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Abstract: Sparsity-based joint active user detection and channel estimation (JADCE) algorithms are crucial in
grant-free massive machine-type communication (mMTC) systems. The conventional compressed sensing algorithms
are tailored for noncoherent communication systems, where the correlation between any two measurements is as
minimal as possible. However, existing sparsity-based JADCE approaches may not achieve optimal performance in
strongly coherent systems, especially with a small number of pilot subcarriers. To tackle this challenge, we formulate
JADCE as a joint sparse signal recovery problem, leveraging the block-type row-sparse structure of millimeter-wave
(mmWave) channels in massive multiple-input multiple-output orthogonal frequency division multiplexing (MIMO-
OFDM) systems.
algorithm with multiple measurement vector (MMYV) frameworks, promoting the row-sparsity of the channel matrix.

Then, we propose an efficient difference-of-convex function algorithm (DCA) based JADCE

To mitigate the computational complexity further, we introduce a fast DCA-based JADCE algorithm via a proximal
operator, which allows a low-complexity alternating direction multiplier method (ADMM) to resolve the optimization
problem directly. Finally, simulation results demonstrate that the two proposed difference-of-convex (DC) algorithms
achieve effective active user detection and accurate channel estimation compared with state-of-the-art compressed
sensing based JADCE techniques.
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1 Introduction

Millimeter-wave (mmWave) massive multiple-
input multiple-output (massive MIMO) systems are
remarkable for their gigabit-per-second high-speed
data transmission rates and are considered a crit-
ical technology that can advance the sixth gener-
ation (6G) wireless communication networks. To
mitigate severe propagation loss, numerous antenna
elements are required by the base station (BS) for
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beamforming. However, the conventional antennas
are associated with considerable hardware costs and
power consumption owing to the large number of ra-
dio frequency (RF) chains required (Chukhno et al.,
2024). To address this problem, a massive multipanel
MIMO system integrates the antenna elements into a
uniform antenna array with a partially connected hy-
brid structure, thus demonstrating advantages such
as spatial diversity, flexible array deployment, and
reduced hardware cost and power consumption. As
a result, the massive multipanel MIMO systems have
emerged as ideal array configurations for mmWave
communications.

In addition, massive machine-type communi-
cation (mMTC) is an attractive application sce-
nario for the 6G wireless communication networks
for supporting various Internet of Things (IoT) ap-
plications. Compared to traditional communication
schemes, mMTC is characterized by large-scale user
connections, short packet transfers, low power con-
sumption, and sporadic communication (i.e., only a
fraction of users are active at any given coherent time
interval). In view of avoiding the high signal over-
head and high delay of traditional grant-based ran-
dom access solutions, the grant-free random access
protocol is popularly considered a candidate tech-
nology for the 6G wireless networks (Gao et al.,
2024). Using this protocol, active users can trans-
mit data signals by delivering preallocated pilot se-
quences without authorization from the BS. On this
basis, it is paramount to perform joint active user
detection and channel estimation (JADCE), which
detects active users for ensuring efficient utilization
of spectrum resources and obtains accurate channel
state information (CSI) for improving communica-
tion quality and reliability (Liu KH et al., 2023).

Due to the sparseness of the user activity pat-
terns, the JADCE problem can be expressed as a
joint sparse signal recovery problem, which can be
resolved by various compressed sensing algorithms
(Liu KH et al., 2019, 2022, 2023; Gan et al., 2021;
Wan et al., 2022; Zhu et al., 2023). Based on the
grant-free nonorthogonal multi-access systems, Li S
et al. (2021) and Guo YR et al. (2024) proposed
lower computational complexity orthogonal match-
ing pursuit (OMP) and subspace (SP) algorithms for
JADCE, respectively. Wang BC et al. (2016) used
compressed sampling matching pursuit (CoSaMP)
to detect user activities within multiple time slots by

identifying the nonzero element locations of sparse
signals. However, these greedy sparse signal recon-
struction algorithms (Wang BC et al., 2016; Li S
et al., 2021; Guo YR et al., 2024) cannot leverage
effectively any prior information; moreover, the in-
verse of the high-dimensional matrix increases the
computational complexity due to the large number
of users.

To mitigate the computational complexity, Liu
L and Yu (2018) introduced an approximate mes-
sage passing (AMP) based scheme for massive con-
nectivity, achieving perfect active device detection
but encountering channel estimation errors due to
the numerous BS antennas. Zhang XX et al. (2021)
proposed two sparse Bayesian learning (SBL) ap-
proaches, including SBL with Gaussian prior infor-
mation and fast inverse-free SBL (FI-SBL), to en-
hance active user detection robustness and channel
estimation accuracy. Subsequently, incorporating
the generalized AMP (GAMP) algorithm into SBL
and the pattern-coupled SBL (PC-SBL) algorithms,
Zhang XX et al. (2023) introduced two Bayesian
algorithms, GAMP-SBL and GAMP-PCSBL, aim-
ing to mitigate computational complexity in JADCE
problems. Additionally, variational Bayesian infer-
ence (VBI) was adopted in Zhang YY et al. (2018)
and Zhang ZJ et al. (2019) for active user detection
and channel estimation leveraging mean-field AMP
and Gaussian AMP, respectively. Thereafter, Zhang
ZJ et al. (2023) incorporated the AMP algorithm
with VBI-based clustering, and presented the AMP-
combined VBI clustering (AMP-VBIC) algorithm to
tackle the problem of joint active user detection and
data detection. By unfolding the AMP method into
a forward deep neural network, Cui et al. (2021) and
Zheng et al. (2024) proposed new model-driven deep
learning algorithms for large-scale connectivity sce-
narios. However, these approaches (Wang BC et al.,
2016; Liu L and Yu, 2018; Zhang YY et al., 2018;
Zhang ZJ et al., 2019; Zhang XX et al., 2021, 2023;
Ma et al., 2024) overlook massive MIMO systems.

Based on the spatially correlated massive
MIMO channels, Djelouat et al. (2022) proposed a
mixed norm minimization formulation by leverag-
ing prior knowledge of channel distribution, thus en-
hancing channel estimation quality and user activity
detection accuracy. By exploiting auxiliary informa-
tion for channel decoding and common sparsity of
the received data signals, Bian et al. (2023, 2024)
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introduced the bilinear generalized AMP (BiG-
AMP) and free probability AMP (FPAMP) algo-
rithms for joint active device detection and chan-
nel estimation, respectively. The efficient message
passing (MP) algorithm was proposed by Wei et al.
(2022) to address channel estimation and signal re-
covery challenges in reconfigurable intelligent sur-
faces (RISs) assisted wireless communication sys-
tems. Rajoriya and Budhiraja (2023) suggested a
Bayesian scheme for incorporating AMP into SBL,
offering excellent SBL performance with low com-
plexity of AMP. Li Y et al. (2024) introduced a task-
driven activity (TDA) model and proposed an MP-
based parameter estimation algorithm for joint de-
vice activity detection and channel estimation. For
multicarrier massive MIMO orthogonal frequency
division multiplexing (OFDM) systems, Ke et al.
(2020) proposed a generalized multiple measurement
vector AMP (GMMV-AMP) algorithm leveraging
channel sparsity in spatial and angular domains for
JADCE. When the sensing matrix was a partial
unitary matrix, Xiu et al. (2023) used an expec-
tation maximization algorithm to adaptively learn
prior parameters and proposed the orthogonal AMP
(OAMP) algorithm for the mmWave massive mul-
tipanel MIMO systems. Subsequently, Mei et al.
(2023) proposed a two-stage OAMP method for the
JADCE problem over near-field channels. Guo MQ
and Gursoy (2023) used the GAMP algorithm to ad-
dress equivalent channel estimation and optimal fu-
sion rule based active device detection in centralized
and distributed RISs-assisted large-scale connectiv-
ity scenarios. By leveraging pilot sequence struc-
tures, Marata et al. (2023) proposed the approxi-
mation error method (AEM) alternating direction
method of multipliers (AEM-ADMM) and AEM-
SBL algorithms for JADCE. Additionally, a new
training sequence padding (TSP) multicarrier sys-
tem (TSP-MCS) was proposed in Ying et al. (2023)
for low Earth orbit (LEO) satellite constellations, in
which the training sequence (TS) was designed to
enforce JADCE and multipath interference cancella-
tion (MIC). However, these AMP-type algorithms
rely on the channel’s prior distribution and noise
variance, which are challenging to obtain in practice.

In the mMTC scenarios, many problems are co-
For example, the coherence between the
users and BS is related to the distance between them,
and the BS and the randomly distributed users typ-

herent.

ically present strong coherence within a cell; i.e., the
coherence is strong when the user is located close to
the BS, and conversely, the coherence is weak when
the distance between the users and BS is large. How-
ever, conventional greedy and Bayesian algorithms
are suitable for the noncoherent situation. In the
highly coherent scenarios, these algorithms make it
difficult to distinguish the channel components ef-
ficiently and fail to provide the sparsest solution
for the channel vectors. To address this challenge,
Yin et al. (2015) proposed a non-convex and Lips-
chitz continuous metric based ¢1_ minimization al-
gorithm for single measurement vector (SMV) mod-
els, and this algorithm has been widely applied in
several fields, including magnetic resonance imaging
(MRI), phantom image restoration, seismic atten-
uation compensation, and channel estimation (Yu
et al., 2020). Inspired by the success of the ¢ _5 min-
imization algorithm in the SMV model, we present
the difference-of-convex function algorithm (DCA)
and fast DCA-based L2 ;_r minimization algorithms
for enhancing sparsity in MMV models. These algo-
rithms enhance the sparsity of the channel matrices
without requiring prior channel distribution infor-
mation, by using Chorisky decomposition to avoid
matrix inverse operations.

The main contributions of this article can be
generalized as follows:

1. By exploiting the block-type row-sparse struc-
ture of the mmWave channel matrix, we formulate
the JADCE problem as a joint sparse signal recovery
problem, where compressed sensing algorithms are
feasible schemes.

2. Conventional compressed sensing methods
may not work well in strongly coherent scenarios,
which can suffer from performance loss as the num-
ber of pilot subcarriers decreases. As a result, we
propose the DCA-based L7 1_r minimization algo-
rithm for the JADCE problem.

3. To solve the DCA efficiently, the convex sub-
problems decomposed by the original DCA are re-
solved by the ADMM solver.

4. To further reduce the computational com-
plexity, a fast DCA-based £ 1y minimization algo-
rithm is then introduced to solve the JADCE prob-
lem. Specifically, we deduce the closed-form solution
of the £ 1_r metric-proximal operator, which per-
mits a low-complexity ADMM solver to resolve the
minimization algorithm in a straightforward manner.
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In this article, R and C denote the sets of real
and complex numbers, respectively; a, a, and A de-
note scaler, column vector, and matrix, respectively;
AT AP and A~! indicate the transpose, conjugate
transpose, and matrix inverse operations of matrix
A, respectively; a,, denotes the m'" term of vector
a, and A,, ,, refers to the element of the mth row
and n'™ column of matrix A. Then, ||A],, 1All5.0,
|All;,, and [|Allp stand for the (2)-norm, (2,0)-
norm, (2, 1)-norm, and F-norm of matrix A, respec-
tively. U (A) denotes the optimization function with
respect to matrix A, and 0 (U (A)) is the subgradient
of the function of matrix A; arg mgnl/{ (A) denotes

the value of variable A that minimizes the function
U (A) with respect to matrix A. The zero matrix and
identity matrix of order N are denoted as O and Iy,
respectively. ( A, B) is the inner product of matrices
A and B, and ® indicates the Kronecker product op-
eration; vec (A) represents the matrix vectorization
of matrix A. p (A) denotes the coherence coefficient
of matrix A. Finally, CN' (O, 02) indicates a complex
Gaussian distribution with mean 0 and covariance

a?.

2 System model

In this section, we consider a hybrid precoding-
based mmWave massive MIMO-OFDM uplink sys-
tem and formulate the JADCE problem.

2.1 Channel model

In grant-free mMTC systems, the BS employs
a partially connected hybrid MIMO-OFDM system
with multipanel array antennas (Wang W et al.,
2018), and communicates with K randomly dis-
tributed potential single-antenna users. The config-
uration of the multipanel array antennas is presented
in Fig.1. The BS is equipped with N, = I;,I, an-
tenna array panels, each of which uses a uniform pla-
nar array (UPA). Here, I}, and I, represent the num-
bers of subarray panels in the horizontal and vertical
dimensions of the multipanel antenna array, respec-
tively. Each subarray panel comprises Mps = My M,
antennas, where My and M, denote the numbers of
antennas in the horizontal and vertical dimensions of
each subarray panel, respectively. Consequently, the
numbers of antennas in the horizontal and vertical
directions of the multipanel array are Ny = I, My

and N, = I, M,, respectively, and the total number
of BS antennas equipped is Ngs = NpN,. The BS
leverages Np radio frequency chains, each of which
is connected to the corresponding subarray panel via
a partially connected phase-shift network. The ad-
jacent antenna spacing for each subarray panel is
d = A\/2, where X is the carrier wavelength, and the
adjacent panel spacing is A = Dd, where D is an
integer with D > 2 (Xiu et al., 2023).

Multipanel antenna array
1
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Fig. 1 In the mMTC scenarios, the massive multi-
panel MIMO systems employ the mmWave channel
model

To mitigate the frequency-selective fading
caused by the wireless channel multipath effect, the
OFDM technology with N, subcarriers is employed
to access the substantial IoT. The P pilot subcarriers
are distributed uniformly across the N, subcarriers
to transmit pilot signals for the JADCE problem
(Alkhateeb et al., 2014). Since the mmWave chan-
nel experiences limited scattering paths, we exploit
a geometric wideband mmWave channel model along
with L scattering paths for a massive multipanel
MIMO-OFDM system. Each scattering path cor-
responds to one path delay and one angle of arrival
(AoA), leading to inherent angular domain sparsity
in a limited scattering environment. As a result, the
p™ pilot subcarrier in the t'" OFDM system of the
mmWave channel h;k € CNes between the BS and
the k™™ user can be represented by

¢
D,k
L B N, B
_ t t t —j2mrf (= Bs 4 (BRe 1) Bs
= E Br.aamp (1., Vi) e A A O
=1

(1)
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where By denotes the bilateral signal bandwidth, 6,27 !
and T,’;l are the complex gain and time delay of the
I*" path for the k™ user, respectively, and we assume
that the path amplitudes follow a Gaussian distri-
bution, i.e., 8} ; ~ CN (0,1). Then anp (ui’hwz,l)
represents the received array steering vector which

can be calculated explicitly by amp (ufﬁl,w,tc)l) =

vec {A (/ﬁcyl,w,?l)], where i, = msin}; cos ¢},
and ¢} ; = 7sin ¢} ; denote the horizontal and ver-
tical virtual AoAs, respectively, and 6} ; and ¢j
denote the azimuth and elevation AoAs, respec-

tively. In the following, we calculate A (u’}c I wz,l) =
ay (MZ,Z) al (%i,l) (Wang W et al., 2018). The ar-
ray steering vector in the horizontal direction is given
by A () = An, (1h) © A, (1) € C¥, i
which

ar, (1,1)

{1, o) (My+D=1)pp ,oe e

)

(2)
;3

. T
7eJ<Irl><Mh+D—1>uz,L}

j ] T
ang, (N};,l) = [1,81%,1’... 7eJ(Mhﬂ)#gw}

and the horizontal array response vectors are as-
sociated with the horizontal and vertical multi-
panel arrays. Similarly, the array steering vector

in the vertical direction is given by a. (@ZJ,Z l) =

ar, (@ZJ,Z l) ® anr, (dhﬁ l) € CMv, where vertical ar-
ray response vectors associated with the horizontal
and vertical multipanel arrays Ay, (d’}fc,l) € Chv and

Anp, (1/120 € CMv are written respectively by sub-
stituting p, , and I, with ¢} ; and I, in Eq. (2) along
with substituting p} ; and M, with ¢} ; and M, in
Eq. (3), respectively.

2.2 Hybrid precoding-based massive MIMO-
OFDM systems

In the uplink grant-free mMTC scenarios, ow-
ing to the sporadic traffic of the number of IoT users
K, only a tiny fraction of active users, denoted by
K, (K, < K), transmit pilot sequences to the BS
during any given time interval, assuming that CSI
is slowly changing during this period (Qiao et al.,
2022). The activity of each user is mutually inde-
pendent: when user k is active, ap = 1; otherwise,
ar = 0. We contemplate a hybrid precoding-based
mmWave massive multipanel MIMO-OFDM system,

and the received pilot signal y!, € C®s from the t*
OFDM symbol with the p'" pilot subcarrier is ex-
pressed as

K
H _
Y, = (WirWag) Z arhy, .s) o+ (WﬁFWBB)H"Z

k=1
H
— (Wi W) " HLs} +
B (4)
where Hf, = [a1h2,17a2h§;,27"'7aKhZ,K] <

CNeBs*K is the composite channel matrix, which con-

tains the binary activity indicator flag of users and
the information of the channel, appealing us to esti-
mate the channel matrix and detect the active users
simultaneously. Then s}, = [32,17«9;,27 e 732’K]T €
C¥ is a randomly selected pilot signal vector from
the columns of Dk, and Dy is represented by
a K x K Gaussian matrix. The composite ad-

ditive noise vector is nj, = (WéFWBB)Hﬁ;,
ﬁ; € CNes is the additive Gaussian white noise
vector that corrupts the received signal, i.e., ﬁ; ~
CN (O, 02INBS) with the variance of 02 (Tong et al.,

2021).
Owing to the sporadic communication pattern

and

of the active users in massive connectivity, all an-
tennas have identical sparsity in the spatial-domain
structure (Ke et al., 2020), which indicates that the
rows of H zt7 corresponding to inactive users are zero;

thus, ﬁ; has a sparse structure with K, non-zero
rows. The sparsity of active users is identical within
__ NP
all subchannels, and {H ;,} in the frequency do-
p=1
main displays a common sparse pattern, i.e., with the

same sparse support set. In conjunction with the

above analysis of the channel structure, {ﬁ;} )
possesses sparsity in the spatial—frequency—domg_in
structure given in Fig. 2a.

At the BS side, we employ a partially con-
nected multipanel array architecture (Xiu et al.,
2023). Wpgp € CNe*Ne is the digital combina-
tion matrix, which is defined as Wgp = Iy, and
Wi € CNes*Me g the analog combination ma-
trix. The settings are as follows: First, wflp is the

th

ni? column of Wiy, which can be represented as

t | ¢ .
{wnp} 1., = Vs [znp} L and the set of sequences
th

Z,, denotes the antenna index of the )
panel, initialized as wy, = Ongq. Next, zflp is the n;h

np

subarray

column of Z which is a local Gaussian matrix; i.e.,
Z = Dy, ® Dy, P € CNes*Ne | the modulus of all
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Fig. 2 Due to the spatial-frequency-domain structure,

ﬁp exhibits a row-sparse structure in (a); by vector-
ization of Hyp, h:, shows a block-type sparse structure

in (b); after aggregating P pilot subcarriers, H has
the property of block-type row sparsity in (c)

elements in Z is 1, and P represents a permutation
matrix.

2.3 Problem formulation

We exploit equation vec(BCD) = (D' @
B)vec(C) (Petersen and Pedersen, 2012) to repre-
sent the received signal y; as a vector form

y, =@ hl +nl, (5)

where 52 = (SZ))T ® (Whp)" € CNoxJ, ht =

vec (ﬁ;) € C’, and J = KNgs. Due to the row-

sparse structure of IA{/;,, the elements of h, are non-
zero from (k — 1) Ngs + 1 to kNpg concerning the
Eth active user, and h; has block-type sparse struc-
ture in Fig. 2b, enlightening us to detect active users
by exploiting the positions of the non-zero elements
of the channel matrix (Ke et al., 2020; Shao et al.,
2020). Moreover, we consider the same signal vector
across all the pilot subcarriers, i.e., when 1 < p < P,

st = st and 5; = @!. Therefore, the received sig-

P
nal from aggregating P pilot subcarriers at the ¢

OFDM symbol can be denoted as
Y'=3'H'+ N, (6)

where Y! = [yl oyl yb] € CNxP g
the aggregated received signal matrix, Nt =
[nt,nb, - ,nb] € CM»*F is the aggregated noise
matrix, H' = [Ri, R, -+ [ hL] € CT*F is the ag-
gregated channel matrix, and H' has a block-type
row-sparse structure as given in Fig. 2c.

During the T continuous OFDM symbols, the
structured sparsity of user activity remains un-
changed, and the duration of consecutive OFDM
symbols is shorter than the channel coherence time
of the channel. Therefore, in the large-scale IoT
scenarios, the CSI is slowly changing over T con-
secutive OFDM symbols, which could be considered
unchanged, i.e., H'=H. Asa result, the stacked
received signal matrix Y in the T consecutive OFDM
symbols is represented as follows:

Y =&H + N, (7)
where i} = [(?1)T7 (?Q)Tv T 7(?T)T]T € CQXP;
and & = [(@Y)",(82) ", (&7)'] € C9*7 repre-
sents the sensing matrix, Q < J, Q@ = TN, and N

is the stacked noise matrix.

Taking into account the real-valued counterpart
H € R¥*P of the channel matrix H, the linear
measurements in the real domain (Liu KH et al.,
2022) are given by

Y=PH+ N
_ | @) -3@) || R(H) || RN)
@) WD) || IH) IN) |

(8)
where @ € R?¢*27 and Y € R2¥*F denote the real-
valued counterparts of & and f’, respectively. Since
H has a block-like row-sparse structure, the JADCE
problem can be formulated as a compressed sensing
recovery problem based on the joint sparse MMV
framework; then, the JADCE problem can be trans-
formed into the following optimization problem:

min

1
HEeR2IXP (§||Y_¢HH§+)\HH”2,O)7 (9)

where A > 0 is a tuning parameter to counterbal-
ance the data fidelity term [|Y — SH|> with the
objective function [[H||,,. Note that it is differ-
ent from the parameter settings in Xiu et al. (2023),
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and the sensing matrix ¢ exploits a Gaussian matrix
in this paper. Currently, compressive sensing algo-
rithms prefer noncoherent communication systems,
where the correlation from any two measurements is
as small as possible. However, numerous problems
are coherent, and the existing sparsity-based JADCE
methods do not perform well in the presence of strong
coherence, resulting in performance degradation as
the number of pilot subcarriers declines. Therefore,
we propose an MMV-based non-convex difference-
of-convex (DC) optimization algorithm to solve the
channel estimation problem and detect the activity
of the users (Yu et al., 2020). Moreover, our pro-
posed algorithm can enhance the row sparsity of the
channel matrix and achieve accurate sparse channel
matrix recovery.

3 Proposed DCA-based JADCE

algorithm

In this section, we introduce a modified DCA-
based L1 minimization algorithm for the JADCE
problem in the MMV case. Moreover, we adopt a
low-complexity ADMM solver to address the convex
subproblems decomposed by DCA.

3.1 DCA-based L3;-r minimization algo-
rithm

The design of the measurement matrix @ is crit-
ical for achieving accurate channel estimation. In
traditional compressed sensing algorithms, to recon-
struct the channel matrix H, the measurement ma-
trix @ has a low mutual coherence, which is the
maximum normalized inner product of two distinct
columns of @. However, in practical communication
scenarios, where many issues are relevant, the perfor-
mance of existing compressed perception algorithms
degrades as the number of measurements decreases
in strongly coherent environments. Here, we define
the coherence coefficient of this measurement matrix
@ (Yin et al., 2015; Lou and Yan, 2018) as follows:

T .
u(®@) = max 27 2]

1] ||45i||2|@j”2

where @; and @, denote two arbitrary columns
from @. When the coherence coefficient of the
measurement matrix was high, Lou et al. (2015)
demonstrated that the /1 _s minimization algorithm
strengthened the sparsity of the signal and provided

better recovery performance compared to classical
compressed sensing algorithms.

In contrast to the previous work that focused
on sparse recovery in the SMV case, we consider
the problem of joint sparse signal recovery under
the MMV framework. To solve the problem, we in-
troduce a novel L3 ;_r minimization algorithm for
the difference of |[H]|, , and |[H|; with the MMV
framework as follows:

i (1Hlyy — BIHe) st ¥ = H, (1)
where ( is an adaptive model parameter, 0 < § < 1,
and ||H||,, and ||[H||; can enhance the row-sparse
structure and the stability of the channel matrix,
respectively.

The sparse recovery problem (9) is typically for-
mulated as a minimization problem with an NP-hard
£o norm. To overcome the computational challenges
concerning the ¢y norm, we employ the convex re-
laxation technique in the form of L5 ;_r minimiza-
tion algorithm. By applying this technique, we con-
vert problem (9) into an equivalent computationally
tractable problem, which is given by

21— BIH|F)).
(12)

1 2
Llin  (GIY —2HI; + A (1H]|

3.2 DCA algorithm

The objective function in problem (12) is a non-
convex optimization problem that can be written as
the difference of two convex functions. To solve this
problem, we use the DCA which is a nonlinear search
algorithm for solving non-convex optimization prob-
lems. Specifically, DCA is used to minimize the ob-
jective function U(H) = M(H) — W(H ), which is
the difference between two convex functions M(H)
and W(H). Therefore, we introduce DCA as the so-
lution to the £, ;_r minimization algorithm for the
MMV-based JADCE problem.

First, DCA requires the construction of two se-
quences, namely {G*} and {H*}, which represent
the candidate sequences of the optimal solution for
the primal and dual procedures, respectively (Yin
et al., 2015). To implement the DCA solution, the
objective function U (H) is computed as follows:

Hs+1

= min

i (M (H) = W(H) + (6" H — H"))),

(13)
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where G* is the subgradient of W(H?®) at H, and
s is the index of the external iteration. According
to the definition of the subgradient, it is shown in
Appendix that the objective function M(H) forms
a monotonically decreasing sequence, providing that
M(H) is bounded from below. As a result, the
values of the objective function converge.

Next, we use DCA to address the £5 ;_r mini-
mization problem. By employing the convex differ-
ence function, problem (12) can be transformed into
a DC decomposition, which is expressed as follows:

1
UH) = (§I¥ - HIE+ N Hlas ) - 331l

(14)
where M(H) = §|Y —®H|; + \|H||,, and
W(H) = M3||H|| are two convex subproblems,
| H || is differentiable, and the gradient is given by

if H® =0,
—)\ﬁﬁ, otherwise.

(15)
Therefore, according to the iterative solution for-
mula of DCA, the £3;_r minimization problem in
Eq. (14) can be represented as follows:

Hs+1

G OVEHY) {0,

oH

argmﬁi{n (2|Y —®H|3+ \|H||2,1), if H* =0,
= argmin (§|Y — SH|3 + N|H]2,

+ <Aﬁﬁ, H> ) , otherwise.
(16)
3.3 ADMM solver for the DCA-based

JADCE algorithm

ADMM is a simple but powerful algorithm
which is well-suited to distributed optimization. By
combining the augmented Lagrangian method and
dual decomposition, ADMM can efficiently handle
large-scale optimization problems. Therefore, we use
the ADMM algorithm (Boyd et al., 2011) to solve
the convex subproblems in the £; 1y minimization
algorithm. To effectively solve the non-convex mini-
mization problem, we introduce the auxiliary matrix
Z € R?/%P to derive the ADMM solver and trans-
form the convex subproblem (16) into the following:

— 1
mo ! = argmin (5 Y —oH|3

+ <GS,H> + /\” ZHQ)]_) st. H—-Z =0.
(17)

The augmented Lagrangian function for
Eq. (17) can be expressed as follows:

= 1
Lo(H,Z,W) =5 |Y —@H|[3+(G", H) + A Z] 2,1

+WT(H - 2)+5|H - 2]},
(18)
where W € R?/%F is the Lagrangian multiplier and
p > 0 is the penalty factor.

ADMM employs the decomposition coordina-
tion technique to decompose complex global opti-
mization problems into local subproblems that can
be efficiently solved. Then, ADMM minimizes the
augmented Lagrangian function by updating the es-
timated channel matrix H , the variable Z, and the
Lagrangian multiplier W in alternation (Boyd et al.,
2011).

1. Update the estimated channel matrix H.
Minimize H associated with L, (f{\ , Z, W) by fix-
ing Z and W, and this is comparable to the following
expression:

H! :argmﬁi{nﬁp (H,Z", W)
: 1 2 T
= argmin (§||Y - ®H|;+ (G",H)

+ (W) (H - 27) + D H - 27,
(19)

The aug-

mented Lagrangian fung‘iion concerning the esti-

where r is the internal iteration index.

mated channel matrix H is convex and differen-
tiable. Therefore, by setting the derivative of the
function with respect to H to zero, it is possible
to obtain the optimal solution for H , which can be
expressed as follows:

H ' =(8"®+pI) " (BTY — G +pZ" - W'),
(20)
requiring to calculate the inverse of a positive defi-
nite matrix (#7® + pI) € R*/*2/. However, when
the dimensionality of the matrix is large, the com-
putational cost can be substantial. To address this
issue, we exploit the sparse matrix Cholesky decom-
position technique to approximate (@Teﬁ + pI )_1,
and we define F© = ®TY — G" + pZ" — W". Then,
Eq. (20) can be converted to a more computationally
efficient form, which can be written as follows:

Froet (U (VH(eF))
P P ’

j’_I\T-‘rl _ (21)
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where U and V are Chorisky decompositions of
STP + pI, ie., TP + pI = UV, U is the lower
triangular matrix, and V. =UT.

2. Update the variable Z. Through fixing H and
W and applying some operations, the minimization

of Z associated with £, (f{\, Z, W) is represented
as

Zr—i—l
— : Irr+1 T
—argmzlnﬁp (H LW )
— argmin (A 2], + (W) (H'* - 2)
— 2
+5[F-2];)
2 F

: p Irr+1 T 2
= M Zlp,+2 || 2 (F +wr)|| ).
argmin (A2l +2 W)
(22)
There exists a closed-form resolution regarding the
matrix || Z||, ; norm, and the optimal solution of Z

is denoted by

Z™! = Row_ Shrink (ﬁT“ + W7 /p, A/p) . (23)

Z*= Row_Shrink (C, \/p) is the row shrinkage
threshold function, Z* is the optimal solution of Z,
and C" = H'™! + W7 /p. The detailed proof proce-
dure can be found in Lu et al. (2011), and the specific
expression is

1 cill,=A/p
(z)"" —max{in ]||Hfr|\ C’Lo},
2112

o (24)
ch = (E‘) Ty (w;)" /p,

where z; , ¢j, /ﬁj, and w; are the j*® row of Z, C,
H . and W, respectively.
3. Update the Lagrangian multiplier W:
Wr-i-l =W’ + p (ﬁr-‘rl _ Zr-i-l) ) (25>
Remark 1 In accordance with the definitions
given in Boyd et al. (2011), we set the stop iteration
condition for the ADMM solver in Algorithm 1 as
follows:

IH" — 27||p < VIE + < max{| H' |, | 27 ¢},
(26)

Ip(Z" = 27 Y)|le < VIE + W e, (27)
where H” — Z" and Z" — Z7~! are the original and
dual residuals of the 7" iteration respectively, and

£2b% > 0 and ¢**! > 0 are absolute and relative tol-
erances, respectively. Our solution to problem (12)

through the DCA-based L3 ;_r minimization algo-
rithm can be summarized as Algorithm 1, where syax
and 7max are the maximum numbers of external and
internal iterations, respectively.

Algorithm 1 DCA-based L2 ;_p minimization for
solving problem (12)
Initialization: sensing matrix &, received signal Y, penalty
parameter p, and tuning parameters A and y
Output: estimated channel matrix H
1: while s < spmax do
2: give the subgradient of G* according to Eq. (15)

3: while r < rmax do
4: update channel matrix H according to Eq. (21)
5: update auxiliary matrix Z according to Eq. (23)
6: update Lagrangian multiplier W according to
Eq. (25)
7 if the stop iteration condition is satisfied then
8: break
9: end if
10: r=r+1
11: end while
. : ”ﬁ5+17ﬁ5 F h
12: if —H_H—max{ e F’l} < v then
13: break
14: end if

15: s=s+1
16: end while

4 Fast DCA-based JADCE algorithm

We employ DCA to solve the MMV-based
Lo 1-r minimization problem, and then use an
ADMM solver to handle the convex subproblems
decomposed by DCA, resulting in a computation-
ally expensive procedure. To alleviate this issue, we
derive the analytical solution of the L5 ;_p-metric
proximal operator, enabling the ADMM algorithm
to solve the optimization problem directly. The so-
lution to problem (12) by the fast DCA-based L2 1_p
minimization approach is presented as Algorithm 2.

We present the closed-form solution of the fast
DCA-based L1 _r proximal operator.
Lemma 1 Consider the optimization problem as

follows:

X* = argmin (A (X 1 — A1)+ 5| X~ BJR).

(28)
where X* € R™*™ ig the optimal solution with re-
spect to X € R™*" E € R™*™ is a constant matrix,
and A > 0. The minimum value of X* is expressed
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Algorithm 2 Fast DCA-based £ ; _r minimization
for solving problem (12)
Initialization: sensing matrix @, received signal Y, penalty
parameter p, and tuning parameters A and

Output: estimated channel matrix H

1: while g < gmax do

2: update channel matrix H according to Eq. (35)

3:  update auxiliary matrix Z according to Eq. (37)

4: update Lagrangian multiplier W according to Eq. (34)

7ot
5. if ”Ag” E < ~ then
6: break "
T end if
8: g=g+1
9: end while
by
X" = Row_Shrinkg, , . (E,\), (29)
where Row_ Shrink,, ,_. is defined as follows:
llemll,—(1=B8)A 3
(x*),, = llemll; — C™ if flemlls > A, (30)
0, otherwise.

Proof We define the matrix (2,1)-norm and
Foorm as Xy, = 3 flill, and X[ =

> > a7, respectively (Lu et al., 2011). There-
i=14=1

fore, the original optimization problem (28) for the
fast DCA-based L3,;_p proximal operator is equiva-
lent to successive row optimization problems with re-
spect to X and FE, which can be expressed as follows:

("),
. 1 2
Zargngcln ()‘(Hw’mHQ -B ”wrnH2> + 5 l&m — emHz)

. 1
:argmmln ((1 - B)A meHz + 3 l&m — 6m|\§ )»
(31)

b row of X and

where x,, and e,, are the mt'
E, respectively. We define the function f (x,,) =
1= B) Mzmlly+3 llEm — emHg'

1. If Hem||§ < (1—=p)A, assuming ¢, =
fe,,, where 6 is a scalar parameter, then
fOem) = (1=B)X|fenlly + 510 =1 enlls >
1(6%+1) lem]3. It means when 6 = 0, e, = 0.
In this case, the objective function reaches the mini-
mum value.

2. It Jewls > (1-8))  assum-
ing @, = fe,, then  f(fe,,) =
((1—5) A0+5(6 — 1)2||em|\2) lemlls: If the

minimum value of the objective function f (fe,,) is

reached at 0y, then 6y must be a smoothing point.
Therefore, let the derivative function of f (fe,,)
with respect to 6 be 0. Then 6y = W
The proof is complete. ’
Consequently, by employing the proximal oper-
ation of £y ;_p, it is possible to solve the objective
optimization problem (12) with the ADMM algo-
rithm in a straightforward manner. Similarly, with
the introduction of auxiliary variable Z, the opti-
mization problem is transformed into the following

expression:

—~ . 1
HoH =argmin (5 Y ~@H 341221 -5 Z )
st. H—-Z=0,
(32)
where g is the iteration index. Then the aug-

mented Lagrangian function of Eq. (32) is expressed
as follows:

— 1
To(H,Z,W) =5 |Y =@H |3+ (| Z||2,,— 5l Z|[¥)

+WT(H - 2)+ 5| H - Z|},
(33)

and the iterative process is represented as follows:
o+ = argmin (Y~ $H]|3

(WYL (H = 29) + §|[H - Z9]),
2941 = argmin(A(1 2121 — 51|27 le)

412 — (H + W),
W9t — W9 + p (ﬁg-l—l _ Zg-i-l) )

(34)

The derivative function of the objective function

with respect to H is 0, and the optimal solution for
H is expressed as

H = (876 + pI) " (BTY +pZ9 — W),
(35)
with the same treatment as Eq. (21). Let G9 =
'Y + pZ9 — W9, 1t is equivalent to converting
Eq. (35) to the following equation:

g T (U (V! (@gg))).

o+ —
P p?

(36)

Based on the closed-form solution of the Lo 1_r
proximal operator, the optimal solution for Z can be
expressed as follows:

Z9+! = Row_Shrinkg, , . (ﬁ-’” LW p, A/p) :
(37)
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Remark 2 If the fast DCA-based L2 ;_p min-
imization algorithm fails to produce an acceptable
solution, we apply the adaptive update (§ strategy
(Ge and Li, 2022) for ill-conditioned sensing matri-
ces, and initialize it with 8(®) = 0.1. The updating
strategy for each J iteration is defined as follows:

ﬁ(gﬂ) _ 5(9)7
min {1.53), 1},

if mod (g,5) # 0,
if mod (g,5) = 0.

(38)
Remark 3 According to the structured row spar-
sity property of the estimated channel matrix H , We
could detect active users according to the segmenta-
tion threshold (Shao et al., 2020). Specifically, we
identify the estimated active indicator for the k*®
user by providing the following definition:

1, if

— 2
‘H (kNBs, )HE > vNgg,

ap = (39)

0, if Hﬁ(kNBS, :)HF < vNgg,

where v = vlmaxf-I\(j,p), j=12,---,2J, p =
1,2,---, P, and maxf{\(j,p) represents the opera-
tion of extracting the maximum value of the elements
from matrix H. The value of v is set to 0.1, the ratio
of the minimum amplitude to the maximum ampli-

tude of the channel coefficients.

5 Computational complexity analysis

In the large-scale connectivity scenario of mas-
sive multipanel MIMO systems, it is crucial to ana-
lyze the effect of algorithm complexity on hardware
cost and power consumption. The DCA and fast
DCA-based L, algorithms in Table 1 are pre-
sented with the number of real multiplications re-
quired for each iteration of JADCE, and the other
compared algorithms are presented with the num-
ber of complex multiplications. The distributed
sparse adaptive matching pursuit (DSAMP) algo-
rithm (Gao et al., 2015) involves the computation of
the matrix inverse for least-square estimation, and
its computational complexity is directly proportional
to the cubic of the number of active users K,. In
contrast, the MMV-ADMM algorithm (Lu et al.,
2011) requires the matrix inverse in the channel ma-
trix computation, and its computational complex-
ity is proportional to the cubic of the product of
the number of users and the number of antennas.
On the other hand, the £ ;_y algorithms based on

DCA and fast DCA do not perform the matrix in-
verse operation, having significantly lower algorith-
mic complexity than the DSAMP and MMV-ADMM
algorithms, and slightly higher complexity than the
section-wise AMP algorithm (Tang et al., 2020). In
conclusion, our proposed algorithms are excellent in
active user detection and channel estimation and are
competitive in computational complexity, and thus
are suitable for practical applications in massive mul-
tipanel MIMO systems.

6 Simulation results

In this section, we present extensive simula-
tions to evaluate the DCA-based JADCE algorithms
for mmWave massive MIMO-OFDM systems in the
mMTC scenarios. The parameter settings of the sys-
tem model used for analysis and simulation are given
in Table 2. To facilitate comparison with the two pro-
posed algorithms, we set 5 = 1 in the DCA-based
L5 1-r minimization algorithm, and 0 < f < 1 in
the fast DCA-based £ ;_ minimization algorithm,
which is the adaptive weight parameter strategy, re-
sulting in a little performance gap between Algo-
rithms 1 and 2, and the other parameters as p=1e-3
and A = le-2. Finally, each simulation is repeated
100 times. According to the parameters of our sim-
ulations, the transmitted delay of an OFDM symbol
is equivalent to 0.288 ps.

Then, we use the active detection error proba-
bility (ADEP) to evaluate the effectiveness of active
user detection algorithms. ADEP includes the prob-
ability of missed detection and false detection re-
sulting from the optimization algorithm during the
detection of active users (Shao et al., 2020). The
mean-squared error (MSE) is exploited to measure
the accuracy of the optimization algorithm for re-
covering the channel matrix. The ADEP and MSE
are defined as follows:

K
1 .
ADEP = — > " |ax — ax, (40)
k=1
MSE—= — 1 ||lF_ H| 41
~ KNgsP H B HF (41)

We compare the two proposed MMV-based min-
imization algorithms with three benchmark algo-
Section-wise AMP (Tang et al., 2020) is
a state-of-the-art AMP algorithm with nonseparable
denoisers, where the channel power and the noise

rithms.
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Table 1 Computational complexity of JADCE

Algorithm Number of complex/real multiplications in each iteration
DSAMP (2Q +3)JP+2Q(P+1)t? + P+ 2t
MMV-ADMM JPQ + J3
Section-wise AMP 2JPQ

DCA-based L3 1_r minimization
Fast DCA-based £ 1_F minimization

Tmax (8JQ? + 4JPQ)
8JQ% +4JPQ

t denotes the stage index, and rmax is the maximum number of iterations for internal iterations

Table 2 Parameters used for analysis and simulation

Parameter Symbol  Value
Number of subarray panels in the horizontal dimension of the multipanel antenna array I 4
Number of subarray panels in the vertical dimension of the multipanel antenna array Iy 4
Number of antenna array panels Np 16
Number of antennas in the horizontal dimension of each subarray panel My, 2
Number of antennas in the vertical dimension of each subarray panel M- 2
Time delay of the [*? path for the k*" user in the t*" OFDM symbol T,ﬁ}l U0,32/Bs]
Number of antennas of each subarray panel Nps 64
Interval of adjacent panels A 30
Number of users K 500
Number of active users Ko 50
Number of pilot subcarriers P 16
Number of channel paths L 4
Number of subcarriers Nc 256
Active factor Py 0.1
Carrier frequency fe 30 GHz
System bandwidth Bg 1 GHz

variance are imposed as prior information, and the
damping parameter is set to 0.2. The MMV-ADMM
algorithm (Lu et al., 2011) is employed to tackle the
joint sparse signal recovery problem with the MMV
framework, and it adopts the same parameter set-
tings as the proposed algorithms. The DSAMP al-
gorithm (Gao et al., 2015) is designed to jointly es-
timate the channel problem for multiple subcarri-
ers, where the stopping iteration condition is that
the average energy of the channel is lower than the
noise power. Notably, the OAMP algorithm (Xiu
et al., 2023) can perform well when the sensing ma-
trix leverages a partial unitary matrix but is insen-
sitive to the Gaussian matrix. Therefore, we do not
compare the proposed algorithms with the OAMP
algorithm.

The MSE performance evaluation of different al-
gorithms versus the number of OFDM symbols vary-
ing from 50 to 300 is given in Fig. 3. As the num-
ber of OFDM symbols increases, it is evident that
our proposed methods show superior performance
compared to baseline methods. This is mainly be-
cause our proposed algorithms can give sparse solu-

tions compared with other methods in a strongly
coherent communication environment. Moreover,
our proposed algorithms enhance the sparsity of
the channel compared with the MMV-ADMM al-
gorithm. The section-wise AMP algorithm has a
slight performance loss owing to fully exploiting the
structured sparsity but easily diverges. The DSAMP
algorithm results in poor performance because spar-
sity is not fully exploited, and the strong coherence
scenarios cannot be confronted with. Specifically,
for T = 150 and @ € R2400x16000 e calculate
(D) = 0.98572, and it means that the measure-
ment matrix has strong coherence in mMTC circum-
The MSE performance of Algorithm 2 is
almost 0.5 orders of magnitude superior to the MSE
performance of the MMV-ADMM algorithm.

stance.

In Fig. 4, we further present the ADEP per-
formance of various algorithms versus the number
of OFDM symbols. Note that MMV-ADMM and
DSAMP algorithms exploit the active user detection
method described in Remark 3, and that the section-
wise AMP algorithm uses the active user detection
scheme mentioned in Ke et al. (2020) and Xiu et al.
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Fig. 3 Channel estimation performance of MSE ver-
sus the number of OFDM symbols. The parameter
settings are K = 500, K, = 50, SNR=30dB, and
P =16
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1072

ADEP

10°

—— Algorithm 1
—©6— Algorithm 2
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10+ .
50 100 150 200 250 300
Number of OFDM symbols

Fig. 4 Active user detection performance of ADEP
versus the number of OFDM symbols. The parameter
settings are K = 500, K, = 50, SNR=30dB, and
P =16

(2023). Tt is observed that the two proposed al-
gorithms outperform the other compressive sensing
algorithms. Specifically, the proposed algorithms,
MMV-ADMM, and section-wise AMP can detect the
active users with a high probability of success when
the number of OFDM symbols is large enough, i.e.,
T > 200, and the ADEP tends to zero rapidly. Fur-
thermore, when T' = 200, the ADEP performance
of the proposed Algorithm 2 is almost 0.5 orders of
magnitude superior than that of the MMV-ADMM
approach. As a result, it can correctly detect all
users with an access delay of 57.6 ps.

Fig. 5 illustrates the MSE performance of differ-

10°

—%— Algorithm 1
10™ f —e— Algorithm 2
—0— MMV-ADMM
—A— Section-wise AMP

, [ —*— DsaAwP
10- . . . | | | |
-10 -5 0 5 10 15 20 25 30
SNR (dB)
Fig. 5 Channel estimation performance of MSE

versus SNR. The parameter settings are K = 500,
Ko =50, T =300, and P =16

ent schemes against the transmitting signal-to-noise
ratio (SNR), which is expressed as SNR £ 101g (Ulz),
where v is the transmitting power. It can be ob-
served that the performances of all the algorithms
increase gradually with the increase of transmitting
SNR. This is attributed to the fact that when the
SNR is gradually increased, the received signal is
less affected by the noise; thus, the estimated chan-
nel matrix is closer to the actual one. Furthermore,
compared with other approaches, the performance
gains of the two proposed methods consistently show
significant advantages even though the transmitting
power is low. In other words, it is well illustrated
that Algorithms 1 and 2 have better robustness to
noise.

The MSE performance evaluation of the pro-
posed algorithms and state-of-the-art benchmark
methods versus the number of pilot subcarriers is
given in Fig. 6. It is observed that the performances
of all the algorithms are improved steadily as the
number of pilot subcarriers P increases, and that
our proposed algorithms have superior performance
than other approaches. Specifically, when P = 4, Al-
gorithm 2 performs similarly to the MMV-ADMM
algorithm with the pilot subcarrier P = 10. This
demonstrates that the proposed algorithms can per-
form well with a tiny pilot overhead.

In Fig. 7, we investigate the proposed algo-
rithms and existing benchmark methods with dif-
ferent active factor values P, . It is observed that the
performances of all the algorithms are degraded as
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Fig. 6 Channel estimation performance of MSE ver-
sus the number of pilot subcarriers. The parame-
ter settings are K = 500, K, = 50, T = 100, and
SNR=30dB
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Fig. 7 Channel estimation performance of MSE ver-
sus different activity probabilities. The parameter
settings are K = 500, T" = 200, SNR=30dB, and
P =16

P, increases. This is mainly because the increased
number of active users leads to incremental interfer-
ence between active users. However, the proposed
algorithms consistently outperform the three com-
pared algorithms in the MSE performance across the
entire range of the active factor. This indicates that
our proposed algorithms can satisfy the requirements
of various application scenarios of the IoT.

Figs. 8 and 9 compare the MSE and ADEP per-
formances of various schemes with different numbers
of potential users, respectively. It is observed that
when the number of users is 100 or 200, the pro-
posed algorithms, MMV-ADMM, and section-wise
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Fig. 8 Channel estimation performance of MSE ver-
sus the number of users. The parameter settings are
T =100, SNR=30dB, P, =0.1, and P =16
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Fig. 9 Active user detection performance of ADEP
versus the number of users. The parameter settings
are T'=100, SNR=30dB, P, =0.1, and P =16

AMP have perfect MSE performance and achieve ac-
curate active user detection. Also, all the users can
achieve correct detection at 28.8 pus. Moreover, the
performances of all the algorithms gradually degrade
as the total number of users increases since it will re-
sult in more interference between users. However,
comparing results with other classical algorithms,
the proposed algorithms can present substantially
better MSE and ADEP performances. Therefore,
the proposed schemes can accommodate more users
in tremendous access systems, making grant-free 6G
cellular IoT access more appealing.
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7 Conclusions

This article has investigated the JADCE prob-
lem in strongly coherent mMTC scenarios based on
a grant-free scenario. Due to the strongly coherent
communication systems, the performance of exist-
ing compressed sensing algorithms degrades as the
number of pilot subcarriers declines. To address
this issue, we have formulated the JADCE problem
as a joint sparse signal recovery problem and intro-
duced a novel DCA-based L3 ;_p algorithm with the
MMYV framework to solve the JADCE problem. To
further reduce the computational complexity of the
DCA-based JADCE algorithm, a fast DCA-based
JADCE algorithm has been provided, from which
the analytical solution based on the L ;_p-metric
proximal operator is derived, and hence the ADMM
solver can directly address the optimization prob-
lem. Simulation results have demonstrated that the
two proposed DC optimization based JADCE algo-
rithms can achieve significant performance gains in
MSE and ADEP over conventional sparse recovery
algorithms.
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Appendix: Proof of the convergence of DCA

We concisely demonstrate that the iterative
DCA in Eq. (13) produces a monotonically decreas-
ing objective function. According to the definition

of the subgradient, we have
W(H)>W (H*)+ (Z°,H — H®), VH €R°.

Specifically, W (H**') > W(H*) +
(Z*,H*™' — H*), and therefore we have

Q(H")
=M(H?®) - W (H?)

> M (H™™Y) = (W(H?) + (2, H*"' — H*))

> M (H*T) =W (H™)

= Q(H™).

The proof is complete.
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