ̂1 ( t−1) , (33)

L ( t )=
P ( t−1)φ ( t )

1 + (φ ( t ) )T P ( t−1)φ ( t )
, (34)

P ( t )=[ I−L ( t ) (φ ( t ) )T ] P ( t−1). (35)

To describe parameter estimation methods, the  
procedures for estimation of the Wiener–Hammer‐
stein system with ARX-NFN-AR based on hybrid 
signals are illustrated in Fig. 3.

4  Simulation results

4.1  Numerical simulation

To verify the effectiveness and superiority of the 
presented method, the Wiener – Hammerstein system 
was considered in which the nonlinearity is discontin‐
uous functions.

v ( t )=u ( t )G (q )=u ( t )
0.6q−1 −0.4q−2

1−0.3q−1 + 0.5q−2
,

z ( t )=

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

1.2v ( t )+0.4,      v ( t )⩽−2,

0.4v ( t )−1.2,  −2<v ( t )⩽−1,

1.6v ( t ) ,            −1<v ( t )⩽1,

0.4v ( t )+1.2,      1<v ( t )⩽2,

1.2v ( t )−0.4,         v ( t )>2,

m ( t )=H (q ) z ( t )=
1

1−0.7q−1 +0.9q−2
z ( t ) ,

y ( t )=m ( t )+e ( t ).
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In this research, 10 000 Gaussian signals were used 
as the input of the Wiener–Hammerstein system. The 
correlation analysis scheme was used to identify the 
two linear elements, and its zero and pole points were 
constructed. In this simulation, na=nc=2, nb=1, and thus 
there were six configuration methods. The zero and 
four poles were defined as zero=2/3, pole1=0.1500+
0.6910i, pole2=0.1500−0.6910i, pole3=0.3500+0.8818i, 
pole4=0.3500−0.8818i. Table 1 shows the output error 

for each zero-pole configuration. The result of sequence 
6 was optimal as it had the lowest MSE (mean squared 

error, MSE=
1
N∑t=1

N

(observed t−predicted t)
2). The iden‐

tification results for the two linear elements are 
shown in Fig. 4. The results of our proposed ARX 
model and AR model are close to those of the real 
model, and the error is small.

After the zeros and poles of the two linear ele‐
ments were obtained, 5000 random signals were used 
to identify the nonlinear element. The parameters S0=
0.986, ρ=1.1, and λ=0.1 were set, the center and the 

width of NFN were calculated by a clustering method, 
and the weights were estimated by the recursive least-
squares method. To verify the accuracy of the proposed 
method, the nonlinear element was modeled by a poly‐
nomial model using the same data. Fig. 5 shows the 
approximation results of the nonlinear element using 

Fig. 4  Identification results for the two linear elements

Fig. 3  Flowchart of the developed parameter estimation 
method

Table 1  Output error comparisons under different zero-pole 
configurations

Sequence

1

2

3

4

5

6

Zero-pole configuration

G(zero, pole1, pole2), H(pole3, pole4)

G(zero, pole1, pole3), H(pole2, pole4)

G(zero, pole1, pole4), H(pole2, pole3)

G(zero, pole2, pole3), H(pole1, pole4)

G(zero, pole2, pole4), H(pole1, pole3)

G(zero, pole3, pole4), H(pole1, pole2)

MSE

1.5136

0.6569

0.6566

1.1539

0.1657

0.0140 Fig. 5  Nonlinearity approximation using two models
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the polynomial model and NFN. The MSE and MAE 

(maximum absolute error, MAE=
1
N∑t=1

N

| observed t −
|predicted t ) are listed in Table 2. According to Fig. 5 

and Table 2, compared with polynomial modeling, NFN 
showed a stronger nonlinear approximation ability for 
piecewise nonlinear functions.

To demonstrate the effectiveness of the proposed 
strategy, 200 randomly generated signals of [0, 7] were 
used for prediction, and the reframed multi-innovation 
least-squares (RMILS) method (Li LW et al., 2020) and 
the auxiliary model based multi-innovation improved 
PSO (AM-MIIPSO) method (Zong et al., 2021) were 
compared. Comparisons of the predicted output using 
the different methods are shown in Fig. 6, and com‐
parisons of the respective MSE and MAE in Table 3.

Fig. 6 shows that the proposed strategy can predict 
the output of the Wiener–Hammerstein system better 
than the RMILS method and the AM-MIIPSO method. 
From Table 3, taking MSE and MAE as the criteria for 
evaluating the prediction performance, the MSE and 
MAE values of the proposed strategy were the small‐
est among the three methods, so the obtained quality 
and prediction accuracy of the Wiener–Hammerstein 
system were the best. Thus, the proposed strategy 
can effectively identify the neural fuzzy Wiener–
Hammerstein system.
Remark 2    In the simulation, λ=0.1 and ρ=1.1. Sim‐
ulation results showed that the nonlinear element can 
be approximated exactly by selecting suitable param‐
eters λ and ρ. A smaller parameter λ and larger param‐
eter ρ led to a smaller model error, but slower conver‐
gence. Thus, the parameter selection should balance 
the system error and convergence speed.

4.2  Application to a flexible robot arm

A benchmark data set taken from the identifica‐
tion database DAISY (de Moor et al., 1997) was used. 
The system consists of an arm mounted on a motor 
whose input is reaction torque and output is accelera‐
tion. The measurement data set contains 1024 samples, 
divided into two parts: the first 800 samples are used 
for identification and the remaining 204 samples for 
prediction. The input and output of the experimental 
robot arm are shown in Fig. 7.

Taking the reaction torque of the ground struc‐
ture as the input and acceleration as the output, a neural 
fuzzy nominal model was trained. The nominal model 

Table 2  Comparisons of MSE and MAE using two modeling 
methods

Modeling method

Polynomial model

NFN

Order

22

23

24

25

MSE

2.7E-3

2.0E-3

1.1E-3

0.1761

3.2223E-4

MAE

0.0170

0.0166

0.0192

0.0355

0.0116

Fig. 7  Input and output of the flexible robot arm
Table 3  Comparisons of MSE and MAE using different 
methods

Method

Proposed

RMILS

AM-MIIPSO

MSE

0.0014

0.0828

0.0336

MAE

0.0930

0.6657

0.4378

Fig. 6  Comparisons of the predicted output using different 
methods

865



Li et al. / Front Inform Technol Electron Eng   2024 25(6):856-868

training results of the flexible robot arm system are 
shown in Fig. 8, and the output of the nominal model 
in Fig. 9. Figs. 8 and 9 showed that the convergence 
speed of the training nominal model was high, and 
that the trained acceleration can track the actual acceler‐
ation well.

For the two-stage identification method proposed 
in this research, 1000 Gaussian signals and 800 reac‐
tion torque were used to form hybrid signals. The 
output of the Gaussian signal through the nominal 
model and the acceleration data corresponding to the 
reaction torque were used as the output of the Wiener–
Hammerstein system.

First, based on the input and output of the 1000 
Gaussian signals, parameters of the two linear ele‐
ments were identified using the correlation analysis 
technique and the zero-pole configuration scheme. In 
this simulation, the pole of the ARX model was set 

as na=2, zero-point nb=1, and the pole of the AR model 
as nc=2. Thus, there were six configuration methods. 
Table 4 shows the output error for each zero-pole con‐
figuration. The result of sequence 1 was optimal. Thus, 

the ARX model G (q )=
−0.3246q−1 −0.6926q−2

1+0.4472q−1 + 0.6372q−2
 and 

the AR model H (q )=
1

1 −0.1389q−1 + 0.07178q−2
 can 

be obtained.

Second, based on the reaction torque and accel‐
eration data, parameters of the nonlinear element were 
estimated based on the clustering algorithm and recur‐
sive least-squares method. The number of nonlinear 
fuzzy rules (L) was varied to optimize the system. 
Fig. 10 shows the MSE at different L ’s. The MSE 
was the smallest when L was 15.

Finally, the remaining data were used as a test 
set to confirm the effectiveness of the proposed ap‐
proach in comparison with the polynomial model based 
Wiener–Hammerstein system (P-W-H) (the polynomial 
order was eight), RMILS method (Li LW et al., 2020), 

Fig. 8  MSE and MAE of the neural fuzzy nominal model

Fig. 9  Output of the nominal model

Table 4  Comparison of MSE under different zero-pole 
configurations

Sequence

1

2

3

4

5

6

Zero-pole configuration

G(zero, pole1, pole2), H(pole3, pole4)

G(zero, pole1, pole3), H(pole2, pole4)

G(zero, pole1, pole4), H(pole2, pole3)

G(zero, pole2, pole3), H(pole1, pole4)

G(zero, pole2, pole4), H(pole1, pole3)

G(zero, pole3, pole4), H(pole1, pole2)

MSE

0.0017

0.1817

0.0538

0.0533

0.1818

1.2082

Fig. 10  MSE at different L’s
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and AM-MIIPSO method (Zong et al., 2021). The re‐
sults of the acceleration prediction comparison of the 
robot arm are shown in Fig. 11, and the MSE and 
MAE comparisons of the three methods are given in 
Table 5. Fig. 12 shows that, compared with the P-W-H, 
RMILS, and AM-MIIPSO methods, our proposed 
method can better predict the acceleration of the robot 
arm using the identified Wiener–Hammerstein system. 
From Table 5, the MSE and MAE of the predicted 
acceleration were the lowest using the proposed 
method. The MSE was reduced by 74.07% and the

MAE by 49.93% compared with the minimum value 
of the other methods. Thus, the proposed strategy can 
effectively identify the Wiener–Hammerstein system.

5  Conclusions

In this paper, a novel separation identification 
approach of the Wiener–Hammerstein system with 
ARX-NFN-AR based on hybrid signals is proposed. 
The two main advantages of the presented scheme are: 
(1) Based on the characteristic that Gaussian signals 
do not excite the linear element, the parameters of the 
two linear elements and the nonlinear element are iden‐
tified independently using the designed hybrid signals, 
which simplifies the identification process and reduces 
complexity; (2) The correlation analysis technique 
is used for Wiener–Hammerstein system estimation, 
thereby solving the problem that the intermediate vari‐
able information cannot be measured, and the inter‐
ference of output noise is handled.
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