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Abstract: This paper investigates the problem of outlier-resistant distributed fusion filtering (DFF) for a class of

multi-sensor nonlinear singular systems (MSNSSs) under a dynamic event-triggered scheme (DETS). To relieve the

effect of measurement outliers in data transmission, a self-adaptive saturation function is used. Moreover, to further

reduce the energy consumption of each sensor node and improve the efficiency of resource utilization, a DETS is

adopted to regulate the frequency of data transmission. For the addressed MSNSSs, our purpose is to construct the

local outlier-resistant filter under the effects of the measurement outliers and the DETS; the local upper bound (UB)

on the filtering error covariance (FEC) is derived by solving the difference equations and minimized by designing

proper filter gains. Furthermore, according to the local filters and their UBs, a DFF algorithm is presented in

terms of the inverse covariance intersection fusion rule. As such, the proposed DFF algorithm has the advantages

of reducing the frequency of data transmission and the impact of measurement outliers, thereby improving the

estimation performance. Moreover, the uniform boundedness of the filtering error is discussed and a corresponding

sufficient condition is presented. Finally, the validity of the developed algorithm is checked using a simulation

example.
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1 Introduction

Sensor networks (SNs) are composed of many

sensor nodes, where each sensor node can detect

and track the target node to obtain plenty of mea-

surement data and then share the data with other

nodes through network channels (Sun Y et al., 2022;

Zhan et al., 2023). Apart from SNs, there are many
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dynamical systems in use that employ physical de-

vices to achieve data exchange and communication

over networks, such as multi-agent systems and In-

ternet of Things (Ju et al., 2022; Yao et al., 2022;

Chen et al., 2023; Ning et al., 2023). Among them,

it is of great significance to efficiently deal with

data collected from SNs and obtain state informa-

tion when a large quantity of data are translated on

the Internet with limited bandwidth. As such, the

estimation/filtering issue with regard to SNs has re-

ceived much attention, and many results have been

reported for normal systems over SNs (Li Q et al.,

2020; Sun Y et al., 2022; Wen et al., 2022; Hu et al.,

2023d). However, studies of handling singular sys-

tem (SS) estimation issues are still limited, and de-

serve further investigation.

Over the past few decades, the issue of state

estimation/filtering for SSs has received great inter-

est accompanying the rapid developments in robotic,

aerospace, economics, and communication technolo-

gies (Dai, 1989). Specifically, note that such dy-

namical systems have a more general form than nor-

mal systems, and that the state estimation problem

becomes more difficult and complicated to address.

Although the Kalman filter method is a classic fil-

tering method, it cannot be directly used for SSs

(Nikoukhah et al., 1992; Li XG et al., 2022). Accord-

ingly, much effort has already been made to tackle

this issue, and some approaches have been proposed

(Wang X and Sun, 2017; Cai and Chang, 2023; Hu

et al., 2023a). Among them, there are two commonly

used methods for handling this problem. One way is

the reduced-order approach, in which the reduced-

order Kalman filter has been designed in Wang X

and Sun (2017) for linear SSs in terms of the singu-

lar value decomposition strategy. The other method

is the full-order approach, which can write the SS

as an equivalent normal system under certain re-

strictions (Sun SL and Ma, 2007; Hajmohammadi

and Mobayen, 2019). Compared with the reduced-

order approach, the full-order approach can be used

in SSs with lower dimensions. In addition, to ob-

tain much more valuable information, the problems

of distributed fusion filtering (DFF) and weighted

measurement fusion filtering have been investigated

in Sun JB et al. (2012) and Dou and Ran (2019) for

linear multi-sensor SSs, respectively, where the fu-

sion filters were derived by using the reduced-order

approach.

According to the literature, an initial assump-

tion on the estimation/filtering issue is that the mea-

surement information from the sensor node is com-

pletely accurate. In many actual applications, how-

ever, such an assumption cannot be commonly en-

sured because the underlying system is always af-

fected by sensor fault, missing measurements, mea-

surement outliers, and other phenomena. If not

handled properly, these issues can seriously influ-

ence the reliability of the system, and then a great

number of corresponding results have been proposed

(Ma LF et al., 2021; Jin and Sun, 2022; Wang YZ

et al., 2022). Compared with other phenomena,

when networked systems are influenced by cyber-

attacks and sensor failures, the measurement in-

formation may generate abnormal values, which is

usually called the measurement outlier phenomenon.

Accordingly, the analysis and synthesis issues with

respect to networked systems subject to measure-

ment outliers have stirred more attention (Xie et al.,

2022; Zhao et al., 2022; Zou et al., 2022; Ge et al.,

2023a). Obviously, traditional filtering algorithms

are not appropriate for systems subject to measure-

ment outliers. In this regard, it is of great sig-

nificance to design an outlier-resistant estimation

scheme, in which the constructed estimator is in-

sensitive to measurement outliers. Therefore, much

effort has been made to tackle this challenging task

(Alessandri and Zaccarian, 2018; Jiang et al., 2021;

Shen et al., 2021). For example, the filtering prob-

lem has been addressed by Shen et al. (2021) for

multi-sensor multi-rate linear systems suffering from

measurement outliers, where the outlier-resistant es-

timator has been given by using an innovative satu-

ration strategy to reduce the effect of measurement

outliers. Another outlier-resistant estimator was de-

signed in Jiang et al. (2021) for nonlinear systems

with measurement outliers, which involves an inno-

vative self-adaptive saturation approach. However,

to our knowledge, the DFF problem has seldom been

addressed for multi-sensor nonlinear SSs in the pres-

ence of measurement outliers, which motivates our

current study.

In another research field, the developments

in communication technology and the increase in

network information have caused a great deal of

data to be transmitted in network channels, which

can cause packet collisions and data losses due

to network bandwidth (Jin and Sun, 2022). An
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effective approach in handling this situation is to

adopt a communication scheduling strategy in net-

work channels to regulate data flow and save net-

work resources (Wang XL et al., 2022; Ge et al.,

2023b; Zhang et al., 2023). Some classical com-

munication scheduling strategies include, but are

not limited to, the Round-Robin protocol, random

access protocol, try-once-discard protocol, static

event-triggered scheme (SETS), and dynamic event-

triggered scheme (DETS) (Tan et al., 2017; Zou

et al., 2021; Ge et al., 2022; Li JX et al., 2022;

Meng et al., 2022; Hu et al., 2023c). Compared with

SETS, DETS can further reduce the frequency of

transmission signal, which can be considered as a

valid method to decrease energy consumption and

network costs, since a dynamic variable has been in-

volved (Girard, 2015). As such, a great deal of effort

has been expended to investigate the DETS estima-

tion issues (Li Q et al., 2020; Ma L et al., 2020; Jiang

et al., 2022). For example, a DETS-based estimation

algorithm was developed in Ma L et al. (2020) for

linear singularly perturbed systems subject to dis-

tributed time delays. In addition, for multi-sensor

nonlinear normal systems with the DETS, the dis-

tributed filtering and DFF issues have been tackled

(Li Q et al., 2020; Hu et al., 2023b). Nevertheless, the

DFF problem has not been completely handled for

multi-sensor nonlinear SSs under the DETS, which

further motivates our investigation.

This paper aims at developing an outlier-

resistant DFF algorithm for a class of time-varying

multi-sensor nonlinear SSs subject to measurement

outliers under the DETS. To be specific, the con-

cerned issue is studied according to recent works

(Jiang et al., 2021; Hu et al., 2023b). Nevertheless,

in comparison to the results in Hu et al. (2023b),

where the addressed system under the DETS was a

standard nonlinear stochastic system, in our work,

the DETS is considered for nonlinear SSs and the

design of a local filter in Hu et al. (2023b) can be

regarded as a special design of this paper when its

saturation condition is ignored. Unlike the work of

Jiang et al. (2021), the multi-sensor nonlinear SSs

and DETS are taken into account. In addition, the

local filter with the innovation saturation condition

in this paper is constructed under the DETS. Hence,

the presented DFF algorithm enriches existing re-

sults and could save network resources. In view of

the foregoing analysis, the aims of this paper are

as follows: (1) determine how to design a unified

approach for nonlinear SSs with measurement out-

liers and DETS; (2) determine how to implement

a proper DFF algorithm that can mitigate the ef-

fects of measurement outliers and the DETS con-

cerning filtering performance; (3) determine how to

provide a suitable condition to guarantee the uni-

form mean-square boundedness of the filtering error

through theoretical analysis. To address these aims,

our main contributions are as follows: (1) a uniform

model framework is established for nonlinear SSs in

the presence of measurement outliers and the DETS

using the full-order approach; (2) a DFF algorithm is

developed in terms of the inverse covariance intersec-

tion (ICI) fusion method; (3) the upper bound (UB)

on the local filtering error covariance (FEC) is ob-

tained, which can be minimized by selecting proper

local filter gains; (4) a sufficient condition ensuring

the uniform boundedness of filtering error in a mean-

square sense is presented.

Notations: R
n is used to depict the n-

dimensional Euclidean space. N stands for the inte-

ger set. tr(A) means the trace of matrix A. I and Ik
denote the unit matrix with an appropriate dimen-

sion and the k-dimensional unit matrix, respectively.

‖y‖ denotes the Euclidean norm of vector y. BT and

B−1 represent the transpose and inverse of matrixB.

E{y} refers to the expectation of the random variable

y. min{a, b} and max{a, b} stand for the minimum

and maximum values between two variables a and b,

respectively.

2 Problem formulation

We consider the following class of multi-sensor

discrete time-varying nonlinear SSs:

Kxf+1 = A′
fxf + h′(xf ) +B′

f�f , (1)

yi,f = Ci,fxf + μi,f , i = 1, 2, . . . , κ, (2)

where f ∈ N stands for the sampling time, xf ∈ R
n

represents the state vector to be estimated, yi,f ∈
R

m stands for the measurement information with re-

spect to the ith sensor node, �f ∈ R
v and μi,f ∈ R

m

are process noise and measurement noise, which are

Gaussian white noises with zero means and covari-

ances Qf and Ri,f > 0, respectively, and A′
f , B

′
f ,

and Ci,f represent the given matrices with proper

dimensions.
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The nonlinear function h′(xf ) ∈ R
n is a time-

varying vector with h′(0) = 0 and satisfies the

following condition:

‖h′(xf )− h′(zf )‖ ≤ α‖xf − zf‖, (3)

for xf , zf ∈ R
n, where α > 0 is a known scalar.

Assumption 1 K is a singular square matrix,

i.e., rank(K) = n1 < n.

Assumption 2 System (1) is regular, i.e.,

det(τK − A′
f ) �= 0, where τ is an arbitrary complex

number.

Assumption 3 System (1) is causal, i.e.,

deg (det(τK − A′
f )) = rank(K), where τ is an ar-

bitrary complex number.

Assumption 4 Matrices K and Ci,f satisfy

rank
( [

KT CT
i,f

]T )
= n.

Assumption 5 The initial value x0 is indepen-

dent of the random variables �f and μi,f , and it has

mean x̄0 and covariance P0. Furthermore, the non-

central second-order moment of the initial value x0

is E{x0x
T
0 } = P0 + x̄0x̄

T
0 . Moreover, for any f > 0,

the system state xf satisfies the following condition:

E{xfx
T
f } ≤ w1I, (4)

where w1 is a known constant.

Remark 1 In Assumption 5, the assumption

of independence among random variables is made

and then can allow for simplifications in the mathe-

matical modeling and computation of the estimation

process. In addition, for the standard state space sys-

tem, the evolution process of the state system is easy

to obtain. That is, the specific result of E{xfx
T
f }

can be derived by using the state equation with a

recursive structure. However, according to Eq. (1),

we cannot straightway obtain the evolution process

of the state. An elegant approach is presented to as-

sume a UB of E{xfx
T
f }, which allows for the deriva-

tion of subsequent mathematical formulas. Without

loss of generality, the variations of states of most

systems are within certain ranges in some situations,

which can be the case by considering the physical

constraints, engineering requirements, and so on.

To alleviate the network congestion and allocate

the network resource reasonably, the DETS is intro-

duced into communication networks, which can de-

termine whether the measurement information with

regard to each sensor is transmitted to the remote

estimator or not. Specifically, the triggering instant

sequence is denoted by 0 ≤ ti0 < ti1 · · · < til < · · · ,
where til+1 satisfies the following rule:

til+1=min

{
f ∈ N

∣∣∣f > til,
1

βi
φi,f + �i − ‖εi,f‖ ≤ 0

}
,

(5)

with �i > 0 and βi > 0 being scalars. εi,f =

yi,f − yi,til , yi,til is the latest transmitted measure-

ment, and φi,f represents an internal dynamic vari-

able that meets the following condition:

φi,f+1 = ξiφi,f + �i − ‖εi,f‖, φi,0 = φi
0, (6)

where ξi > 0 is a given constant and φi
0 ≥ 0 is the

known initial value.

Remark 2 When βi → +∞, condition (5) can

be turned into the traditional SETS as in Tan et al.

(2017). Therefore, we can see that the SETS is a

special case of the DETS. Based on the above de-

scription of the DETS, some features of the DETS

are listed as follows: (1) the DETS allows for more

flexibility in terms of changes of the dynamic variable

φi,f , thereby reducing the transmission overhead;

(2) in resource-constrained environments, the DETS

can be regarded as a valid scheme to optimize re-

source utilization and save energy consumption; (3)

the DETS can be effectively applied in distributed

systems because each sensor node has a different trig-

gering condition based on its own measurement and

error.

In multi-sensor networked SSs, the desired filter

cannot be designed directly in the light of SSs (1)

and (2). To tackle this problem, the full-order trans-

formation approach that can transform the SSs into

nonsingular systems is used based on the results of

Sun SL and Ma (2007) and Hajmohammadi and

Mobayen (2019). Specifically, in accordance with

Assumption 4, there exists a full row-rank matrix[
U Vi,f

]
such that

[
U Vi,f

] [ K

Ci,f

]
= UK + Vi,fCi,f = In. (7)

Remark 3 With the method in Hajmoham-

madi and Mobayen (2019), matrices U and Vi,f can

be calculated by means of the singular value decom-

position approach; that is, the solution of Eq. (7) can

be deduced as follows:[
U Vi,f

]
=

[
K

Ci,f

]†
+Σ

(
In+m −

[
K

Ci,f

] [
K

Ci,f

]†)
,

(8)
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whereΣ is an arbitrary matrix, which can be derived

to guarantee that U is of full rank. In addition, the

symbol “†” represents the pseudo-inverse of a matrix.

Combining Eqs. (2) and (7), SS (1) can be

rewritten as

xf+1 = Afxf + h(xf ) + Vi,f+1yi,f+1

+Bf�f − Vi,f+1μi,f+1,
(9)

where Af = UA′
f , h(xf ) = Uh′(xf ), and Bf = UB′

f .

As pointed out in the introduction, the phe-

nomenon of the measurement outlier is inevitable

in engineering applications, which may result in a

significant degradation of filter performance if it is

not dealt with reasonably. To mitigate the potential

negative impact on measurement outliers in multi-

sensor networked SSs, an innovation saturation ap-

proach with a self-adaptive threshold is exploited to

design the local filter. Accordingly, the ith filter is

established as follows:

x̂i,f+1|f =Af x̂i,f |f + h(x̂i,f |f ), (10)

x̂i,f+1|f+1 = x̂i,f+1|f +Gi,f+1Sπi,f+1
(yi,til+1

− Ci,f+1x̂i,f+1|f ),
(11)

where x̂i,f+1|f and x̂i,f |f are the local prediction and

state estimate based on the measurement of the ith

sensor node at time f , respectively. In addition,

the initial value of x̂i,f |f is x̂i,0|0 = x̄0. Gi,f+1

is the gain of the ith filter to be designed. Based

on the results from Jiang et al. (2021), Sπi,f+1
(·) ∈

R
m denotes a self-adaptive saturation function and

πi,f+1 =
[
π
(1)
i,f+1 π

(2)
i,f+1 · · · π

(m)
i,f+1

]T
∈ R

m rep-

resents the saturation limit. Herein, for any vector

ζ =
[
ζ1 ζ2 · · · ζm

]T ∈ R
m, Sπi,f+1

(·) is defined

as follows:

Sπi,f+1
(ζ)

�
[
S
π
(1)
i,f+1

(ζ1) S
π
(2)
i,f+1

(ζ2) · · · S
π
(m)
i,f+1

(ζm)
]T

,

(12)

where S
π
(j)
i,f+1

(ζj)�max
{
−π

(j)
i,f+1,min

{
π
(j)
i,f+1, ζj

}}
(j = 1, 2, . . . ,m). The self-adaptive saturation limits

π
(j)
i,f+1 satisfy the following condition:

π
(j)
i,f+1 =

√
π̄i,f+1

/
ρ
(j)
i , j = 1, 2, . . . ,m, (13)

where

π̄i,f+1 = γiπ̄i,f + (yi,til+1
− Ci,f+1x̂i,f+1|f )T

· Zi(yi,til+1
− Ci,f+1x̂i,f+1|f )

(14)

is a scalar with the initial value π̄i,0, and γi ∈ (0, 1),

Zi=ZT
i >0, and ρ

(j)
i >0 are appropriate parameters.

To facilitate our discussion, we subse-

quently define the prediction error and filter-

ing error as x̃i,f+1|f � xf+1 − x̂i,f+1|f and

x̃i,f+1|f+1 � xf+1 − x̂i,f+1|f+1, respectively. More-

over, the corresponding definitions for the pre-

diction error covariance (PEC) and FEC are

Γi,f+1|f = E{x̃i,f+1|f x̃T
i,f+1|f} and Γi,f+1|f+1 =

E{x̃i,f+1|f+1x̃
T
i,f+1|f+1}, respectively.

The main objective of this paper is to construct

the local filter as in Eqs. (10) and (11). In addition,

under the DETS, the UB of the local FEC is ob-

tained and then minimized by designing the proper

filter gain in each processor. In view of the local

filters and UBs of the FEC from all processors, we

look for the distributed fusion filter (FF) x̂ICI
f |f and

FEC Γ̄ ICI
f |f based on the ICI fusion method described

in Noack et al. (2017). Moreover, the boundedness

regarding the filtering error is investigated and ana-

lyzed by proposing a sufficient criterion. To clarify

the research issue, the diagram of the system frame-

work is shown in Fig. 1.

3 Main results

In this section, we develop an outlier-resistant

DFF algorithm for nonlinear SSs with measurement

outliers and DETS by using the ICI fusion criterion.

3.1 Derivation of the local FEC

To proceed, the following lemmas are

introduced:

Lemma 1 For any b1, b2 ∈ R
n, one has

b1b
T
2 + b2b

T
1 ≤ ϕb1b

T
1 + ϕ−1b2b

T
2 ,

where ϕ > 0 is a scalar.

Lemma 2 (Jiang et al., 2021) For any c1, c2 ∈ R,

there exists a real number λ ∈ [0, 1] satisfying

Sπ(c1)− Sπ(c2) = λ(c1 − c2),

where Sπ(·) denotes the saturation function de-

scribed in Eq. (12).

Lemma 3 (Li Q et al., 2020) For all i ∈
{1, 2, · · · , κ}, suppose that ξiβi ≥ 1 is true and let

ai,f > 0 and bi,f > 0 be given scalars. The variables
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Fig. 1 Diagram of the system framework

Υi,f � E{φ2
i,f} obey Υi,f ≤ Ῡi,f , where

Ῡi,f+1

=
(
(1 + ai,f )(1 + bi,f )ξ

2
i + (1 + a−1

i,f )

· (1 + βi)/β
2
i

)
Ῡi,f +

(
(1 + ai,f )(1 + b−1

i,f )

+(1 + a−1
i,f )(1 + β−1

i )
)
�2i ,

(15)

with the initial value Ῡi,0 = φ2
i,0.

Based on Lemmas 1–3 and some definitions, the

recursion expressions of estimation error covariances

are provided as follows:

Theorem 1 For sensor i (i = 1, 2, . . . , κ), the lo-

cal PEC Γi,f+1|f and FEC Γi,f+1|f+1 with the initial

value Γi,0|0 = P0 have the following forms:

Γi,f+1|f

=AfΓi,f |fAT
f + E{h̃(x̃i,f |f )(h̃(x̃i,f |f ))T}

+ Vi,f+1E{yi,f+1y
T
i,f+1}V T

i,f+1 +BfQfB
T
f

+ Vi,f+1Ri,f+1V
T
i,f+1 +

5∑
k=1

(Mk +MT
k ),

(16)

Γi,f+1|f+1

=(I −Gi,f+1Λi,f+1Ci,f+1)Γi,f+1|f
· (I −Gi,f+1Λi,f+1Ci,f+1)

T

+Gi,f+1Λi,f+1E{εi,f+1ε
T
i,f+1}

· ΛT
i,f+1G

T
i,f+1 +Gi,f+1(Λi,f+1 − I)

· E{πi,f+1π
T
i,f+1}(Λi,f+1 − I)T

·GT
i,f+1 +Gi,f+1Λi,f+1Ri,f+1

· ΛT
i,f+1G

T
i,f+1 +

5∑
k=1

(Nk +NT
k ),

(17)

where

Λi,f+1 = diag{λ(1)
i,f+1, λ

(2)
i,f+1 · · · , λ(m)

i,f+1},
h̃(x̃i,f |f ) = h(xf )− h(x̂i,f |f ),

M1 = AfE{x̃i,f |f (h̃(x̃i,f |f ))T},
M2 = AfE{x̃i,f |fyTi,f+1}V T

i,f+1,

M3 = E{h̃(x̃i,f |f )yTi,f+1}V T
i,f+1,

M4 = Vi,f+1E{yi,f+1�
T
f }BT

f ,

M5 = −Vi,f+1E{yi,f+1μ
T
i,f+1}V T

i,f+1,

N1 = (I −Gi,f+1Λi,f+1Ci,f+1)

· E{x̃i,f+1|fεTi,f+1}ΛT
i,f+1G

T
i,f+1,

N2 = (I −Gi,f+1Λi,f+1Ci,f+1)

· E{x̃i,f+1|fπT
i,f+1}(Λi,f+1 − I)TGT

i,f+1,

N3 = −(I −Gi,f+1Λi,f+1Ci,f+1)

· E{x̃i,f+1|fμT
i,f+1}ΛT

i,f+1G
T
i,f+1,

N4 = Gi,f+1Λi,f+1E{εi,f+1π
T
i,f+1}

· (Λi,f+1 − I)TGT
i,f+1,

N5 = −Gi,f+1Λi,f+1E{εi,f+1μ
T
i,f+1}

· ΛT
i,f+1G

T
i,f+1.

Proof For brevity, the proof of Theorem 1 is

omitted here.

Theorem 2 For each sensor subsystem, let

scalars ϕq1 > 0 (q1 = 0, 1, . . . , 13) be given. If the

following two difference equations

Γ̄i,f+1|f
=(1 + ϕ1 + ϕ2)Af Γ̄i,f |fAT

f + (1 + ϕ−1
1 + ϕ3)α

2

· tr(Γ̄i,f |f )UUT + (1 + ϕ−1
2 + ϕ−1

3 + ϕ4 + ϕ5)

· Vi,f+1Θi,f+1V
T
i,f+1 + (1 + ϕ−1

4 )BfQfB
T
f

+ (1 + ϕ−1
5 )Vi,f+1Ri,f+1V

T
i,f+1

(18)
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and

Γ̄i,f+1|f+1

=(1 + ϕ6 + ϕ7 + ϕ8)(I −Gi,f+1Λi,f+1Ci,f+1)

· Γ̄i,f+1|f (I −Gi,f+1Λi,f+1Ci,f+1)
T

+ (1 + ϕ−1
6 + ϕ9 + ϕ10)Δ

(1)
i,f+1Gi,f+1Λi,f+1

· ΛT
i,f+1G

T
i,f+1 + (1 + ϕ−1

7 + ϕ−1
9 )Δ

(3)
i,f+1Gi,f+1

· (Λi,f+1 − I)(Λi,f+1 − I)TGT
i,f+1

+ (1 + ϕ−1
8 + ϕ−1

10 )Gi,f+1Λi,f+1Ri,f+1

· ΛT
i,f+1G

T
i,f+1

(19)

with the initial condition Γi,0|0 = Γ̄i,0|0 > 0 have so-

lutions Γ̄i,f+1|f > 0 and Γ̄i,f+1|f+1 > 0, respectively,

where

Θi,f+1 = (1 + ϕ0)w1Ci,f+1C
T
i,f+1

+ (1 + ϕ−1
0 )Ri,f+1,

Δ
(1)
i,f+1 = (1 + βi)Ῡi,f+1/β

2
i + (1 + β−1

i )�2i ,

Δ
(2)
i,f+1 = (1 + ϕ11 + ϕ12)Ci,f+1Γ̄i,f+1|fCT

i,f+1

+ (1 + ϕ−1
11 + ϕ13)Δ

(1)
i,f+1I

+ (1 + ϕ−1
12 + ϕ−1

13 )Ri,f+1,

Δ
(3)
i,f+1 =

[
γf+1
i π̄i,0 +

f∑
q=0

γf−q
i tr

(
ZiΔ

(2)
i,q+1

)]

·
m∑
j=1

1

ρ
(j)
i

,

Δ
(4)
i,f+1 = (1 + ϕ6 + ϕ7 + ϕ8)Λi,f+1Ci,f+1Γ̄i,f+1|f

· CT
i,f+1Λ

T
i,f+1 + (1 + ϕ−1

6 + ϕ9 + ϕ10)

·Δ(1)
i,f+1Λi,f+1Λ

T
i,f+1 + (1 + ϕ−1

7 + ϕ−1
9 )

·Δ(3)
i,f+1(Λi,f+1 − I)(Λi,f+1 − I)T + (1

+ ϕ−1
8 + ϕ−1

10 )Λi,f+1Ri,f+1Λ
T
i,f+1,

(20)

then it can be derived that

Γi,f+1|f ≤ Γ̄i,f+1|f , Γi,f+1|f+1 ≤ Γ̄i,f+1|f+1.

Furthermore, if the local filter gain is expressed as

Gi,f+1 = (1 + ϕ6 + ϕ7 + ϕ8)Γ̄i,f+1|fCT
i,f+1

· ΛT
i,f+1

(
Δ

(4)
i,f+1

)−1

,
(21)

then it can be verified that the UB of the FEC is

minimized at each moment.

Proof Theorem 2 is proved by using the math-

ematical induction approach. Specifically, based

on the initial condition, we have Γi,0|0 = Γ̄i,0|0 >

0. In what follows, suppose that the condition

Γi,f |f ≤ Γ̄i,f |f holds; then we will prove Γi,f+1|f+1 ≤
Γ̄i,f+1|f+1. First, according to Lemma 1, the cross

terms of Eq. (16) are addressed. As such, we have

Γi,f+1|f
≤(1 + ϕ1 + ϕ2)AfΓi,f |fAT

f + (1 + ϕ−1
1 + ϕ3)

· E{h̃(x̃i,f |f )(h̃(x̃i,f |f ))T}+ (1 + ϕ−1
2 + ϕ−1

3

+ ϕ4 + ϕ5)Vi,f+1E{yi,f+1y
T
i,f+1}V T

i,f+1

+ (1 + ϕ−1
4 )BfQfB

T
f + (1 + ϕ−1

5 )Vi,f+1

·Ri,f+1V
T
i,f+1

(22)

with ϕ1–ϕ5 being positive scalars. In terms of in-

equality (3), the uncertain term of inequality (22)

can be tackled as

E{h̃(x̃i,f |f )(h̃(x̃i,f |f ))T}
≤E{‖h′(xf )− h′(x̂i,f |f )‖2}UUT

≤α2tr(Γi,f |f )UUT,

(23)

where α > 0 is a scalar. In view of inequality (4) and

Lemma 1, the other uncertain term of inequality (22)

is addressed as

E{yi,f+1y
T
i,f+1}

≤(1 + ϕ0)w1Ci,f+1C
T
i,f+1 + (1 + ϕ−1

0 )Ri,f+1

�Θi,f+1,

(24)

where ϕ0 > 0 is a scalar. It follows from

inequalities (23) and (24) that

Γi,f+1|f
≤(1 + ϕ1 + ϕ2)AfΓi,f |fAT

f

+ (1 + ϕ−1
1 + ϕ3)α

2tr(Γi,f |f )UUT

+ (1 + ϕ−1
2 + ϕ−1

3 + ϕ4 + ϕ5)Vi,f+1

·Θi,f+1V
T
i,f+1 + (1 + ϕ−1

4 )BfQfB
T
f

+ (1 + ϕ−1
5 )Vi,f+1Ri,f+1V

T
i,f+1.

(25)

Next, we will check that Γi,f+1|f+1 ≤
Γ̄i,f+1|f+1. Using Lemma 1, the cross terms of

Eq. (17) can be tackled, and then we can obtain

Γi,f+1|f+1

≤(1 + ϕ6 + ϕ7 + ϕ8)(I −Gi,f+1Λi,f+1Ci,f+1)

· Γi,f+1|f (I −Gi,f+1Λi,f+1Ci,f+1)
T

+ (1 + ϕ−1
6 + ϕ9 + ϕ10)Gi,f+1Λi,f+1

· E{εi,f+1ε
T
i,f+1}ΛT

i,f+1G
T
i,f+1 + (1 + ϕ−1

7
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+ ϕ−1
9 )Gi,f+1(Λi,f+1 − I)E{πi,f+1π

T
i,f+1}

· (Λi,f+1 − I)TGT
i,f+1 + (1 + ϕ−1

8 + ϕ−1
10 )Gi,f+1

· Λi,f+1Ri,f+1Λ
T
i,f+1G

T
i,f+1,

(26)

where ϕq2 (q2 = 6, 7, . . . , 10) are positive scalars.

From Eq. (5) and Lemma 3, the uncertain term of

inequality (26) can be handled as

E{εi,f+1ε
T
i,f+1}

≤[(1 + βi)Ῡi,f+1/β
2
i + (1 + β−1

i )�2i ]I

�Δ
(1)
i,f+1I.

(27)

Noticing the other uncertain term of inequality(26),

it follows from Eqs. (13) and (14) that

E{πi,f+1π
T
i,f+1}

≤E

{[
γiπ̄i,f + (−εi,f+1 + Ci,f+1x̃i,f+1|f + μi,f+1)

T

·Zi(−εi,f+1+Ci,f+1x̃i,f+1|f+μi,f+1)
]m∑
j=1

1

ρ
(j)
i

}
I.

(28)

It follows from Lemma 1 that

E
{
(−εi,f+1 + Ci,f+1x̃i,f+1|f + μi,f+1)

·(−εi,f+1 + Ci,f+1x̃i,f+1|f + μi,f+1)
T
}

≤(1 + ϕ11 + ϕ12)Ci,f+1Γi,f+1|fCT
i,f+1 + (1 + ϕ−1

11

+ ϕ13)Δ
(1)
i,f+1I + (1 + ϕ−1

12 + ϕ−1
13 )Ri,f+1

≤Δ
(2)
i,f+1,

(29)

where ϕ11, ϕ12, and ϕ13 are positive scalars. By

substituting inequality (29) into inequality (28), we

have

E{πi,f+1π
T
i,f+1}

≤
(
γiπ̄i,f + tr

(
ZiΔ

(2)
i,f+1

)) m∑
j=1

1

ρ
(j)
i

I

≤Δ
(3)
i,f+1I.

(30)

According to inequalities (27) and (30), we have

Γi,f+1|f+1

≤(1 + ϕ6 + ϕ7 + ϕ8)(I −Gi,f+1Λi,f+1Ci,f+1)

· Γi,f+1|f (I −Gi,f+1Λi,f+1Ci,f+1)
T + (1 + ϕ−1

6

+ ϕ9 + ϕ10)Δ
(1)
i,f+1Gi,f+1Λi,f+1Λ

T
i,f+1G

T
i,f+1

+ (1 + ϕ−1
7 + ϕ−1

9 )Δ
(3)
i,f+1Gi,f+1(Λi,f+1 − I)

· (Λi,f+1 − I)TGT
i,f+1 + (1 + ϕ−1

8 + ϕ−1
10 )

·Gi,f+1Λi,f+1Ri,f+1Λ
T
i,f+1G

T
i,f+1.

(31)

Based on the induction method, Eqs. (16) and (17),

and inequalities (25) and (31), it can be inferred that

Γi,f+1|f+1 ≤ Γ̄i,f+1|f+1.

To proceed, the minimized UB on the FEC will

be derived. Specifically, let
∂tr(Γ̄i,f+1|f+1)

∂Gi,f+1
= 0, and

then the local filter gain is derived and depicted in

Eq. (21). Consequently, the proof is complete.

3.2 Fusion filtering method

In what follows, we aim to construct FF and

FEC for the considered nonlinear SSs. Note that

the local expressions of the cross-covariance on the

estimation error cannot be deduced easily; the ICI

fusion method described in Noack et al. (2017) is

adopted, which uses only the UBs of the estimation

error covariance from each processor.

In accordance with the local filter x̂i,f |f and

its UB Γ̄i,f |f (i = 1, 2, . . . , κ), the recursive forms

concerning the ICI-based FF x̂ICI
f |f and its covariance

Γ̄ ICI
f |f are shown as follows:

x̂ICI
f |f =

κ∑
i=1

ΠICI
i,f |f x̂i,f |f , (32)

Γ̄ ICI
f |f =

⎡
⎣ κ∑

i=1

Γ̄−1
i,f |f −

(
κ∑

i=1

diΓ̄i,f |f

)−1
⎤
⎦
−1

, (33)

where di ∈ [0, 1] denote the weighted coefficients and

satisfy
∑κ

i=1 di = 1. The fusion parameters ΠICI
i,f |f

are computed by

ΠICI
i,f |f = Γ̄ ICI

f |f

⎡
⎣Γ̄−1

i,f |f − di

(
κ∑

i=1

diΓ̄i,f |f

)−1
⎤
⎦ . (34)

In addition, the DFF algorithm can be trans-

formed into the following optimization problem:

min
di

{
tr(Γ̄ ICI

f |f )
}

s.t.
κ∑

i=1

di = 1, di ∈ [0, 1]. (35)

By using the optimization toolbox from MATLAB�,

we can derive the solution of problem (35).

In the sequel, we will test the developed fusion

algorithm in view of the ICI fusion rule, and the

following theorem is presented:

Theorem 3 For the multi-sensor SSs (1) and

(2) with local known UBs on the FEC, the ICI-based

fusion method in Eqs. (32)–(34) holds and satisfies

the following condition:

P ICI
f |f = E

{
(xf − x̂ICI

f |f )(xf − x̂ICI
f |f )

T
}
≤ Γ̄ ICI

f |f . (36)
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Proof For each sensor node, we have the re-

sults that Γi,f |f ≤ Γ̄i,f |f (i = 1, 2, . . . , κ). The proof

is easily checked, and the details are omitted for

brevity.

To facilitate implementation, the procedure of

the DETS-based DFF (DETSBDFF) algorithm is

given in Algorithm 1.

Algorithm 1 DETSBDFF

Step 1 : Let f = 0 and initialize the parameters

Step 2 : Compute x̂i,f+1|f according to Eq. (10)

Step 3 : Compute Γ̄i,f+1|f by Eq. (18)

Step 4 : Derive the filter gain Gi,f+1 by Eq. (21)

Step 5 : Compute x̂i,f+1|f+1 based on Eq. (11)

Step 6 : Obtain Γ̄i,f+1|f+1 via Eq. (19)

Step 7 : Obtain the fusion estimate x̂ICI
f |f by Eq. (32)

Step 8 : Compute the fusion FEC Γ̄ ICI
f |f from Eq. (33)

Step 9 : Let f = f + 1 and return to step 2

4 Boundedness analysis

In this section, we discuss the performance with

respect to the designed DFF algorithm. A sufficient

condition that can guarantee the uniform bounded-

ness of the filtering error in the mean-square sense

is presented. To handle this case, the following as-

sumption is needed:

Assumption 6 For any sensor i (i = 1, 2, . . . , κ)

and time f , there exist positive numbers ā, b̄, c̄, r, r̄,

ū, n̄, q̄, δ, δ̄, λ, λ̄, z̄, and ρ̄ such that the following

conditions hold:

AfA
T
f ≤ āI, BfB

T
f ≤ b̄I, Ci,fC

T
i,f ≤ c̄I,

rI ≤ Ri,f ≤ r̄I, UUT ≤ ūI, Qf ≤ q̄I,

Vi,fV
T
i,f ≤ n̄I, δ ≤ Δ

(1)
i,f ≤ δ̄, λ ≤ Λi,fΛ

T
i,f ≤ λ̄,

γi < 1, Zi ≤ z̄I, ρ
(j)
i ≥ ρ̄.

Furthermore, some notations are given as

θ′ � (1 + ϕ0)w1c̄+ (1 + ϕ−1
0 )r̄,

χ̆ � (1 + ϕ1 + ϕ2)χ̄ā+ (1 + ϕ−1
1 + ϕ3)

· nχ̄α2ū+ (1 + ϕ−1
2 + ϕ−1

3 + ϕ4

+ ϕ5)θ
′n̄+ (1 + ϕ−1

4 )q̄b̄+ (1 + ϕ−1
5 )r̄n̄,

Δ̄(2) � (1 + ϕ11 + ϕ12)χ̆c̄+ (1 + ϕ−1
11 + ϕ13)δ̄

+ (1 + ϕ−1
12 + ϕ−1

13 )r̄,

Δ̄(3) � m[π̄i,0 + (f + 1)mz̄Δ̄(2)]/ρ̄,

ḡ � (1 + ϕ6 + ϕ7 + ϕ8)
2χ̆2λ̄c̄

[(1 + ϕ−1
8 + ϕ−1

10 )r λ]
2

,

χ′ � 2(1 + ϕ6 + ϕ7 + ϕ8)χ̆(1 + c̄λ̄ḡ)

+ (1 + ϕ−1
6 + ϕ9 + ϕ10)δ̄λ̄ḡ

+ (1 + ϕ−1
7 + ϕ−1

9 )Δ̄(3)(1 + λ̄)2ḡ

+ (1 + ϕ−1
8 + ϕ−1

10 )r̄λ̄ḡ.

(37)

To proceed, the other scalars ϕq1 (q1 =

0, 1, · · · , 13) are considered as fixed values for any

time. Based on Assumption 6, a sufficient condition

is presented in the following theorem, which can en-

sure that the filtering error is uniformly bounded in

the mean-square sense:

Theorem 4 Consider the time-varying multi-

sensor SSs depicted in Eqs. (1) and (2). Under

Assumption 6 and notations (37), if the inequality

condition χ′ ≤ χ̄ holds with the initial condition

Γ̄i,0|0 ≤ χ̄I, then Γ̄i,f+1|f+1 ≤ χ̄I holds for any f .

Proof This theorem can be readily checked by

using the mathematical induction approach, and its

proof is omitted for the sake of conciseness.

Remark 4 It is easy to deduce that

E{x̃i,f |f x̃T
i,f |f} ≤ χ̄I. It follows from the Schur com-

plement lemma that we can obtain E{‖x̃i,f |f‖2} ≤ χ̄.

Then, the uniform boundedness regarding the filter-

ing error in the mean-square sense is verified.

5 An illustrative example

In this section, a simulation example is pre-

sented to show the usefulness of the proposed DFF

algorithm.

We consider a time-varying nonlinear SS with

three sensors, and its parameters are given as

K =

[
0 0

0 1

]
, B′

f =

[
0.1125 + 0.001cos(0.15f)

0.22 + 0.01sin(0.15f)

]
,

A′
f =

[
0.734 + 0.01sin(0.15f) 0

0.7551 + 0.01cos(0.15f) σ

]
,

C1,f =
[
0.431 0.395

]
, C2,f =

[
0.441 0.462

]
,

C3,f =
[
0.5441 0.455

]
, U =

[
0.01 −0.9165

0.01 1

]
,

V1,f =

[
2.33

0.01

]
, V2,f =

[
2.2776

0.01

]
,

V3,f =

[
1.8478

0.01

]
, σ = 0.333 + 0.01cos(0.1f).
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The nonlinear function is h′(xf ) =[
0 0.172sin(x2,f )

]T
, where the system state is

xf =
[
x1,f x2,f

]T
, and the constant is chosen as

α = 0.172 according to inequality (3).

In the simulation, we select the initial values

x̄0 = x̂i,0|0 =
[−0.78 −0.78

]T
and P0 = Γ̄i,0|0 =

2I2. The system noises are zero means and their

variances are taken as Qf = 0.1, R1,f = 0.151,

R2,f = 0.21, and R3,f = 0.122. The other pa-

rameters are chosen as w1 = 2, ai,f = bi,f = 0.1

(i = 1, 2, 3), and ϕq1 = 0.1 (q1 = 0, 1, . . . , 13).

Considering the DETS and adaptive saturation con-

straint condition, the relevant parameters are taken

as φi,0 = 1, �1 = 0.46, �2 = 0.51, �3 = 0.41, βi = 15,

ξi = 0.1, γi = 0.45, π̄i,0 = 0.5, ρ
(1)
i = 5, Λi,f = 1,

and Zi = 0.1 (i = 1, 2, 3). Furthermore, the out-

lier depicted by the zero-mean noise with variance

10 is taken into account in the simulation, and we

assume that the time period of the appeared outliers

is T = 5.

According to the above parameters, the simu-

lation results are shown in Figs. 2–8. Fig. 2 shows

the curves of the actual state and its fusion filtering.

Fig. 3 displays the logarithm of mean square errors

(MSEs) with respect to the FF and three local filters.

Fig. 4 plots the curves of the logarithm of UB traces

on the fusion FEC and local FEC. It can be seen

that the performance of the FF is better than those

of the other local filters. Accordingly, it is easy to

see that the curves of log(MSEs) always stay below

their UBs.

To further verify the validity of the proposed

approach, the curves of log(MSEs) of the FF with or

without the adaptive saturation condition are shown

in Fig. 5. Fig. 6 displays the curves of log(MSEs)

of the FF when the variances of the outlier are cho-

sen as 10 and 20; i.e., in case 1, the variance of

the outlier is 10 and in case 2, the variance of the

outlier is 20. Furthermore, to demonstrate the im-

pact of the measurement outlier on the UB of the

FEC, Fig. 7 shows the curves of the logarithm of

UB traces on the fusion FEC in the above two cases.

It can be seen that the UBs become slightly larger

with the increase of the outlier variance, and hence

the presented approach can further mitigate the in-

fluence of outliers on estimation performance. Ac-

cording to comparison results from Figs. 5–7, we

see that the presented approach with the outlier-
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resistant method performs better than the approach

without the outlier-resistant method. In addition,

to compare the effect of the DETS with that of the
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SETS, Fig. 8 shows the triggering instants of each

node under the DETS and SETS. As expected, it is

easy to see that the DETS can further reduce the

communication burden. In view of the above results,

the provided DFF algorithm is effective.

6 Conclusions

In this paper, the outlier-resistant DFF issue

has been tackled for a class of multi-sensor nonlinear

SSs with measurement outliers and a DETS. In view

of the stochastic analysis method, a local UB with

respect to the FEC has been deduced, and the fil-

ter gain has been computed by minimizing the trace

of the obtained UB. On the basis of the local filters

and their UBs, the outlier-resistant fusion filtering

approach has been implemented using the ICI fusion
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method. In addition, a sufficient condition that can

ensure the boundedness of the filtering error has

been presented. Furthermore, the potential research

work includes the extension of the main results to

handle other communication scheduling strategies,

such as the try-once-discard strategy and encoding–

decoding strategy (Shen et al., 2021; Zou et al., 2021;

Jiang et al., 2022).
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