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Abstract: In computational fluid dynamics (CFD), mesh-smoothing methods are widely used to refine the mesh
quality for achieving high-precision numerical simulations. Specifically, optimization-based smoothing is used for
high-quality mesh smoothing, but it incurs significant computational overhead. Pioneer works have improved
its smoothing efficiency by adopting supervised learning to learn smoothing methods from high-quality meshes.
However, they pose difficulties in smoothing the mesh nodes with varying degrees and require data augmentation
to address the node input sequence problem. Additionally, the required labeled high-quality meshes further limit
the applicability of the proposed method. In this paper, we present graph-based smoothing mesh net (GMSNet), a
lightweight neural network model for intelligent mesh smoothing. GMSNet adopts graph neural networks (GNNs) to
extract features of the node’s neighbors and outputs the optimal node position. During smoothing, we also introduce
a fault-tolerance mechanism to prevent GMSNet from generating negative volume elements. With a lightweight
model, GMSNet can effectively smooth mesh nodes with varying degrees and remain unaffected by the order of
input data. A novel loss function, MetricLoss, is developed to eliminate the need for high-quality meshes, which
provides stable and rapid convergence during training. We compare GMSNet with commonly used mesh-smoothing
methods on two-dimensional (2D) triangle meshes. Experimental results show that GMSNet achieves outstanding
mesh-smoothing performances with 5% of the model parameters compared to the previous model, but offers a
speedup of 13.56 times over the optimization-based smoothing.
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1 Introduction has emerged as a crucial method for studying the

principles of fluid dynamics. Its wide applica-

With the rapid advancements made in computer
technology, computational fluid dynamics (CFD)
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tions span diverse fields, including aerospace, hy-
draulic engineering, automotive engineering, and
biomedicine (Bridgeman et al., 2010; Damjanovié¢
et al.,, 2011; Samstag et al., 2016; Spalart and
Venkatakrishnan, 2016).
tions are performed by discretizing the governing

Typically, CFD simula-

physical equations and subsequently solving large-
scale algebraic systems of discretized equations to
obtain fluid variables. Discretization, a critical step
in CFD, encompasses two key aspects: discretizing
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the governing physical equations and discretizing the
computational domain (Moukalled et al., 2016). The
latter process, known as mesh generation, plays a
fundamental role in CFD. It involves partitioning the
computational domain into non-overlapping mesh
elements, such as polygons in the two-dimensional
(2D) region and polyhedra in the three-dimensional
(3D) region (Baker, 2005). The quality of the gen-
erated mesh profoundly impacts the convergence,
accuracy, and efficiency of numerical simulations.
Orthogonality, smoothness, distribution, and den-
sity distribution of mesh elements significantly in-
fluence the stability and convergence of the solu-
tion matrix (Knupp, 2001). Consequently, the pur-
suit for high-quality mesh generation remains a vi-
brant and active area in CFD research. During
the advent of practical mesh-generation processes,
the initially generated mesh often fails to meet the
simulation requirements. To enhance the quality
of the mesh, mesh quality improvement techniques
are commonly employed, including mesh smooth-
ing (Freitag and Knupp, 2002; Durand et al., 2019;
Hai et al., 2021), face-swapping, edge-swapping (Fre-
itag and Ollivier-Gooch, 1997; Prasad, 2018), point
insertion/deletion (Escobar et al., 2005; Klingner
and Shewchuk, 2008; Guo and Hai, 2021), and
other techniques. Among these techniques, mesh-
smoothing methods are the most commonly used
approach for improving the mesh quality.

Mesh smoothing can be categorized into two
main types: heuristic smoothing and optimization-
based smoothing (Guo et al., 2022). A representative
heuristic method is Laplacian smoothing (Herrmann,
1976; Pan et al., 2020; Sharp and Crane, 2020)
(shown in Fig. la).
mesh node is placed at the arithmetic average of the
coordinates of the nodes in the StarPolygon (a poly-
hedron containing the node, as shown in Fig. 1) for
smoothing. This method is efficient but may produce
negative volume elements when the StarPolygon is
non-convex. Angle-based smoothing (Zhou and Shi-
mada, 2000; Guo et al., 2020) achieves mesh smooth-
ing by placing the mesh node on the angle bisectors of
the nodes of the StarPolygon (shown in Fig. 1b). In
addition to node-based methods, centroidal Voronoi
tessellation (CVT) smoothing (Du and Gunzburger,
2002; Du and Wang, 2003; Liu et al., 2009) recalcu-
lates the Voronoi regions of each node through Lloyd
iterations (Lloyd, 1982) and relocates the point to

In Laplacian smoothing, the
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Fig. 1 (a) Laplacian smoothing. The StarPolygon
of point z is formed by S(z) = {z1,x2, - ,z6¢} as a
hexagon. The optimized mesh nodes are then located
at the arithmetic average of the coordinates of the
nodes in the StarPolygon. (b) Angle-based smooth-
ing. It shows the optimal position based on x;. This is
achieved by rotating « to the angle bisector of the an-
gle where x; is located, resulting in 7. This process
is repeated for other points in the mesh, and the fi-
nal optimized points are obtained through arithmetic
averaging

the centroid of the Voronoi region for smoothing. To
enhance the efficiency of the Lloyd algorithm, deter-
ministic methods have been proposed for calculat-
ing the new point location (Du et al., 1999). Un-
like node-based methods, smoothing methods based
on element transformation (Vartziotis et al., 2008;
Vartziotis and Papadrakakis, 2017; Vartziotis and
Wipper, 2019) aim to enhance the mesh quality
by applying linear transformations to the mesh el-
ements. In these methods, individual mesh elements
can converge to optimal shapes through multiple it-
erations. Although heuristic-based mesh-smoothing
methods are simple and efficient, their optimization
capabilities are limited. They may produce inverted
elements, and the smoothness effect heavily relies
on the design of the heuristic functions. In con-
trast, optimization-based methods (Parthasarathy
and Kodiyalam, 1991; Canann et al., 1998; Chen
L, 2004; Zhang YJ et al, 2009) achieve mesh
smoothing by optimizing the mesh quality evalu-
ation metric in the local area. Parthasarathy and
Kodiyalam (1991) were the first to formulate the
mesh-smoothing problem as a constrained optimiza-
tion problem and use iterative optimization algo-
rithms to optimize the mesh node positions. De-
spite the adoption of different mesh quality evalua-
tion metrics and optimization methods in subsequent
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works, the optimization-based methods usually re-
quire solving optimization problems iteratively for
mesh smoothing, resulting in low efficiency.

Recently, artificial intelligence (AI) methods
have been widely applied in mesh-related fields.
Most of these research works are devoted to apply-
ing Al methods to mesh quality evaluation (Chen
XH et al., 2020, 2021; Wang et al., 2022), mesh den-
sity control (Zhang ZY et al., 2020, 2021), mesh
generation (Daroya et al., 2020; Papagiannopoulos
et al.,, 2021; Chen XH et al., 2022), mesh refine-
ment (Bohn and Feischl, 2021; Paszynski et al.,
2021), and mesh adaptation (Fidkowski and Chen,
2021; Wallwork et al., 2022; Wu TF et al., 2022).
However, relatively few works have been done on
Al-based mesh smoothing. Guo et al. (2022) first
introduced a supervised learning approach to em-
ulate optimization-based smoothing methods with
feedforward neural networks. The proposed model,
neural network (NN)-Smoothing, improves the effi-
ciency of optimization-based smoothing by directly
giving the optimal node position. Nevertheless, feed-
forward neural networks are constrained by fixed-
dimensional inputs. This necessitates separate mod-
els for mesh nodes with different degrees and data
augmentation for different sequences of input nodes,
thereby increasing the model’s training cost. More-
over, to train the model through supervised learn-
ing, high-quality mesh generation incurs burdensome
computational overhead.

To overcome such limitations, we present a
novel mesh-smoothing model, graph-based smooth-
ing mesh net (GMSNet), based on graph neural net-
works (GNNs) (Wu ZH et al., 2021). We propose
a lightweight and efficient GNN model for learning
the process of mesh smoothing. GMSNet avoids the
overhead of solving the optimization problem by ex-
tracting features from the neighboring nodes of a
mesh node to directly output improved node posi-
tion. Through the ability of GNNs to handle un-
structured data, GMSNet can smooth nodes of vary-
ing degrees with a single model and elegantly solve
the node input sequence problem without requiring
data augmentation. Once trained, it can be applied
to smooth the mesh with different shapes. We also
propose a shift truncation operation to avoid intro-
ducing negative volume elements while smoothing
the mesh. Beyond the proposed GMSNet, we intro-
duce a novel loss function, MetricLoss, to train the

model, which further eliminates the overhead of gen-
erating high-quality meshes. We conduct extensive
experiments between GMSNet and the commonly
used mesh-smoothing algorithms on 2D triangular
meshes. The experimental results show that our
model achieves a speedup of 13.56 times compared
with optimization-based smoothing while achieving
similar performance, and outstands all the other
heuristic smoothing algorithms. The results also in-
dicate that GMSNet can be applied to meshes unseen
during training. Meanwhile, compared to the pre-
vious NN-Smoothing model, GMSNet has only 5%
of its model parameter but obtains superior mesh-
smoothing performance. We also validate the effec-
tiveness of the proposed MetricLoss with compara-
tive experiments. We summarize our contributions
as follows:

1. We propose a lightweight GNN model,
GMSNet, for intelligent mesh smoothing. GMSNet
can smooth nodes with varying degrees and remain
unaffected by the order of data input. Additionally,
we offer a fault-tolerance mechanism, shift trunca-
tion, to prevent GMSNet from generating negative
volume elements.

2. Based on the mesh quality metrics, we intro-
duce a novel loss function, MetricLoss, to train the
model without the necessity for high-quality meshes.
MetricLoss exhibits stable and rapid convergence
during model training.

3. We validate the effectiveness of GMSNet
through extensive experiments conducted on 2D
triangular meshes. The results of these experi-
ments demonstrate that GMSNet achieves excellent
mesh-smoothing performance and significantly out-
performs optimization-based smoothing with a mean
speedup of 13.56 times.
are conducted to showcase the effectiveness of the
proposed MetricLoss.

Comparative experiments

2 Related works
2.1 Heuristic mesh smoothing

Laplacian smoothing is the most commonly used
heuristic mesh-smoothing method, which updates
the node coordinate to the arithmetic average of
nodes in StarPolygon. Weighted Laplacian smooth-
ing (Vollmer et al., 1999) introduces additional
weights or importance factors to the neighboring
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nodes or edges during the smoothing process, offering
stronger control over the smoothing effect and pre-
serving specific features of the mesh. Smart Lapla-
cian smoothing (Field, 1988) includes using a check
before each node movement to assess whether the
operation will improve the mesh quality or not. If
the mesh quality does not improve, the movement of
the mesh node is skipped, resulting in a more effi-
cient process. Angle-based mesh smoothing achieves
smoothness by considering the angles of the mesh
nodes. In this method, the node is rotated to align
with the angle bisectors of each node in StarPolygon.
Since the angle bisectors of the various nodes of the
StarPolygon may not coincide, the final node po-
sitions require additional calculation. This can be
achieved by calculating the average of the node co-
ordinates or by solving a least squares problem. CVT
smoothing positions the node at the centroids of the
Voronoi region defined by the mesh node. To en-
hance the efficiency of the Lloyd algorithm in the
solving process, a more efficient method has been de-
signed to calculate the centroids, as described below:

N 1

TjEQi

where a} represents the new node position, |£2;] is
the total area of the node’s StarPolygon, |T}| is the
area of the ;' triangle, and C) is the circumcenter
of the j*" triangle.

It is worth noting that there is no abso-
lute boundary between heuristic smoothing and
optimization-based smoothing. From another per-
spective, heuristic mesh smoothing can be viewed
as an optimization-based approach. For instance,
Laplacian smoothing can be viewed as minimiz-
15 5 o,
where wv; represents the edge from x to =x;, and
|S(x)| is the number of nodes in the StarPolygon
(Fig. 1a).
ing can be seen as minimizing the energy function
E = @Z?ffﬁ)‘ 6?, where 6; is the angle be-
tween the edge from x to x; and the edge of the
polygon (Fig. 1b). The primary advantage of heuris-
tic mesh smoothing lies in its efficiency. However,

ing the energy function E =

Similarly, angle-based mesh smooth-

its smoothing performance often is inferior to that
of optimization-based smoothing. Furthermore, the
effectiveness of heuristic mesh smoothing heavily re-
lies on the design of the heuristic functions.

2.2 Optimization-based smoothing

The mesh-smoothing method based on opti-
mization can be formalized as follows: given an ini-
tial mesh with a set of node positions, a set of con-
straints, and an objective function f (some kind of
mesh quality evaluation function), the goal is to find
a new set of node positions that minimizes f. Math-
ematically, this can be expressed as

x; = argmin, f(x;, 5 (x;)) st. x; € X, (2)

where x] represents the new position of mesh node
x;, X is the feasible set satisfying constraints on
xf, and S(x;) is the set of nodes in the StarPoly-
gon of x;. It is important to mention that the in-
put of this function includes the connectivity be-
tween the nodes, which is omitted here for clarity.
Different choices of evaluation functions lead to dif-
ferent mesh-smoothing methods, reflecting our em-
phasis on different mesh qualities. Commonly used
evaluation functions include the maximum-minimum
(max-min) angle (Xu et al., 2017), aspect ratio,
and distort ratio, among others (Parthasarathy and
Kodiyalam, 1991). If the function f is differen-
tiable, the optimal point of this constrained opti-
mization problem may be solved by setting the gra-
dient V f = 0 to obtain an explicit expression. How-
ever, in most cases, it is difficult to derive explicit
expressions for x} as in Laplacian smoothing and
angle-based smoothing. Iterative methods are often
used to solve x;, which are computationally inef-
ficient. Therefore, developing an efficient way to
determine the optimal positions remains a critical
challenge.

2.3 Neural networks in mesh-related fields

Inspired by the neurons in the human brain, ar-
tificial neural networks are being used to learn com-
They find extensive ap-
plications in machine learning and Al, addressing

plex function mappings.

tasks including image recognition, speech recogni-
tion, natural language processing, and more (Reddy,
1976; LeCun et al., 2015; Pak and Kim, 2017; Chowd-
hary, 2020). Recently, neural networks have found
significant applications in various domains related
to meshes. In the realm of mesh quality evalua-
tion, GridNet, a convolutional neural network model
introduced by Chen XH et al. (2020), along with

the NACA-market dataset, facilitates the automated
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evaluation of structured mesh quality. Extending
this notion to unstructured meshes, Wang et al.
(2022) employed GNNs for mesh quality assessment.
For refining the mesh distribution, Zhang 7Y et al.
(2020) employed an artificial neural network to en-
hance the conventional mesh-generation software,
enabling the prediction of the local mesh density
throughout the domain. This approach was further
expanded to tetrahedral meshes, as demonstrated
convincingly through extensive testing (Zhang ZY
et al., 2021).
generation, Daroya et al. (2020) presented an al-
gorithm that leverages global structural informa-
tion from point clouds to achieve high-quality mesh

In the domain of intelligent mesh

reconstruction. Similarly, Papagiannopoulos et al.
(2021) trained neural networks using the data ex-
tracted from the meshed contours, enabling accu-
rate approximation of the number, placement, and
interconnectivity of nodes within the meshing do-
main. Taking a novel differential approach, Chen
XH et al. (2022) introduced MGNet, an unsuper-
vised neural network methodology for generating
structured meshes, yielding promising results. Be-
yond generation, Al techniques have made signifi-
cant contributions to mesh refinement and adapta-
tion. Bohn and Feischl (2021) used recurrent neu-
ral networks to learn optimal mesh-refinement al-
gorithms, establishing its prowess as an effective
black-box tool for enhancing a wide spectrum of
partial differential equations. Wu TF et al. (2022)
seamlessly integrated a machine-learning regression
model to enrich variational mesh adaptation, ex-
pediting the flow field estimation on the updated
meshes. Meanwhile, Wallwork et al. (2022) devised
a data-driven, goal-oriented mesh-adaptation strat-
egy, underpinned by a trained neural network, effec-
tively supplanting the computationally expensive er-
ror estimation phase in the adaptation process. Fid-
kowski and Chen (2021) ingeniously employed artifi-
cial neural networks to ascertain optimal anisotropy
in computational meshes, yielding enhanced mesh ef-
ficiency compared to conventional methods. In terms
of mesh smoothing, NN-Smoothing (Guo et al., 2022)
imitates optimization-based mesh smoothing using
feedforward neural networks, significantly enhancing
the efficiency of optimization-based mesh smoothing.
However, separate models for training and expensive
high-quality mesh generation incur significant com-
putational overhead.

In addition to conventional deep learning algo-
rithms, GNNs (Wu ZH et al., 2021) were introduced
to enhance the learning capacity of AI methods for
handling non-structured data. GNNs use graph con-
volutions (Kipf and Welling, 2016) to incorporate
topological connections into the feature learning pro-
cess on graphs. Since meshes can be naturally rep-
resented as graph data, GNNs have found extensive
applications in various CFD fields, including mesh
refinement, flow field simulation, turbulence model-
ing, and more (Lino et al., 2021; Pfaff et al., 2021;
Han et al., 2022; Peng et al., 2022; Song et al., 2022).
Therefore, we posit that applying GNNs to mesh
smoothing is a promising and effective solution.

3 Methodology
3.1 Problem formulation

The mesh-smoothing problem involves enhanc-
ing the quality of a mesh by adjusting the positions
of its nodes while maintaining their connectivity.
Mesh-smoothing processes are defined as functions
that operate on the mesh, taking the mesh nodes
and their connections as inputs and providing new
coordinates for the mesh nodes as outputs. For each
mesh node, the input of the smoothing function in-
cludes itself and its StarPolygon, which comprises
the node’s one-ring neighbors. In this paper, we de-
fine the mesh as a node graph. Specifically, given a
node xy and its StarPolygon, we represent it with
a graph G = (V, &), where V = {xg,1,...,Zn},
x; is the coordinate of node i in StarPolygon, n is
the number of nodes in the StarPolygon, and & =
{(¢,7) | if @; is connected with «;} represents the
connections between the nodes. A typical smooth-
ing process is iterative, where at the ¢ iteration
step, the initial node graph is denoted as G;, and the
optimized node position for the center node can be
represented as

ot = F(Gy) = F(V., €). (3)

In this paper, we employ GNNs to learn the
function F for mesh smoothing.

3.2 Graph-based smoothing mesh net
3.2.1 Lightweight model design

The mesh-smoothing model based on the GNNs

is depicted in Fig. 2. Given a graph consisting
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of mesh nodes and edges, our goal is to compute
a more optimal mesh node position for each mesh
node to smooth the mesh. In this model, we use
the coordinate positions as node features, denoted
as X € R(+1)x2 (n nodes in the StarPolygon and
one free node to move). The connectivity between
the nodes is represented by the adjacency matrix
A ¢ ROHDx(+) (node index i is omitted for
clarity).

To ensure the model’s scale invariance, we apply
node normalization during processing. The model
normalizes the node input using min-max normal-
ization on X, restricting it to the range of 0 and
1, and subsequently performs a translation to center
the node around the coordinate origin. After model
processing, we employ an affine transformation to
map the node positions back to their original scale.
Data normalization is shown in Fig. 3. After normal-
izing the data, we transform the features by a linear
layer, which can be expressed as

Xy = Norm(X)W) + by, (4)

where Norm(-) represents the normalization oper-
ation, W) € R?*H by is the transformation matrix
and bias of the linear layer, H is the dimension of the
hidden feature, and X}, € R(**+D*H 5 the output of
the linear layer. Subsequently, we employ a residual
graph convolutional network (GCN) layer (Kipf and

Wang et al. / Front Inform Technol Electron Eng 2025 26(3):367-384

Welling, 2016; Li et al., 2019) to compute the fea-
tures of the hidden layer based on the features of the
nodes in the StarPolygon. The process involves nor-
malizing the features outputted by the linear layer
using GraphNorm (Cai et al., 2021), followed by an
activation layer, a convolutional layer, and a sum-
mation layer to calculate the hidden features of the
nodes. This process can be represented as

X = GraphNorm(Xy,),
X, = GON(ReLU(Xy), A) + X,
= A[ReLU(X},)|W, + X,

(5)

(6)

where A is the normalized adjacency matrix (A =
A+1I A= ﬁ_%/lﬁ_%, D is the degree matrix of
A ), ReLU(-) is the activation function, W, is the
parameter of the GCN layer, and X, € R(+1)xH
represents the final features outputted by the resid-
ual GCN layer. The final position of the free node
is obtained through a two-layer fully connected (FC)
neural network with InstanceNorm (Ulyanov et al.,
2017). Since we only need to change the position
of the free node, we extract its feature and decode
it using a multilayer perceptron (MLP). Let i, be
the index of the free node, then the optimized node
position is given by

z* = MLP(X,, ). (7)

FC
IS-Norm

Node encoder

Normalized StarPolygon

— > Training

—*Inference

Training mesh

Smoothed StarPolygon

Test case

N iterations

Fig. 2 Architecture of GMSNet. GMSNet smoothes the mesh by calculating the optimized position for each
mesh node. The process begins with the normalization of the input StarPolygon. Next, feature transformation
is performed on the normalized features, and information from the StarPolygon nodes is integrated using
graph convolution. Finally, the model predicts the optimized node positions through FC layers. Here GNorm
represents the GraphNorm operation and IS-Norm represents the InstanceNorm operation. The model iterates
N times over the entire mesh to perform the smoothing operation. After training, GMSNet can be applied to

previously unseen meshes, such as the pipe’s mesh
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Fig. 3 Data normalization. The StarPolygon to be
processed is normalized to the center of the coor-
dinate axis. d represents the maximum size of the
StarPolygon, x and y represent the coordinates to be
scaled, and cz and cy are the normalized coordinates
of the target node after scaling

The smoothing algorithm should possess the ca-
pability to handle nodes with varying degrees and re-
main unaffected by the order of node inputs. In the
NN-Smoothing model, handling nodes with differ-
ent degrees is achieved by training separate models,
while the order of node inputs is addressed through
data augmentation by varying the starting node in
the ring of StarPolygon. However, due to the per-
mutation invariance property of the GNNs, where
the output remains unaffected by permutations in
the input order (e.g., in the sum or mean function),
GMSNet remains robust to changes in the node in-
put sequence. Additionally, it can smooth the nodes
with varying degrees, as there are no restrictions on
the number of neighbors that a node can have in
GNNs.

3.2.2 Model training

In the NN-Smoothing method, the model is
Labeled high-
quality meshes are generated using optimization-

trained using supervised learning.

based smoothing, which is a time-consuming task.
In contrast, the proposed GMSNet directly learns
the optimization process for mesh smoothing. This
process can be illustrated by comparing it with
optimization-based smoothing. In optimization-
based smoothing, gradient descent is used as the
optimization method, and a mesh quality function
f is given to be optimized until its minimum value
is found. In the k' iteration, the optimization
algorithm updates the position as xx+1 = T —
aVg f(xr, S(x0)), where Vg f(zr, S(x0)) is the gra-
dient of f and « is the step size.
updating xj, the function converges to a local or

By iteratively

global optimum x*. In contrast, NN-Smoothing di-

rectly predicts the optimal point for mesh smooth-
ing, ie., #* = NN(zo,S(x0))-
approach requires high-quality labeled meshes gen-
erated through the optimization algorithm, which is
time-consuming. On the other hand, the GMSNet
model does not require labeled data to learn the
Instead, the
training process is driven by the quality evaluation

However, this

smoothing process for mesh nodes.

metric of the mesh elements, which can be expressed
as

W* = argminy, L(2*, S(x0))
= arg miny, L(Fw (o, S(x0)), S(x0)),

where L is the loss function constructed using a mesh
quality metric, Fy is learned through the proposed
model, and W is the parameter of the model. The
loss function is based on the mesh element evaluation
metric, and the model optimizes the positions of the
mesh nodes by minimizing this function.

The main distinction between this approach and
NN-Smoothing lies in the training data. In the pro-
posed method, there are no high-quality meshes pro-
vided for labels. Instead, the learning process relies
solely on minimizing the mesh quality metric func-
tion. The primary divergence from optimization-
based mesh-smoothing methods is that this approach
directly offers optimized positions for mesh nodes
without the need to solve an optimization problem,
resulting in a significant improvement in the effi-
ciency of mesh smoothing. A comprehensive compar-
ison of the three aforementioned methods is shown
in Table 1.

3.2.3 MetricLoss

In this subsection, we introduce a loss function
based on mesh quality metrics, called MetricLoss, as
the optimization objective function for the model.
By minimizing this loss function, the model can
learn how to smooth the mesh to improve its quality.
Several metrics are available to evaluate the qual-
ity of mesh elements, including the maximum an-
gle, minimum angle, Jacobian matrix, aspect ratio,

and others. In our case, we adopt the aspect ratio
_ m’4n’41?

1= 3035

and [ are the edges of the triangle, and S is the area

of the triangle. For an equilateral triangle, this value

to assess the mesh quality, where m, n,

is 1, while for a degenerate triangle, it approaches
+o00. However, the range of this metric is too large,
which can cause gradient explosion, especially for
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Table 1 Comparison among optimization-based smoothing, NN-Smoothing, and GMSNet

Method

Speed Labeled high-quality mesh

Varying node degrees Node input order

Optimization-based smoothing Low
NN-Smoothing High
GMSNet High

Not acquiring
Acquiring
Not acquiring

Not affected Not affected
Training separate models Performing data augmentation
Not affected Not affected

poor-shaped elements. To address this issue, we
normalize this metric’s domain to [0, 1] through the
function f(¢) =1— %. For equilateral triangles, this
transformed metric is 0, while for degenerate trian-
gles, it is 1. The MetricLoss is designed as the mean
value of the transformed metric of elements in its

StarPloygon, which can be expressed as

1 [S(x)] 1
£, 8@ = 15y 2 (-2

4./385;

_m§+nf+lf

)

9)
where m;, n;, and [; are the edges of triangle T}, .S;
and ¢; are the area and the aspect ratio of T}, respec-
tively (see Fig. 4 for details). We validated the effec-
tiveness of our designed loss function in Section 4.3.

[SG) =5
_ 1 [S(x)l ’ 1
£(x, S(x)) = _IS(X)I pa ( qi)
sl 4V3S,
=150 & U e /f)

Fig. 4 MetricLoss. We use the mean transformed as-
pect ratio as the loss function for model optimization

3.2.4 Shift truncation

In the process of mesh generation and mesh
smoothing, it is crucial to ensure that the generated
mesh avoids negative volume elements. However,
mesh smoothing algorithms can sometimes lead to
the generation of negative volume elements, as de-
picted in Fig. 5. For instance, in the case of Laplacian
smoothing, when dealing with non-convex StarPoly-
gons, negative volume elements may arise (as illus-
trated in Fig. 5a). Similarly, during CVT smoothing,
calculating Voronoi centroid for elongated mesh ele-

ments can result in shifts that extend far away from

8

Fig. 5 (a) For non-convex StarPolygons, Laplace
smoothing may move nodes outside the StarPolygon.
(b) Computing the circumcenter of triangles is neces-
sary for CVT smoothing. For highly distorted mesh
elements, their circumcenters are far away from the
StarPolygon, resulting in negative volume elements.
(c) Shift truncation. In the training and inference
phases of the model, we truncate the shift to avoid
generating negative volume elements

the StarPolygon region, as shown in Fig. 5b (in the
case of degenerate mesh elements, the centroid posi-
tion may even be at an infinite distance). Addition-
ally, in optimization algorithms, using a uniform step
size for different scales of the mesh elements can lead
to the production of negative volume elements, as
the optimization process may overshoot the optimal
position.

Negative volume elements can occur during the
training and inference stages of intelligence-based
smoothing algorithms. To show this, we visualize
the output mesh after the first epoch of training. As
shown in Fig. 6a, a large portion of the node up-
dates result in negative volume elements. However,
as the model continues training, it learns the smooth-
ing process, and the number of negative volume el-
ements decreases, as depicted in Fig. 6b. We also
study the impact of shift truncation in the model
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predictions. The experimental results are shown
in Figs. 6c and 6d.
highly distorted elements, the model may produce
negative volume elements despite being trained for

It is evident that for certain

epochs. The generation of negative volume elements
With the

model training, the occurrence of negative volume

does not disrupt the learning process.

elements gradually decreases. However, due to the
uncertainty of neural networks, although rare, it is
still possible for the model to introduce negative vol-
ume elements during the inference stage. Hence, a
method is required to prevent the occurrence of neg-
ative volume elements. The simplest approach is to
set the displacements that result in negative volume
elements to zero. However, this approach hinders
the update of poorly shaped mesh elements, which is
precisely the optimization goal of mesh smoothing.
Therefore, we adopt a line search method to han-
dle negative volume elements, as depicted in Fig. 5c
and Algorithm 1. We repeatedly have half the shift
that introduces the negative volume elements until
no negative volume element is generated. With the
aforementioned method, the training of GMSNet is
described in Algorithm 2.

Algorithm 1 Shift truncation operation
Input: Mesh node i, original position x;, optimized po-

sition @], and the position shift Ax;
1: while x; results in negative elements do
2 Az; = 0.5Ax;
3 oz =x + Az
4: end while

4 Experiments
4.1 Experimental setup

In this section, we conducted a comprehensive
performance comparison of the proposed GMSNet
The base-
Lapla-

with five baseline smoothing methods.
line methods we evaluated are as follows:
cian smoothing (Field, 1988), angle-based smooth-
ing (Zhou and Shimada, 2000), CVT smoothing (Du
and Gunzburger, 2002), geometric element trans-
formation method (GETMe) (Vartziotis and Wip-
per, 2019), optimization-based smoothing, and NN-
Smoothing (Guo et al., 2022). Below are the imple-
mentation details for each baseline model:

LN
REAA

Fig. 6 Essential of shift truncation. The red ele-
ments represent negative volume elements. We show
changes in the number of negative volume elements
throughout both the training and prediction phases.
The training mesh is shown after training the model
for 1 epoch (a) and 10 epochs (b). The testing mesh
is shown after training the model for 1 epoch (c) and
10 epochs (d). It can be seen that although train-
ing reduces the number of negative volume elements
generated, it cannot completely eliminate them. Ref-
erences to color refer to the online version of this
figure

1. All models adopted the sequential updating,
where the mesh nodes were directly updated after
each optimization step (as opposed to computing
the updates for all nodes and then updating them
together).

2. All models were implemented entirely in
Python, with their sole distinction lying in how they
update the positions of mesh nodes.

3. Smart Laplacian smoothing was adopted to
prevent negative volume elements.

4. In the angle-based smoothing, the final
node positions were obtained by averaging the op-
timized positions computed for each angle in the
StarPolygon.

5. The CVT smoothing employed Eq. (1) to im-
prove the algorithm’s performance.

6. The element transformation based smoothing
method, GETMe smoothing was implemented with
the algorithms introduced by Vartziotis and Wipper
(2019). The parameter configuration used in this
implementation included ¢ = %, A = 0, and o = 1.
To ensure a fair comparison, a sequential version was
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Algorithm 2 Training of GMSNet
Input: Mesh dataset M = {M;};_;, MetricLoss L,
number of training epochs N, batch size B, learn-

ing rate o, and GMSNet parameter W
1: for j< 1to N do
2: for mesh M; in M do

3: Sample B mesh nodes from M;: {wi}?zl

4: Compute the optimized node position: x; =
GMSNet(x;, S(x;)) for =; € {a;}2,

5: Truncate Ax; by Algorithm 1 if Ax; results in

negative volume elements
6: end for
7. Update model parameters: W « W —
3 P VL(x, S(x))) /* We use stochastic gra-
dient descent as the optimization method */
8: end for

employed.

7. The optimization-based smoothing used
MetricLoss defined in Section 3.2.3 as the objec-
tive function and employed Adam (Kingma and Ba,
2015) as the optimizer. Each node was optimized for
a maximum of 20 iterations.

8. The NN-Smoothing followed the implemen-
tation approach in the original paper. For nodes
with different degrees, we trained different models to
smooth the meshes. Additionally, Laplacian smooth-
ing was used to handle nodes with degrees other than
3-9.

We trained the model solely using 2D triangle
meshes, comprising a total of 20 meshes with a square
The datasets were divided into training,
validation, and test sets with a ratio of 6:2:2. Each
mesh had distinct sizes and densities, randomly gen-
erated before training. The mesh nodes were posi-

domain.

tioned randomly within the geometric domain, and
the meshes were generated using Delaunay triangula-
tion (Lee and Schachter, 1980). The mesh examples
are provided in the supplementary materials Fig. S1.

In the experiments, we used the final optimiza-
tion results obtained from the optimization-based
smoothing as the training labels for the NN-
Smoothing model. Simultaneously, we trained the
GMSNet without incorporating labels during the
training process using the same dataset. For both
neural network models, we employed Adam (Kingma
and Ba, 2015) as the optimizer with an initial learn-
ing rate of 0.01. Throughout the training process,
the learning rate was dynamically adjusted based on
the performance of the validation set. In each train-

ing epoch, we randomly sampled 32 nodes per mesh
to train the models. Despite training with only a par-
tial sampling of mesh nodes, the models converged
effectively. The NN-Smoothing and GMSNet models
were trained on an NVIDIA Tesla P100 graphics pro-
cessing unit (GPU). During the test of model perfor-
mance, for fair comparison, all the models were run
on an Intel Core i7-12700H central processing unit
(CPU).

4.2 Experimental results

We conducted tests on four mesh cases to eval-
uate the GMSNet model’s smoothing performance.
To test the performance of GMSNet model more
thoroughly, we constructed meshes containing highly
distorted elements as test cases, as shown in the
first row of Fig. 7. For the first two meshes, mesh
nodes were generated by uniform sampling within
the geometric domain. The latter two meshes were
initially created using meshing software to gener-
ate high-quality meshes, after which manual adjust-
ments were made to introduce distorted mesh ele-
ments. It is worth noting that the meshes we tested
are not included in our dataset, which consists solely
of randomly generated 2D unstructured meshes with
a square domain.

To facilitate a fair comparison among different
models, we implemented all algorithms within the
same framework. Variations among the algorithms
lie in how they generate the optimized point posi-
tions. Notably, we employed sequential algorithms
in our study. However, for simpler algorithms like
Laplacian smoothing, updating all nodes simultane-
ously was straightforward and fast. We chose the
minimum angle, maximum angle, and the recipro-
cal of the aspect ratio as evaluation metrics for mesh
quality. We conducted 10 experimental runs for each
case, with a maximum of 100 smoothing iterations
per experiment. The best-smoothed mesh was se-
lected as the final result based on weighted quality
metric, which is defined as

1 |:amean + amin + 120 — Bmax — Bmean

1=% 60

1 1
()t G
4/ mean 4/ min

where « is the minimum angle, 5 is the maximum an-

(10)

gle, and ¢ is the aspect ratio. When evaluating mesh
elements, a smaller maximum angle and aspect ratio
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are preferable, while a larger minimum angle is de-
sirable. For an ideal mesh element, the maximum
angle, minimum angle, and aspect ratio should be
60°, 60°, and 1, respectively. The algorithm speed
is measured in terms of the time taken to process a
single mesh node. The results of mesh smoothing
using the GMSNet are depicted in the second col-
umn of Fig. 7, and a comprehensive comparison of
the performances of each algorithm is summarized in
Table 2.

From Fig. 7, it can be observed that for all four
test cases, our proposed model significantly improves
the mesh element quality. Notably, GMSNet suc-
cessfully smoothes mesh cases unseen during train-
ing (including circle mesh, airfoil mesh, and pipe
mesh). For meshes with reasonably distributed node
degrees, our approach produces very smooth meshes,
as shown in Figs. 7g and 7h. Moreover, our algo-
rithm ensures robustness for highly distorted meshes,
as demonstrated in Figs. 7e and 7f. As shown in
Table 2, our proposed algorithm outperforms most
heuristic mesh-smoothing methods, with mesh ele-

Metric

ment quality metrics closely approximate the results
obtained using optimization-based algorithms. Since
we adopted MetricLoss as the objective function for
model optimization, our model has achieved the best
or near-best performance in terms of the mean %
compared to other methods. When the mesh topol-
ogy is reasonable, GETMe smoothing exhibits a sig-
nificant advantage in improving the minimum angle
of the mesh. This is due to its use of a min-heap
to determine the order of smoothing for mesh ele-
ments, prioritizing the processing of the worst ele-
ments each time. However, in cases where the worst
elements cannot be effectively addressed, its per-
formance is not as strong as node-based methods,
as observed in square and circle meshes. Although
GMSNet does not make any assumptions about the
order of smoothing nodes, it performs well on highly
distorted meshes.

For all test cases, our model generally outper-
forms the NN-Smoothing model, even though we
trained only one model to smooth nodes of different
degrees, whereas NN-Smoothing requires training

Quality

(a) (b)

(e) ®

Good

@) h

Fig. 7 Mesh smoothing results of GMSNet on the test cases. Mesh nodes in square mesh (a) and circle mesh
(b) before smoothing are randomly generated in the domain, and mesh nodes in airfoil mesh (c) and pipe
mesh (d) before smoothing are manually adjusted to introduce distorted elements. The smoothing results of
GMSNet on square mesh, circle mesh, airfoil mesh, and pipe mesh are illustrated in (e), (f), (g), and (h),

respectively. High-quality elements are colored blue, and low-quality elements are colored yellow.

In the

detailed view, we use a color scheme to denote the quality of the mesh. Mesh elements range from blue for
higher quality to yellow for lower quality, as indicated in the legend. The testing meshes before smoothing are
shown in the first row, and the meshes after smoothing are shown in the second row. References to color refer

to the online version of this figure
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Table 2 Performance of mesh-smoothing algorithms

Mesh Algorithm Min angle Max angle A Speed (s/node)
Min Mean Max Mean Min Mean

Origin 0.04 29.65 179.82 95.09 0.00 0.58 -
Laplacian smoothing 12.38 43.97 147.67 79.44 0.25 0.79 1.28E-04
Angle-based smoothing 10.52 41.26 148.60 81.76 0.22 0.76 5.66E-04
Square CVT smoothing 2.55 40.88 170.60 84.04 0.05 0.75 1.17E-03
GETMe smoothing 13.30 36.30 146.88 87.63 0.25 0.69 2.10E-03
Optimization-based smoothing 16.33 43.94 136.99 80.70 0.32 0.79 9.27E-03
NN-Smoothing 9.14 43.58 158.97 79.79 0.16 0.79 4.67E-04
GMSNet 13.99 43.81 151.39 79.81 0.22 0.79 6.39E-04

Origin 0.29 30.38 179.05 94.60 0.01 0.59 -
Laplacian smoothing 1.43 42.86 174.53 81.19 0.03 0.78 1.31E-04
Angle-based smoothing 1.95 39.47 173.97 84.23 0.04 0.73 5.95E-04
Circle CVT smoothing 3.19 39.98 172.98 85.59 0.05 0.73 1.20E-03
GETMe smoothing 1.17 36.83 172.90 88.08 0.03 0.69 2.18E-03
Optimization-based smoothing 6.52 43.31 154.66 81.90 0.15 0.78 8.78E-03
NN-Smoothing 1.26 41.10 176.04 83.86 0.03 0.75 4.83E-04
GMSNet 2.20 43.00 169.21 81.29 0.05 0.78 6.58E-04

Origin 0.25 53.25 178.91 67.84 0.01 0.92 -
Laplacian smoothing 26.36 54.91 111.02 65.78 0.51 0.94 1.34E-04
Angle-based smoothing 20.26 53.49 118.76 66.64 0.42 0.93 6.11E-04
Airfoil CVT smoothing 25.49 52.08 115.79 68.19 0.48 0.91 1.22E-03
GETMe smoothing 36.02 52.90 95.78 67.89 0.65 0.92 2.24E-03
Optimization-based smoothing 30.53 54.90 108.85 65.72 0.54 0.94 8.40E-03
NN-Smoothing 27.69 54.06 113.06 66.57 0.51 0.93 4.88E-04
GMSNet 27.17 54.50 110.47 66.08 0.52 0.94 6.71E-04

Origin 4.10 46.28 170.48 76.81 0.07 0.82 -
Laplacian smoothing 27.91 56.55 112.45 63.93 0.52 0.96 1.30E-04
Angle-based smoothing 24.28 54.62 101.93 65.69 0.53 0.94 5.81E-04
Pipe CVT smoothing 27.78 54.22 97.80 66.28 0.62 0.93 1.18E-03
GETMe smoothing 33.76 51.07 93.51 69.61 0.65 0.90 2.14E-03
Optimization-based smoothing 32.39 56.41 106.07 64.14 0.57 0.96 9.01E-03
NN-Smoothing 28.28 53.72 112.79 66.69 0.51 0.93 4.74E-04
GMSNet 28.23 55.76 112.27 64.71 0.52 0.95 6.47E-04

The best results are highlighted in bold, while the second-best results are annotated with a gray background. ¢ is the aspect

ratio

seven models. Our model has only 5% of the pa-
rameters compared to the NN-Smoothing model.
Comparison of the smoothing performance of the
It can be ob-
served that the smoothing performances of both

two models is illustrated in Fig. 8.

models are nearly identical. For meshes with poorer
topology, such as square meshes, both models sig-
nificantly improve the orthogonality of mesh ele-
Additionally, GMSNet provides a slightly
better distribution of mesh density.

ments.
From an ef-
ficiency standpoint, our proposed method demon-
strates a remarkable average speedup of 13.56 times
over optimization-based approaches, as evidenced by
a direct comparison of the average time required to
smooth each node using both algorithms. Compared

to the simple MLP in NN-Smoothing, our model
incorporates additional network modules, including
node encoders, graph convolutional layers, regular-
ization layers, and more. These modules inevitably
introduce additional computational overhead com-
pared to NN-Smoothing. However, we believe that
by adjusting hyperparameters (Liaw et al., 2018),
optimizing network modules, and performing serial-
ization operations (Lopes, 2023), our model should
achieve higher performance. We leave it for future
work in the engineering of this method.

We also validate the effectiveness of our pro-
posed algorithm by examining the distribution of
the mesh element quality. The quality distributions
of the mesh elements before and after smoothing
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Fig. 8 Comparison between GMSNet and NN-Smoothing. The same color scheme as Fig. 7 has been applied

here.

The square mesh and the pipe mesh before smoothing are shown in (a) and (d), respectively. The

square mesh and the pipe mesh after smoothing with NN-Smoothing are shown in (b) and (e), respectively.
The square mesh and the pipe mesh after smoothing with GMSNet are shown in (c¢) and (f), respectively.
Both intelligent smoothing methods significantly enhance mesh quality, yielding substantial improvements.
References to color refer to the online version of this figure

are shown in Fig. 9. It can be observed that the
algorithm significantly increases the proportion of
high-quality mesh elements and improves the overall
mesh quality. In summary, the experimental results
demonstrate the effectiveness and efficiency of our
proposed model for mesh-smoothing tasks.

4.3 Influence of different loss functions

In Section 3.2.3, we designed a loss function
MetricLoss for model training. In this subsection,
we discuss the effectiveness of MetricLoss and how
to choose the appropriate loss function. We com-
pare the performance of commonly used mesh qual-
ity metrics as loss functions during model training.

1. Min-max angle loss:
S(x .
L(z,S(x)) = —|S(1m)\ S5 min{max(6,;)}, for
Jj =1,2,3, where 0;; is the angle in triangle T;.

2. Aspect ratio loss:

S m24+n2+12
L(z,S(x)) = |s(1m)\ ZL:(fE)l TTZSJ:Z, where
the symbols are defined in Section 3.2.3.

3. Cosine loss:
S(x
L(x, S(2)) = gtz T2 (cos by — 5)2.

4. MetricLoss:
S(x
Liw, S(@)) = iy TP (1-

The plots of the aforementioned loss functions

44/35;
m?+n?+l? :

with respect to variations in the central node of the
StarPolygon are shown in Fig. 10. It can be ob-
served that the loss function we employed exhibits
smoother transformations as the input changes, fa-
cilitating the optimization process. The aspect ratio
loss and min-max angle loss are not suitable to be
employed as the loss functions. When encountering
highly distorted elements, on one hand, the former
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Fig. 9 Quality distribution of square mesh (a), circle mesh (b), airfoil mesh (c), and pipe mesh (d) before and
after smoothing. It can be see that GMSNet significantly enhances the density of high-quality mesh elements
while reducing the density of low-quality mesh elements

leads to numerical values approaching positive in-
finity, causing a sharp increase in loss and inducing
On the other hand, the latter
results in abrupt changes in loss when facing highly

training instability.

distorted elements, while the loss function remains
relatively flat when the central node is situated in
the neighborhood of the optimal position. This cir-
cumstance also hinders the optimization process. Al-
though the original angle-based loss function is dif-
ficult to train, the transformed cosine loss function
shows greater stability, as illustrated in Fig. 10c. We
trained the model using different loss functions, em-
ploying the same model configuration and training
configuration. However, models using loss functions
based on min-max angle and aspect ratio experienced
training failures in the initial epochs. The train and
validation losses of models with MetricLoss and co-
sine loss functions are depicted in Fig. 11. It can be
observed that MetricLoss and cosine loss functions
are suitable for training the model, as the model

converges rapidly after several iterations. Moreover,
MetricLoss is remarkably stable during the training
process. The experimental results comparing mod-
els based on MetricLoss and cosine loss functions are
shown in Table 3. It can be seen that the models
show similar performance.

When training with the other two loss functions,
the model either fails to converge or exhibits severe
oscillations. This suggests that loss functions using
mesh quality metrics with a wide range of numeri-
cal values or those that exhibit rapid changes in re-
sponse to highly distorted elements can be detrimen-
tal to the model’s training process. In summary, var-
ious loss functions can be used for mesh-smoothing
model training. When constructing the loss func-
tion through mesh quality metrics, it is necessary
to consider the behavior of the function when en-
countering distorted elements and to avoid selecting
loss functions with a wide range of numerical val-
ues or abrupt changes. Inappropriate mesh quality
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Fig. 10 Plots of different loss functions. The range and smoothness of the loss function influence the model’s
convergence. The aspect ratio loss and the min-max angle loss are show in (a) and (b), respectively. In (a),
the z-coordinate is given as log(z). From (a) and (b), it can be seen that the loss functions based on aspect
ratio and min-max angle have a large range of values or drastic changes in values, which are unfavorable for
optimization. In contrast, the cosine loss in (c¢) and the proposed loss in (d) exhibit smooth changes, which

are beneficial for model training

Table 3 Comparison of cosine loss and MetricLoss on pipe and square meshes

M o o
Mesh Algorithm Min angle (°) Max angle (°) 1/q
Min Mean Max Mean Min Mean
Pine Cosine loss 26.77 55.71 110.43 64.67 0.54 0.95
P MetricLoss 26.37 55.56 107.73 64.82 0.56 0.95
S Cosine loss 11.04 43.76 146.87 79.61 0.25 0.79
duare MetricLoss 13.53 44.06 150.46 79.65 0.22 0.79

metrics can also be transformed and employed for
model training, as demonstrated by the min-max an-
gle loss and cosine loss.

5 Conclusions

In the present paper, we propose a GNN model,
GMSNet, for intelligent mesh smoothing. The pro-
posed model takes the neighbors of mesh nodes as
input and learns to directly output the smoothed
positions of the mesh nodes, avoiding the computa-
tional overhead associated with optimization-based
smoothing. A fault-tolerance mechanism, known as
shift truncation, is applied to prevent negative vol-
ume elements. With a lightweight design, GMSNet

can be applied to mesh nodes with varying degrees
and is not affected by the data input order. We in-
troduce a novel loss function, MetricLoss, based on
mesh quality metrics, eliminating the need for high-
quality mesh generation cost to train the model. Ex-
periments on 2D triangle meshes demonstrate that
our proposed model achieves outstanding smoothing
performance with an average acceleration of 13.56
times compared to optimization-based smoothing.
The results show that GMSNet achieves superior
performance than the NN-Smoothing model with
just 5% of the model parameters. Our experiments
illustrate that MetricLoss achieves fast and stable
model training.

Future work includes extending our proposed



382 Wang et al. / Front Inform Technol Electron Eng 2025 26(3):367-384

—— Training loss for cosine loss
0.14 Training loss for MetricLoss
—==Validation loss for cosine loss
0121 --- Validation loss for MetricLoss
0.104
1]
(%]
o
|
0.08+ ]
W i I
e, \,;‘I\\"I': I\I""LI\I\ " A% Y }\ e
0.064
X
<
\
\
0.044 \
‘\\-..:\.,.\.'_,\_-'\ur_.., ______ F -

0 25 50 75 100 125 150 175
Number of epochs

Fig. 11 Comparison between MetricLoss and cosine
loss functions. Both of them can achieve convergent
results

method to other types of mesh elements, such
Introducing edge
flipping and mesh density modification into the

as surface and volume meshes.

mesh-smoothing process to achieve superior mesh-
smoothing effects is an approach worth exploring.
Additionally, improving the model’s efficiency to en-
able its application on large-scale meshes needs care-
ful consideration.
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