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Abstract: Distributed precision jamming (DPJ) is a novel blanket jamming concept in electronic warfare, which delivers the
jamming resource to the opponent equipment precisely and ensures that friendly devices are not affected. Robust jamming
performance and low hardware burden on the jammers are crucial for practical DPJ implementation. To achieve these goals, we
study the robust design of wideband constant modulus (CM) discrete phase waveform for DPJ, where the worst-case combined
power spectrum (CPS) of both the opponent and friendly devices is considered in the objective function, and the CM discrete
phase constraints are used to design the wideband waveform. Specifically, the resultant mathematical model is a large-scale
minimax multi-objective optimization problem (MOP) with CM and discrete phase constraints. To tackle the challenging MOP,
we transform it into a single-objective minimization problem using the L -norm and Pareto framework. For the approximation
problem, we propose the Riemannian conjugate gradient for CM discrete phase constraints (RCG-CMDPC) algorithm with low
computational complexity, which leverages the complex circle manifold and a projection method to satisfy the CM discrete
phase constraints within the RCG framework. Numerical examples demonstrate the superior robust DPJ effectiveness and
computational efficiency compared to other competing algorithms.
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precision jamming (DPJ)
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1 Introduction where a high power is required for jamming effec-

tiveness but results in low utilization efficiency (Tai

For most electronic devices, the quality of service
(QoS) highly depends on the signal-to-interference-
plus-noise ratio (SINR) in practice (Wang et al., 2018;
Gao et al., 2020; Geng et al., 2023). Therefore, blan-
ket jamming is usually used in electronic warfare to
degrade the QoS of these devices (Parlin et al., 2021;
Kelsey, 2023; Wu et al., 2023). Conventional blanket
jamming is typically implemented by a single jammer,
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et al., 2016). Meanwhile, the beamforming technique is
also usually used to enhance the transmit gain by direct-
ing the jamming energy toward two-dimensional (2D)
directions. However, due to the insufficient dimen-
sionality in the spatial domain, it may cause unex-
pected injuries to adjacent friendly devices in the three-
dimensional (3D) area of interest (Li and Stoica, 2008;
Blunt and Mokole, 2016). To overcome these prob-
lems, a novel blanket jamming concept, namely, dis-
tributed precision jamming (DPJ), was proposed by
the US Defense Advanced Research Project Agency
(https://www.fbo.gov/spg/ODA/DARPA/CMO/DARPA-
BAA-09-65/listing. html). This method requires that
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the opponent equipment is jammed precisely in the 3D
spatial domain, and the adjacent friendly devices are
not affected by the jammers. Compared to the transmit
beamforming technique, in this technique, a group of
distributed aerial platforms is adopted to improve the
coherent synthesis efficiency. More importantly, DPJ
exhibits excellent jamming energy performance within
the desired 3D area rather than along specific 2D direc-
tions (Song D et al., 2016).

The existing research on DPJ falls into two dis-
tinct categories from the perspective of the transmit-
ted signal model. One category adopts the narrowband
signal model and regards the combined energy con-
trol performance as the main design metric. Chen et al.
(2020) proposed an efficient method to design the
single snapshot constant modulus (CM) transmit sig-
nals, and the grating lobes in the area of interest are
mitigated to some extent. Yang ZP et al. (2022) jointly
optimized the CM signals and the location of distrib-
uted platforms to improve the spatial energy control per-
formance. Zhang KD et al. (2022b) proposed a method
to endow the narrowband waveform with jamming char-
acteristics by fitting the combined waveform with white
noise, and Yang ZP et al. (2023) further improved the
algorithm’s performance in terms of both jamming
and computational efficiency. Other research works,
including those by Yang ZP et al. (2021), Xu et al.
(2022), and Zhang KD et al. (2022a), designed the
narrowband transmitted waveform to improve the DPJ
performance based on previous works, and interested
readers may refer to them.

The other category uses the wideband transmit-
ted waveform for the jamming tasks, where the com-
bined power spectrum (CPS) is considered as the
design metric. Zhang KD et al. (2023) obtained the
cross-spectral density matrices (CSDMs) of the wave-
form by maximizing the average CPS of the opponent
equipment, and then the available wideband CM wave-
form was recovered by synthesizing the CSDMs and
suppressing the CPS of friendly devices. To improve
the robust performance and computational efficiency,
Yang ZP et al. (2024) considered the worst-case CPS
performance in DPJ. In this work, they maximized
the minimum CPS of the opponent equipment, and
the CPS of friendly devices was constrained under a
specific threshold. Compared to narrowband wave-
forms, wideband waveforms are generally preferred

because narrowband waveforms require precise prior
frequency knowledge of the opponent equipment to
execute spot jamming. Meanwhile, most previous works
designed the CM continuous phase waveform, which
makes it possible for the hardware component to operate
in a saturation regime. From a practical point of view,
CM waveforms should be designed with the discrete
phase due to the limited number of bits in the direct
digital synthesizer (DDS).

Compared to the narrowband jamming wave-
form, the advantages of the wideband jamming wave-
form lie in the following two aspects. First, due to detec-
tion errors on the working frequency of the opponent
equipment, the wideband jamming waveform can cover
the working frequency of the opponent equipment
better, which has better robust jamming performance
especially when the prior knowledge of reconnais-
sance is imprecise. Second, it is difficult for the anti-
jamming system to suppress all the jamming frequency
components from the view of the opponent equipment,
making the jamming effect more significant than that of
the narrowband jamming waveform. Even if the oppo-
nent equipment adopts the frequency-hopping wave-
form, the wideband jamming waveform can cover the
range of frequency hopping, whereas the narrowband
jamming waveform is invalid for this scenario. There-
fore, the waveform for DPJ should be wideband to cover
the potential working frequency of the opponent equip-
ment. Note that the SINR is usually considered as the
design metric to evaluate the antijamming effect from the
view of opponent equipment. However, the opponent
equipment and the jammers are noncooperative, which
means that this metric cannot be obtained by the jam-
mer to evaluate the jamming effect and design the wave-
form. The DPJ system usually accounts for the com-
bined energy directly to evaluate the jamming effect,
which is proportional to the SINR. In this case, the worst-
case CPS of both the opponent and friendly devices is
used to measure the robust jamming performance.
Moreover, the wideband waveforms are required to be
with CM and discrete phase to alleviate the hardware
burden. Considering the numerous spatial frequency
discrete points, our problem boils down to a large-scale
minimax multi-objective optimization problem (MOP)
with CM and discrete phase constraints, which requires
an efficient algorithm with low computational complex-
ity to generate real-time waveforms.
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Though many methods have designed the wave-
form with CM and discrete phase constraints in the
field of multiple-input multiple-output (MIMO) radar
waveform design, most of them are oriented toward
the narrowband signal model, where the problem size
is much smaller than that of the wideband design.
Zhao et al. (2017) used the majorization—minimization
(MM) framework to design the low-autocorrelation CM
discrete phase sequence. Pishrow and Abouei (2021)
proposed a sequential rank-one constraint relaxation
method to further minimize the autocorrelation func-
tion sidelobes by jointly designing the discrete phase
transmit sequence and receive filter; however, the com-
putational complexity of solving the convex problem
at each iteration is too high to tackle the large-scale
optimization problem. Lu et al. (2021) designed CM nar-
rowband finite alphabet phase code by maximizing the
signal-to-noise ratio, whereby a coordinate descent (CD)
algorithm was proposed to improve the computational
efficiency. Yang J et al. (2022) proposed an accelerated
CD algorithm to design the narrowband CM discrete
phase waveform for the low sidelobe beam pattern. Bu
et al. (2021) proposed an inexact alternating direc-
tion penalty method framework to tackle optimization
problems with quartic terms, where extra variables
were introduced to split the original problem into two
subproblems. However, the aforementioned methods
are not suitable for our problem: the MM framework
poses a high computational burden in addressing the
large-scale optimization problem, while the other algo-
rithms do not apply to the minimax MOP.

In this paper, we study the wideband CM discrete
phase waveform design for DPJ. To guarantee robust
jamming performance, we optimize the worst-case CPS
of both the opponent and friendly devices to ensure
DPJ effectiveness. The major contributions of this
paper are summarized as follows:

1. A more practical wideband CM discrete phase
waveform design model. Different from previous
works on the narrowband CM discrete phase wave-
form design (Zhao et al., 2017; Bu et al., 2021; Lu
et al., 2021; Pishrow and Abouei, 2021; Yang J et al.,
2022), we use the wideband signal model to design
the CM discrete phase waveform for DPJ, which is
more suitable for jamming and has lower requirement
on the hardware components in practice (Yang ZP et al.,
2024). To guarantee robust jamming performance,

we optimize the worst-case CPS performance of both
the opponent and friendly devices, whereby the for-
mulated problem boils down to a large-scale minimax
MOP with CM and discrete phase constraints.

2. A novel low-complexity algorithm to tackle
the optimization problem with CM and discrete phase
constraints. To tackle the resultant nonconvex NP-hard
problem, we simplify the problem using the L, -norm,
and the approximation problem aims to minimize the
p-power terms with CM and discrete phase constraints.
Unlike the current manifold optimization, which can
deal with only the problem with CM constraints (Absil
et al., 2008; Manton, 2020), we propose a novel Rie-
mannian conjugate gradient for CM discrete phase con-
straints (RCG-CMDPC) algorithm to address our large-
scale approximation problem, where the algorithm is
developed within the complex circle manifold and a
projection method to satisfy both the CM and discrete
phase constraints.

3. Numerical simulation insights and detailed vali-
dation. The performance of the proposed RCG-CMDPC
algorithm is demonstrated under a typical DPJ sce-
nario. Numerical examples are implemented to show
that RCG-CMDPC exhibits lower computational com-
plexity and better jamming efficiency compared with
state-of-the-art MM algorithm, which makes it pos-
sible to generate real-time wideband CM discrete phase
waveform for DPJ. Moreover, we analyze the effect
of the hyperparameters on the performance of the
RCG-CMDPC algorithm and give the Pareto curve of
the worst-case CPSs between the opponent and friendly
devices.

Notations: Vectors and matrices are denoted by
lowercase and uppercase boldface letters, respectively.
The i" element of vector x is represented by x, C"
and R" denote the sets of N-dimensional complex and
real fields, respectively. || x| denotes the Euclidean
norm of vector x, and arg (x) represents the argument
(X)
are the trace, rank, and the maximum eigenvalue of

of complex number x. Tr (X ), rank (X ), and 4,
matrix X, respectively. (-)", (-)", and (-) denote the
complex conjugate, transpose, and conjugate trans-
pose, respectively. I,, and 0,, denote the M x M iden-
tity matrix and M x 1 zero vector, respectively. © and
® represent the Hadamard and Kronecker products,
respectively.
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2 Problem formulation

2.1 Signal model

For the scenario of interest in this paper, the
DPJ system consists of M drones as shown in Fig. 1,
where the location of the m™ drone is denoted as r,,
m=1, 2, ---, M, with M denoting the number of drones
in the DPJ system. The drones are distributed ran-
domly in an ultrasparse manner, which means that
the distance between any two drones is much greater
than the half-wavelength. Suppose that the opponent
equipment and friendly devices are located within the
area of interest ©, the opponent region £, is assumed
as a circle that involves the opponent equipment, and
the w" friendly device is located in the w" circle friendly
region Qf, w=1, 2,---W, with W being the number of
friendly devices. To avoid prior information errors on
the location of these devices and the ensuing need for
robustness, the DPJ system should achieve high CPS
in Q, for the blanket jamming action and control the
CPS in ©Q} at a low level.

The area of X
interest

Friendly device W.

Fig.1 Blanket jamming action implemented by the distributed
precision jamming (DPJ) system consisting of M/ drones

Let each jammer of the DPJ system be equipped
with a single antenna, and let the m™ jammer radiate
a distinct baseband signal x,, (¢#) with bandwidth B,
where the spectral support is in the interval [-B/2, B/2].
Thus, the combined signal at any point &, in the area
of interest Q can be expressed as follows (Zhang KD
etal., 2023):

m

M ejzﬂfo(f‘fm('ﬂ)

s.(1)= 2 xm(z—rm(az))”rT, (1)

z

where f; is the carrier frequency, c

m

is the propagation time, and ¢ is the speed of light.

Note that these distributed unmanned aerial vehicles
(UAVs) are assumed to be calibrated perfectly; i.e.,
the localization and synchronization errors are not taken
into account, which is a typical assumption in the re-
search on the distributed platform (Liu et al., 2022; Zeng
et al., 2023; Tan et al., 2024). When adopting digital sig-
nal processing techniques, the sampled baseband signal

N)’

where 7,=1/B is the sampling interval, n denotes the

is represented by x,, (n)=x,,(¢) | ,; (n=1, 2, -,

particular sample number, and N is the total number
of samples. Thus, the discrete Fourier transform (DFT)
of x, (n) is given by Eq. (2):

N (" 1)‘7
ym<q>—jﬁ§ (e ,qe{ ]2V,]2V-1}.
@)

To facilitate the following derivation, the sampled

baseband signal {xm(n) |n =1,2,---,N } is vectorized

by x,=[x,,(1),x,(2), +,x,(N)]', and thus v, (¢)
can be rewritten as follows:

Vu(q)=x,f,, (3)

where f,=[1,¢ ,e'jz"(N""’/N]T/\/N. In the

same manner, by implementing N-point DFT on the

-i2ng/N .
b

sampled form of Eq. (1), we deconstruct the steering
vector of the spatial point ¢, with respect to the dis-
crete frequency grid frequency ¢ for the wideband
signal as follows (Yang ZP et al., 2024):

T
ejZn(qB/N +f0)rl(a:) ej2n(qB/N+f0)rM(a:)
a, ,= yees .4
T e, [

Therefore, based on Eqgs. (1)—(4), the CPS at the
spatial frequency point (&, ¢) is given by Eq. (5):

2
a' Fox| =x"IT, x, (5

(@] F=( £ @I,k
x,\TJ]TeCMN, and I, ,~F}a,

a?p ,F, 1s defined as the steering matrix of the spatial

; 2
ooqg | YoqVq T

P

where y,=[1,(¢).5,(q),

M x MN — T T
C ,x—[xl,xz,---,

frequency point (6, q).
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2.2 Metric and waveform constraint design

To guarantee robust wideband DPJ effective-
ness, we optimize the minimum and maximum CPSs
among all the spatial frequency points of the opponent
equipment and friendly devices, and the correspond-
ing design metrics are formulated as follows:

— : H
fi(x) %Egr)l;lxegnx 1, , x
H
= max -—x1II, x
6,€ Q4,90 € Z, 90,9077 (6)
fi(x)= max x"I,  x,

op€ Q. qpe Ey

where Q.=Q. U Q; U -+ U Q) is the union of all
the W friendly regions, and ¢, and o} represent the
discrete spatial points in Q, and Q;, respectively.
Meanwhile, g, and g, denote the discrete frequency
points in the frequency bands =, and = of opponent
and friendly devices, respectively.

Next, we further give the constraints that the
waveform x should satisfy. To avoid waveform dis-
tortion when the amplifiers work at the saturation
condition (Aubry et al., 2020; Zhang JD and Xu, 2020;
Fan T et al., 2024) and to adhere to the sufficient utili-
zation of the limited jamming resource (Qiu et al.,
2023; Yang ZP et al., 2023; Shi et al., 2024), we im-
pose the CM constraint on waveform x, which is given

by Eq. (7):
|x,|=1,i=1,2,--, MN. (7)

For the phase part of waveform x, a limited number
of bits are available in the DDS (Zhang W] et al.,
2020; Song YX et al., 2022), and thus the finite alpha-
bet (i.e., discrete phase) constraint is enforced on x as
follows:

2n

arg (x,)e ¥, ==

% [0,1,---,/=1],i=1,2, -, MN, (8)

where V'=2"is the cardinality of the finite alphabet,
and v is the number of bits in the DDS. In general, as
v increases, it allows for more precise phases and a
higher degree of freedom in the waveform x. How-
ever, the DDS incurs a heavier hardware burden and
higher cost on the jammer. It needs to be emphasized
that the actual DDS cannot generate the waveform

with an arbitrary (continuous) phase. Meanwhile,
directly performing the quantization of continuous
phase waveform devised by the above metric and
CM constraints does not guarantee a desirable solu-
tion, which may trap the final waveform into local
optimality or even cause severe performance losses
in practice (Fan T et al., 2021; Imani and Nayebi,
2021; Yang J et al., 2022). Thus, it is of great signifi-
cance to attach the waveform with discrete phase con-
straints as presented in Eq. (8).

2.3 Optimization problem

Based on the design metrics and waveform con-
straints, we formulate the minimax MOP as follows:

min max -x"IT, A x
X 6,694,905, 0-90
P )
min  max _x"II,  x

X 0,€Q,qpeE;
st | x,|=1,i=1,2, -, MN,
arg (x,)e¥,,i=1,2,---, MN.

It is seen that P is a nonconvex, nonsmooth, and
NP-hard problem due to the objective function and
constraints, which makes it challenging to obtain the
solution directly. Meanwhile, the abundant discrete
points in the spatial and frequency domains result in
a large-scale optimization problem, which causes great
trouble in real-time waveform generation.

3 Algorithm design

In this section, we propose the RCG-CMDPC
algorithm to obtain the wideband CM discrete phase
waveform for robust DPJ effectiveness. First, we use L,
approximation and the Pareto optimization frame-
work to transform the original minimax MOP P into
a single-objective minimization problem with CM and
discrete phase constraints. Then, the transformed prob-
lem is tackled by our proposed RCG-CMDPC algo-
rithm, wherein the complex circle manifold is used, and
the corresponding retraction methods are modified to
satisfy the CM discrete phase constraints within the RCG
framework. Finally, we provide the computational
complexity analysis of the proposed RCG-CMDPC
algorithm.
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3.1 The problem transformation on P

Inspired by the research on designing waveforms
with low autocorrelation sidelobes (Song JX et al.,
2016), we approximate the design metrics f; (x) and
/>(x) using the L -norm to simplify the original prob-
lem P. The inner term is required to be positive when
applying the L -norm approximation. Thus, we trans-
form the first term regarding f, (x) to a strictly posi-
tive term C—f, (x) by introducing the upper bound C
of £, (x), where the maximization on — £, (x) is equiva-
lent to that on C—£, (x). In this case, we have the expres-
sion of C as follows:

C= max 4, (1,

6,€9,.90€5,

YMN= R/

%0:90

(10)

max

0-90 6o 20,405,
The inequality holds true by the fact that x" IT sodo
x<x" 2 (M, Ny X, (I, YMN. As discussed

by Yang ZP et al. (2024), the constant C has the closed-
form expression as follows:

max

M 2
C= max MN

GUEQOmZIH r,—6, ”2

(11

With the constant C at hand, the original problem
‘P is recast as follows:

C-x"11.  «x

%0-90

min max
X 00€Q),90EE,

P (12)

min  max _x"I1,  x
X 6peQp, qpEE; P Ar

st |x,|=1,i=1,2, -+, MN,
arg (x;)e¥,,i=1,2,---, MN,

where the equivalence between Egs. (9) and (12) results
from the identical solution for the maximization of
-x"MI, , xand C-x"II, , x.By using the L,-norm
on the inner maximization operation, we obtain the
approximated MOP as follows:

min
X —
0,eQ0q,€5,

P’ (13)

w3 Sl |

6reQpqrely

5 Slewm )]

=1,i=1,2, -+, MN,
arg (x,)e¥,,i=1,2,---, MN,

S.t. |x,

where the L -norm tends to be the original maximiza-
tion (L -norm) problem when p—o. As ()7 is a
monotonic function in the domain of definition, the
power of 1/p in the two objective functions can be
ignored, and the approximated MOP is equivalently
represented by the following expression:

P
min Z z (C_xHH”o ’qu)
* 60€2090€5,

P! (14)

min 2 2 (xHHUF’qFx)p

oreQrqrely
st |x,|=1,i=1,2,-, MN,

arg (x;)e¥,,i=1,2,---, MN.

To proceed, we apply the Pareto framework to
transform P’ to the following single-objective mini-
mization problem:

P nlinfﬂ(x)=p z z (C—x“HJO’qox)p

6,405,

+(1-p) 2 E(XHH.,F,qFx)

oreQpqpely

st |x,|=1,i=1,2, -, MN,
arg (x;)e¥,,i=1,2, -, MN,

, (15)

where pe[ 0, 1] is the Pareto weight that is determined
by the practical trade-offs between two objectives.

3.2 The proposed RCG-CMDPC algorithm for P

In this subsection, we propose a novel RCG-
CMDPC algorithm to tackle the transformed minimiza-
tion problem P within the RCG framework. The geo-
metrical structure of the complex circle manifold
makes it possible to avoid some saddle points and
achieve considerable convergence speed, and interested
readers may refer to Manton (2020). In essence, man-
ifold optimization is a gradient-based method in a par-
ticular space, where the original constrained problem
is considered an unconstrained problem within the
specific manifold.

3.2.1 Complex circle manifold and Riemannian metric

To make the description clear, we present the
geometric interpretations of the complex circle mani-
fold and the projection to the CM discrete phase con-
straints in Fig. 2, where the blue spherical surface
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\ Retraction and
S, projection operator

\
XN ‘

- —

Fig. 2 Geometric interpretations of the complex circle
manifold M, where the red points appear on the spherical
surface of the complex circle and possess discrete phases.
References to color refer to the online version of this figure

denotes the complex circle manifold, and the red points
are the discrete phases. As the modulus and phase
parts for each x, are independent, we give the set of
points satisfying the CM constraints consisting of the
proposed manifold M as follows:
M={xe<CMN\|x,.|=1,i=1,2,---,MN}. (16)
For the discrete phase constraints, we quantize
the solution at each iteration by a projection method,
which is illustrated in the following section, and thus
the manifold optimization can be implemented by
temporarily leaving out the discrete phase constraints.
In this case, the constrained problem P is viewed as
an unconstrained problem over the manifold M.
Compared with the Euclidean space, M is a par-
ticular space endowed with a local Euclidean struc-
ture; namely, any point xe M can be implemented only
with Euclidean operation locally around itself. Sup-
pose that x'") is the obtained point at the /™ iteration;
we introduce the tangent space 7, M, which con-
tains all the tangent vectors of x'), and we represent
T ,M by the light yellow surface in Fig. 2. To update
x!*Y within the RCG framework, we need to specify
a Riemannian metric for M, which defines the prod-
uct operation in the manifold. One common choice

is the following Euclidean inner product (Absil et al.,
2008):

(&n)=Re{&"y}, (17)

where ¢ and # are the tangent vectors on 7 , M.

3.2.2 Computation of the Riemannian gradient

To implement Euclidean operation on the current
point x', the corresponding Riemannian gradient
grad f, (x"") is defined as a tangent vector through x",

which is the unique element with the fastest decrease
of /,(x'") such that

(& gradf, (x)) =Df, (x")[¢],  (18)

where Df, (x'")[ & is the directional derivative of
£, (x") at x" in the direction ¢. Therefore, the Rieman-
nian gradient gradfp(x(' )) is regarded as the orthogo-
nal projection of its Euclidean gradient Gradf, (x)
to ’Z;(,)M, as shown in Fig. 2. As discussed by Absil
et al. (2008), the generalized projection operator of a
point u to the tangent space of v is given by Eq. (19):

Proj, ,(u) =u-vO Re{uOv'}. (19)
Thus, the Riemannian gradient grady, (x"") is rep-
resented by

gradf, (x")= Projf,mM(Gradfp (x® ))
= Gradf, (x)-x"O Re{Gradf, (x")Ox""|,

where Gradf, (x') is derived as follows:

Gradf, (x) =2 S p(c-xm, )"

6 €Q4q,€ E,

. (1)
(Ho'wqox )

2(1-p) S 2p(x<’>”sz,l_,,ql_;é”)"_1

6reQpqrely

(1, ).

> I

(2]

3.2.3 The RCG framework and projection to the CM
discrete phase constraints

To proceed, we adopt the RCG framework to
update x/ " V. Similar to the conjugate gradient algorithm
in Euclidean space, the RCG algorithm combines with
the last descent direction d"~" for the current update
direction d'”, which is given as follows:
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d =—gradf,(x") + g Transd""".  (22)

Compared to the common conjugate gradient
algorithm in Euclidean space, the last descent direction
d'"" in the RCG algorithm needs be projected to
T, M for the local Euclidean operations around x.

Thus, Transd"~" in Eq. (22) is expressed as follows:

Transd"" = Proj; (@)

—d"V—xDO Re { d"VOXD"} (23)

and " is the Polak—Ribiére parameter for the gener-
alized conjugate gradient algorithm such that (Boumal,
2014)

() =
=

(s, (0 g, ()P, v ()
<gradfp(x"’”), gradfp(x“’”)> .

(24)

For the clear derivation, we introduce the fol-
lowing updated intermediate variable to represent the
updated vector on the tangent space 7, M:

R0 =y 7D g (25)

where (") is the step size of the descent direction,
which is determined by the back tracking-Armijo line-
search method, and the corresponding expression is
given subsequently.

In what follows, we introduce the retraction opera-
tion and the projection method, which ensure that the
updated point satisfies the CM discrete phase con-
straints. Differing from the retraction that operates only

() in the complex circle manifold, we

the modulus of x
define the retraction and projection operator R (),
which projects both the modulus and the phase parts

of x', and the updated x" “ " is expressed as follows:

n a a T
X+ ”=iﬁ’(x“+ 1)) :[ewl, e, e, emm] ,

. 2m|arg (x""") (26)
N7 T

with | -] denoting the biggest integer not larger than
itself. This retraction and projection method ensures that

x"* is projected to satisfy the CM discrete phase con-
straints at each iteration within the RCG framework.

Then, the expression of the parameter (" in
Eq. (25) is as follows (Absil et al., 2008):

cO=a'p,
fp(x“))—fp(iR(i(” ”))2—5<gradfp(x(’)), C(”d(’)>,
(27)

where a=0.5, f= 1/" gradf,x" ||, and §=0.5 are a group

of classic parameters in the Armijo line-search method,

and k is the smallest nonnegative integer such that
Eq. (27) is satisfied.

Finally, we summarize the RCG-CMDPC algo-
rithm for our problem Pin Algorithm 1, and it termi-
nates when the absolute variation of f,(x) satisfies
the stopping criterion.

Algorithm 1 The proposed RCG-CMDPC algorithm
for tackling 7
Input: Initial point x“e M

Output: The optimal solution x‘*e M
Initialize /=1
2 Compute d'”'=—gradf, (x'*) and the step size {'*
3 Obtain the intermediate variable ¥V=x®+¢»d® and
update x"V=R (x?)

4 Repeat
5 Compute the Riemannian gradient gradf, (x"’ )using
Egs. (20) and (21)
6 Calculate the Polark-Ribiére parameter 4 using
Eq. (24)
7 Update d” and Transd"~" using Egs. (22) and (23),
respectively
8 Compute the step size ) by Armijo’s back tracking
method in Eq. (27)
9 Update £ =x0+ ¢ g
10 Implement retraction and update x! " V=R (x'*")
using Eq. (26)
11 Let I=1+1
12 until ’ /, (x"D Y, (x) ‘/fp (x")<e, then output x°"=
G

3.3 Complexity analysis of the proposed RCG-
CMDPC algorithm

Though most of the update procedures in Algo-
rithm 1 involve projection operations, the computational
complexity remains linear with O (MN ) due to the
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selected Riemannian metric. However, the computa-
tional complexity of gradf, (x)) and (' is high due to
the costly computation of Gradf,(x"") and f, (x),
respectively. To alleviate the computational burden

on the algorithm, we give an equivalent computation
of £, (x") as follows:

L E)=£(XD)
=P z z (C—f;:(X“))Ha%,qoafwqu”)qu)p

6,€20q4p0€E,

PSS (v, at X

0LeQpqpeZ;

(28)

where XeC" " is the matrix form of x"’ by reshap-
ing every N elements of x’ as a row of X’ in order,
while £, and f, satisfy F, =f,' ®I,, and F, =f,' ®I,,,
respectively, as presented in Section 2. Compared
with the original form, the computational complexity
of £, (x) is reduced from O((UyQy+ U Qp )M N )
to O((UyQo+ U Oy )MN ) significantly, where U, and
U are the numbers of discrete spatial points in O
and Q, while O, and Q. are the numbers of discrete
frequency points in =, and =}, respectively.

In the same manner, we rewrite the Euclidean
gradient Gradf, (x") as the following equivalent form:

Gradf, (X")=-2p > F'

6y € Q4

( 2 p(c_f;I]: (X([))Haao'qoa?o’qoxu)'f;io)p_l
90 € Zp

' ( aEO'qOX(l)‘/;IO )”an.qn))

29
+2(1-p) > F} 9
oy € Qp
p-1
( z p('f;l_FI (X(l))Ha”quFasrvqu(l) qF)
g5 € Z¢

((al X" fqp)aw)),

where the computational complexity is highly de-
creased from O((UyQo+U,Q;)(M>N*+M>N)) to
O((UoQo+ UpQp JMN+(Uo+Up M N ).

To sum up, we give the computational complexity
of the proposed RCG-CMDPC algorithm in Table 1,
while—as customary—disregarding the coefficients
of high-order terms.

Table 1 Computational complexity summary of the
RCG-CMDPC algorithm
Computation Complexity
Grad f, (<) O T TrGr N
+HUy+ Uy )M?N )
£,(x) O((UoQo+UsQy )MN )
gradf, (x") O(MN)
u? O(MN)
Transd™" O(MN)
d’ O(MN)
o O(MN)
xU+D O(MN)

4 Numerical examples

In this section, we demonstrate the performance
of our proposed RCG-CMDPC algorithm by implement-
ing multiple numerical examples. First, we describe
the setup experimental scenario and give the detailed
parameters in Table 2. Then, we verify the effective-
ness of the RCG-CMDPC algorithm under a typical DPJ
scenario, and thereafter, the performance of our pro-
posed algorithm is compared with that of a competing
algorithm. Finally, we analyze the effect of the hyper-
parameters on the algorithm performance and present
the Pareto curve of the RCG-CMDPC algorithm.

4.1 Setting of the experimental scenario

In the implemented experiment, we consider a
typical scenario, which is consistent with the most
advanced DPJ research (Yang ZP et al., 2024) for the
convenience of subsequent comparison. The area of
interest 2 is set as a 100 mx100 m square, wherein
all the opponent equipment and three friendly devices
are located. We set the center of 2, as the origin, i.e.,
(0 m, 0 m, 0 m), and the corresponding radius is 7,=5 m.
The radii of Q, Q7, and Q} are all set as 7,.=2 m, while
their centers are located at (=20 m, 10 m, 0 m), (10 m,
-20 m, 0 m), and (20 m, 25 m, 0 m), respectively. Within
the area of interest Q, the spatial grids are discretized as
I mx1 m. The DPJ system is deployed above € at a dis-
tance d=2000 m, and the drones are assumed to be dis-
tributed randomly within a horizontal circle of radius
30 m, which is the same as in the work of Yang ZP et al.
(2024). The carrier frequency is set as f,=1 GHz, and the
bandwidth and the length of the transmitted waveform
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Table 2 Main settings of the typical DPJ scenario considered in this work

Symbol Value Meaning
Q 100 mx100 m Area of interest
Q, (0m, 0 m, 0 m) Center of the opponent equipment
Q4 (-20m, 10 m, 0 m) Center of the friendly device 1
Q; (10 m, =20 m, 0 m) Center of the friendly device 2
o5 (20 m, 25 m, 0 m) Center of the friendly device 3
o S5m Radius of the opponent region
g 2m Radius of the three friendly regions
d 2000 m Distance from DPJ system to the area of interest
fo 1 GHz Carrier frequency of the transmitted waveform
B 100 MHz Bandwidth of the baseband jamming waveform
N 100 Length of the sampled waveform
g, [950 MHz, 1050 MHz] Potential working frequency of the opponent equipment
o [965 MHz, 1015 MHz] Working frequency of the three friendly devices
p 30 L ,-norm approximation parameter
e 107 Stopping criterion of the RCG-CMDPC algorithm

are B=100 MHz and N=100, respectively. The potential
working frequencies of the opponent and friendly de-
vices are =Z;=[950 MHz, 1050 MHz] and =,=[965 MHz,
1015 MHz], respectively. Unless stated otherwise, we
set p=30 for our RCG-CMDPC algorithm, and the stop-
ping criterion is e=107". The experiments are conducted
on a personal computer (PC) with an i7-10510U CPU
and 16 GB RAM. For a clear understanding of our
experiments, the above-stated main settings are listed
in Table 2.

4.2 Verification of the effectiveness

In this subsection, we verify the effectiveness of
our proposed RCG-CMDPC algorithm. Meanwhile, we
compare the MM algorithm proposed by Yang ZP et al.
(2024) with our algorithm in terms of DPJ performance
and computational efficiency, which is the latest achieve-
ment of the wideband waveform design for DPJ. Note
that the MM algorithm of Yang ZP et al. (2024) cannot
be directly applied to our approximation problem P
because the MM algorithm was proposed to tackle the
L,-norm approximation problem with CM continuous
phase and the maximum CPS of friendly devices was
considered as a constraint therein. In this case, we
extend this MM algorithm to tackle our CM discrete-
phase constrained problem P, where the objective func-
tion f, (x) is majorized as discussed by Yang ZP et al.
(2024), and the solution with CM and discrete phase
constraints at each iteration is obtained as outlined
by Bu et al. (2021). As shown in Figs. 3 and 4, we verify

the DPJ effectiveness by the CPS distribution by
adopting the MM and RCG-CMDPC algorithms for
two cases, where case 1 is the typical DPJ scenario,
and the working frequency of friendly devices is set
the same as that of the opponent equipment in case 2.
For these two cases, we set p=10""" in P, and the effect
of different V values on the final performance is also
verified in these figures. It is seen that the two algo-
rithms achieve the desirable jamming effect, where
the red color represents that the corresponding spa-
tial frequency grid has a high CPS level, and the blue
color denotes a low CPS level. From the compari-
son, we find that the RCG-CMDPC algorithm per-
forms better both on the minimum and the average
CPSs of the opponent equipment than the MM algo-
rithm, while the maximum CPSs of friendly devices
using these two algorithms seem the same. The detailed
CPS indicators of these two algorithms are shown in
Table 3, where CPS™ and CPSY° denote the minimum
and average CPSs in Q,, respectively, while CPSF™
and CPS{* the maximum and average CPSs in Q,
respectively. We see that our proposed algorithm shows
better performance on the CPS in Q,, and the MM
algorithm has only a bit lower CPS in £, which can
even be seen as the same as that of the RCG-CMDPC
algorithm.

To further demonstrate the superiority of our pro-
posed RCG-CMDPC algorithm, we give the conver-
gence curves of the MM and RCG-CMDPC algorithms
under the typical DPJ scenario, where the variation of
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Table 3 CPS indicators in 2, and 2, for cases 1 and 2

. CPS3™ (dB) CPSy™ (dB) CPS3° (dB) CPS}° (dB)
14 Algorithm
(case 1/2) (case 1/2) (case 1/2) (case 1/2)
. MM 8.63/7.87 6.49/6.39 14.37/13.97 3.11/2.91
256 (discrete phase)

RCG-CMDPC 11.20/8.79 6.30/6.29 15.08/14.24 3.02/3.00
. MM 12.92/12.78 5.68/5.70 15.97/15.93 3.04/2.70

1024 (discrete phase)
RCG-CMDPC 14.46/13.64 5.02/5.32 17.01/16.39 2.50/2.55
. MM 14.85/14.01 4.84/5.18 17.23/16.76 2.31/2.33

oo (continuous phase)
RCG-CMDPC 15.03/14.12 4.82/5.17 17.37/16.81 2.35/2.77

/,(x) versus CPU time is given in Fig. 5. We observe
that these curves decrease monotonically, which illus-
trates that both the MM and our proposed RCG-CMDPC
algorithm converge well. From the comparison, we see
that our proposed RCG-CMDPC algorithm has much
better computational efficiency than the MM algo-
rithm, with a decrease of about one order of magnitude
in CPU time. The RCG-CMDPC algorithm obtains the
corresponding discrete phase waveform efficiently,
which makes it possible to generate real-time wide-
band waveform for DPJ. This superiority lies in the
observation that the highest order of computational
complexity of our algorithm is M >N, while that of the
MM algorithm is M N*. Moreover, for the same algo-
rithm, it is observed that the final objective decreases
with increasing V. The reason is that a higher value of
V provides a wider solution space for the approxima-
tion problem P, and the discrete phase constraints are
equivalent, to be consistent with the continuous phase
scenario when J=oo. From the above comparison, we
conclude that the proposed algorithm achieves better
CPS performance than the previous MM algorithm,
and the computational efficiency is highly improved.
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Fig. 5 Convergence curves of the MM and RCG-CMDPC
algorithms

4.3 Performance analysis

To proceed, we analyze the effect of L -norm adop-
tion on the performance of our proposed RCG-CMDPC
algorithm. As shown in Fig. 6, we implement this ex-
periment when /=1024, which means that each jammer
is equipped with a 10-bit DDS. To investigate the
effect of the value of p on the CPS performance and con-
vergence of the algorithm, we set p=10, 20, 30, 40, and
50. From the curves, we see that the minimum CPS
in Q, increases slightly with increasing p, while the
maximum CPS in €, tends to decrease as p increases.
However, the convergence performance deteriorates
severely when p is large, whereby the CPU time grows
sharply in the figure. This phenomenon indicates that
the CPS performance improvement is accompanied
by the sacrifice of convergence and computational per-
formance when adopting the L -norm approximation.
It is explained by the fact that the L -norm with larger
p values approximates the original (L_-norm) prob-
lem better.

20 T T 20
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Fig. 6 Effect of value of p on the RCG-CMDPC algorithm
performance

In what follows, we further analyze the effect of
V on the convergence of our proposed RCG-CMDPC
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algorithm. Fig. 7 depicts the variation of the objective
function f, (x ) versus the iteration index under different
V values. From the comparison, it is seen that the final
objective decreases with increasing ¥, where this value
is far lower when V' is >128. Meanwhile, the iteration
index at the convergence highly increases, which means
that the higher V value slows down the convergence
of our RCG-CMDPC algorithm. It is explained by the
fact that the higher V" value results in a wider solution
space, allowing the algorithm to obtain a better solu-
tion but inevitably requiring more iteration steps to the
convergence. Specifically, we further give the analy-
sis of the effect of V' on the final CPS performance,
where the minimum and maximum CPSs in €, and
Q. are shown by the curves in Fig. 8. These two CPS
performances improve significantly when V grows
no larger than 256. Moreover, when V' is >1024, the
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Fig. 7 Variation of f(x) versus iteration index under different
V values

20

=y
o

o

CPS performance (dB)
N A
o o

—A— The minimum CPS in Qo |
—©— The maximum CPS in Q¢

64 128 256 512 1024 2048 °

v

Fig. 8 Effect of V on the CPS performance of the
RCG-CMDPC algorithm

achieved CPS performances in the discrete phase sce-
narios tend to be consistent with those in the continuous
phase scenario.

Finally, we illustrate the impact of the parameter
p on the CPS performance achieved using our pro-
posed RCG-CMDPC algorithm. Specifically, the Pareto
curves are obtained under three scenarios, where V=
256 and 1024 for the discrete phase scenario, and V=
oo for the continuous phase scenario. Here, we set
PEL0,p1, sy, prg, 11C[0, 1], where p, =107, i=
1,2,---,10. As marked in Fig. 9, when p=1 and 0, the
obtained wideband waveform considers only €, and
Q, respectively. Specifically, the higher the value of
p, the better the minimum CPS in ©, and the worse
the maximum CPS in Q; because the weight of this
performance becomes higher in the formulated prob-
lem. This phenomenon is consistent with the Pareto
theory as expected, which is a classical feature of
bi-objective Pareto curves.
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Fig. 9 Performance trade-off between the CPS in 2, and 2,
under different }" values

5 Conclusions

In this paper, we propose an efficient algorithm
to design a robust wideband CM discrete phase wave-
form for DPJ, which aims to provide a robust DPJ
effectiveness and low hardware burden on the jammers.
The corresponding design model is formulated as a mini-
max MOP, which is transformed as P using the L -norm
and Pareto framework. To tackle the challenging prob-
lem P, we develop an efficient RCG-CMDPC algo-
rithm within the RCG framework, whereby a novel
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retraction and projection method is provided to let
the solution satisfy the CM discrete phase constraints.
The proposed RCG-CMDPC algorithm achieves a
lower computational complexity than the competing
MM algorithm in theory. The numerical examples show
that the proposed algorithm has better CPS perfor-
mance and computational efficiency than the MM algo-
rithm, which makes it possible to design the real-time
wideband CM discrete phase waveform for DPJ. Pos-
sible future works may include the robust wideband
waveform design against the localization and synchro-
nization errors of distributed UAVs.
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