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Abstract: This paper investigates the joint estimation of multi-targets’ position and velocity for a terahertz multi-input 
multi-output (MIMO) orthogonal frequency division multiplexing (OFDM) system operating in the near field based on tensor 
decomposition. The waveforms transmitted from shared antennas carry communication messages and are orthogonal to each other 
in the frequency domain. The estimation of the position and velocity of multiple targets in the considered near-field scenario is 
challenging because it involves spherical wavefronts. A signal model based on spherical wavefronts enables higher resolution on 
spatial position, which, if properly designed, can be used to improve the estimation accuracy. In this paper, we propose a CANDE-
COMP/PARAFAC (CP) decomposition-based near-field localization (CP-NFL) algorithm for the joint estimation of the position 
and velocity of multiple targets. In our proposed method, the received signal is expressed as a third-order tensor; based on its 
factor matrices we convert the original non-convex optimization problem into a convex one and solve it with CVX tools. Our 
analysis reveals that the uniqueness in CP decomposition can be guaranteed and the computational complexity of our proposed 
method is linear to the sum of the third powers of the number of sub-carriers, OFDM symbols, antennas, and targets. Numerical 
results show that our proposed method has a clear advantage over the existing method in terms of estimation accuracy and 
computational complexity.
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1 Introduction 

The demand for ubiquitous, reliable, fast, and 
scalable wireless services is pushing today’s radio tech‐
nology toward its ultimate limits (Akyildiz et al., 
2020). In this context, it is natural to continue searching 
for more bandwidth, which in turn pushes the operation 
toward higher frequencies. Terahertz communications 

in the band from 0.1 THz to 10 THz is considered 
as a highly promising technology for 6G (the sixth 
generation of wireless communications) and beyond 
(Akyildiz et al., 2022). Meanwhile, communications 
and radar systems that used to operate independently 
are now evolving toward integrated sensing and com‐
munications (ISAC) systems (Zhang JA et al., 2021). 
Due to the availability of hundreds of gigahertz-
spectrum resources, terahertz communications can 
provide significant communication capacity and high-
precision perception, making terahertz ISAC an attrac‐
tive research topic (Sarieddeen et al., 2021; Chen H 
et al., 2022).
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The use of high frequencies translates into higher 
path losses per antenna, which can be compensated 
for by antenna arrays (Xiao et al., 2017). This combi‐
nation undermines the fundamental far-field assump‐
tion of multiple antenna communications; i.e., the 
wavefronts of radiated waves are locally planar over 
antenna arrays (Zhao et al., 2023; Alhafid et al., 
2024). Instead, when the detection range is less than 

the Rayleigh distance of 
2D2

R

λ
, where DR is the antenna 

aperture and λ denotes the wavelength, the near-field 
region should be considered and wavefronts of radiated 
waves are spherical over antenna arrays (Cui et al., 
2023; Zhang HY et al., 2022, 2023; Gao et al., 2024). 
This essential feature causes terahertz arrays to possess 
both azimuth and distance resolutions. Many existing 
algorithms make use of spherical wavefronts to en‐
hance positioning accuracy (Singh et al., 2016, 2017; 
Podkurkov et al., 2018; Zhang XF et al., 2018; Zuo 
et al., 2019; Pan et al., 2021; Rinchi et al., 2022). 
Along this line of research, existing works make a 
trade-off between complexity and parameter estima‐
tion accuracy. Specifically, several authors (Zhang XF 
et al., 2018; Zuo et al., 2019; Pan et al., 2021; Rinchi 
et al., 2022) approximated the signal model in the 
near-field array using a second-order Taylor expansion 
to avoid the computational complexity of parameter es‐
timation, while other authors (Singh et al., 2016, 2017; 
Podkurkov et al., 2018) used precise near-field spheri‐
cal wave information for positioning, avoiding the loss 
of detection accuracy caused by model approximation.

However, the aforementioned positioning meth‐
ods are based on radar chirp waveforms, whereas or‐
thogonal frequency division multiplexing (OFDM) 
waveforms are more commonly used in communica‐
tions. Most importantly, in the foreseeable future, 
mobile communication protocols will continue to rely 
on OFDM waveforms. In this study, we consider using 
OFDM waveforms. Due to the differences in signal 
generation and formats, the principles of parameter esti‐
mation based on OFDM waveforms differ from those 
based on radar chirp waveforms. Specifically, the 
traditional radar systems first mix the received sig‐
nal with a reference signal before the analog-to-digital 
converter (ADC), based on which they derive the 
target’s position, azimuth, and velocity by analyzing 
the relationship between the resulting signal frequency 

and propagation time delay (Tsujimura and Mori, 
2022). In contrast, systems based on OFDM wave‐
forms cannot directly decorrelate the signal before 
the ADC because the instantaneous signal is a multi-
carrier signal. Instead, the entire broadband signal must 
be sampled using an ADC, and the target’s position, 
azimuth, and velocity information are further extract‐
ed (Gaudio et al., 2019).

In far-field array scenarios, parameter estimation 
based on OFDM waveforms is well-established. Works 
by Liu et al. (2017), Knill et al. (2019), Sanson et al. 
(2019), Temiz et al. (2021), Tian et al. (2021), and Wan 
et al. (2023) have used the phase differences between 
sub-carriers, antennas, and symbols for position, azi‐
muth, and velocity estimation. However, in near-field 
array scenarios, the phase difference between anten‐
nas is related not only to azimuth but also to the dis‐
tance between the array and the target, increasing the 
complexity of parameter estimation (Podkurkov et al., 
2021; Sakhnini et al., 2022). Specifically, Podkurkov 
et al. (2021) used a method of passive sensing at the 
base station, processed OFDM uplink signals at the 
base station, and used precise near-field spherical wave‐
front information to achieve target positioning. Sakhnini 
et al. (2022) adopted an active sensing method, using 
time-division OFDM where each antenna transmits 
OFDM symbols in a time-multiplexed manner. This 
scheme requires the antenna spacing in the uniform 
linear array (ULA) to be within one wavelength to 
avoid position ambiguity and uses maximum likelihood 
estimation, resulting in high algorithmic complexity.

Different from the aforementioned works, this 
study uses frequency-orthogonal OFDM (FO-OFDM) 
signals, where the waveform transmitted from each 
antenna is orthogonal in the frequency domain for 
near-field target positioning and velocity estimation. 
The specific contributions are as follows:

1. By transmitting FO-OFDM signals from the 
transmitting antennas and combining them at the re‐
ceiving end, wideband positioning is achieved and 
positioning accuracy improves. Additionally, by shift‐
ing the ambiguity constraint from the conventional 
within-one-wavelength antenna spacing (Sakhnini et al., 
2022) to the used signal bandwidth, the antenna scan‐
ning range is increased.

2. Based on the established near-field signal model, 
we reconstruct the received data in a third-order tensor 
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form. We then propose a CANDE-COMP/PARAFAC 
(CP) decomposition-based near-field localization 
(CP-NFL) algorithm, where multi-dimensional infor‐
mation such as phase differences between antennas and 
sub-carriers is jointly processed to enhance the accuracy 
of target localization estimation.

3. To reduce the complexity of the tensor decom‐
position algorithm, we separate the transmit and re‐
ceive arrays into different groups. Analyses show that 
the computational complexity of the proposed method 
is linear to the sum of the third powers of the number of 
sub-carriers, OFDM symbols, antennas, and targets. 
Numerical results show the effectiveness of the pro‐
posed method.

Notations: a represents a vector, A represents 
a matrix, AA represents a tensor. a(i) denotes the ith el‐
ement of vector a. Also, we use B=a b to denote the 
outer product between the vectors a∈C I and b∈C J, which 
results in matrix B of size I×J with Bij=a(i)b(j). More‐
over, ∠a denotes the vector of principal angles of 
complex vector a. ||A||F defines the Frobenius norm 
of matrix A.

2 System model and problem formulation 

Consider a multi-input multi-output (MIMO) 
OFDM ISAC system with a ULA surveilling the area 
shown in Fig. 1. The ULA is divided into two groups, 
where the left group is for the transmitter and the right 

group is for the receiver, with MT and QR antenna 

elements, respectively. The antenna element spacing 

is assumed to be d, so the sizes of the transmit and 

receive arrays are DT= (MT−1)d and DR= (QR−1)d, 

respectively.

As mentioned previously, for terahertz ISAC 

systems, the antenna array usually works in the near-

field array region, where the spherical wavefront 

should be considered and the analytical signal model 

becomes very complex. A far-field and near-field hy‐

brid is considered, where we divide the transmit and 

receive antenna arrays into UT and UR sub-arrays, each 

of which is equipped with M and Q antenna elements, 

respectively. Therefore, it holds true that MT=UTM 

and QR=URQ.

The location of the transmit and receive antenna is 

defined in two-dimensional Cartesian coordinates with 

respect to the origin. Assume that the transmit and re‐

ceive array are both located on the X-axis. The coor‐

dinates of the m th
u t
 antenna element in the u th

t  trans‐

mit sub-array and that for the q th
ur
 antenna element in 

the u th
r  receive sub-array are given as 

( xT, mut

, 0 ) , u t=1, 2, …, UT,  mu t
∈((ut−1)M, u t M−1) ,

(1)

( xR, qur

, 0 ) , ur=1, 2, …, UR, qur
∈((ur−1)Q, urQ−1) .

(2)

Fig. 1  Illustration of the near-field uniform linear array (ULA) model
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Specifically, the coordinates of the center antenna 
element of the transmit and receive array are ( xMT /2, 0 ) 

and ( xQR /2, 0 ). Let the lth (l=1, 2, … , L) target locate 

at (xl, yl), whose moving velocity is (vx, l, vy, l). In this 
study, we aim to estimate the parameters, (xl, yl) and 
(vx, l, vy, l), ∀ l, based on the observed signals reflected 
from the target.

To accomplish this, the transmitter sends FO-
OFDM signals. The FO-OFDM signal contributed from 
the m th

u t
 transmit antenna element contains P symbols 

and each symbol is composed of N sub-carriers with 
uniform spacing of ∆f. Each OFDM symbol duration 
is T0=T+Tcp, where T and Tcp denote the duration of the 
data and guard interval, respectively, to avoid inter-
symbol interference (ISI) (Zhang RY et al., 2023). 
Thus, the waveform transmitted by the m th

u t
 transmit 

antenna at time t is (Gaudio et al., 2019)

smut

( t )=e j2πfct∑
p=0

P−1∑
n=0

N−1

s͂mut
, n, pe

j2π ( )n+mut
K Δf ( )t−pT0−Tcp

⋅rect
é

ë
êêêê

t−pT0

T0

ù

û
úúúú , (3)

where fc denotes carrier frequency, p is the OFDM 
symbol index, and n is the sub-carrier index. The 
symbol s͂mut

, n, p is modulated on the nth sub-carrier of the 

pth OFDM symbol for the m th
u t
 transmitting antenna. K 

is an integer whose value should be greater than N 
such that the waveform from each antenna does not 
intersect in the frequency domain. The rectangle func‐
tion rect[t] equals 1 for t∈[0, T0] and 0 otherwise.

The transmitted signal reaches the receiving end 
after being reflected by targets. Because the signals 
transmitted from different antennas are orthogonal in 
the frequency domain, we consider bandpass filters at 
the receiver to separate signals from different transmit‐
ting antennas. In addition, for the considered terahertz 
system, the carrier frequency is hundreds of gigahertz, 
while the signal bandwidth is approximately several 
gigahertz. The latter is much smaller than the former; 
consequently in the signal model we only consider 
the impact of the Doppler frequency shift caused by 
the carrier frequency and assume a constant Doppler 
shift over the entire signal bandwidth. The reflected 
signal from the m th

u t
 transmitting antenna to the q th

ur
 re‐

ceiving antenna can thus be expressed as

ymut
, qur

(t )=∑
l = 1

L

α l e
j2π ( )fc + f D

l ( )t − τmut
, qur

,l

smut(t − τmut
, qur

, l)
+zmut

, qur

( t ) , (4)

where αl represents the path loss from the transmitter 
to the receiver related to the lth target, which remains 
almost constant during the observation time. f D

l =
2vmut

, qur
, l fc

c
 is defined as the Doppler shift, where c de‐

notes the speed of light and vmut
, qur

, l is the velocity 

along the wavefront propagation path from the m th
u t
 

transmit antenna to the q th
ur
 receive antenna related to 

the lth target. We estimate and observe the velocity 
based on Doppler shift. For a target moving in the 
near-field array scenario, the Doppler shift from dif‐
ferent signal propagation paths is different, and the ob‐
served velocity is different. In addition, τmut

, qur
, l repre‐

sents the propagation time delay and zmut
, qur

( t ) de‐

notes the additive white Gaussian noise (AWGN).
Let Rmut

, qur
, l be the propagation path length from 

the m th
u t
 transmitting antenna to the lth target. After 

being reflected to the q th
ur
 receiving antenna, the propa‐

gation time delay can be expressed as

τmut
, qur

, l=Rmut
, qur

, l c=( ( )xl−xT, mut

2
+y2

l

+ )( )xl−xR, qur

2
+y2

l c .
(5)

For the convenience of analysis in the following 
context, let δT

mut
, l be the path difference between the 

m th
u t
 antenna to the target and the (MT/2)th transmit an‐

tenna to the target, and δR
qur

, l be the path differences be‐

tween the q th
ur
 antenna to the target and the (QR/2)th re‐

ceive antenna to the target, i.e.,

δT
mut

, l = ( )xl − xT, mut

2
+ y2

l − ρT
MT /2, l, (6)

δR
qur

, l = ( )xl − xR, qur

2
+ y2

l − ρR
QR /2, l, (7)

where

ρT
MT /2, l = ( )xl − xT, MT /2

2
+ y2

l , (8)

ρR
QR /2, l = ( )xl − xR, QR /2

2
+ y2

l . (9)
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On the other hand, let

τMT /2, QR /2, l = ( )ρT
MT /2, l + ρ

R
QR /2, l c . (10)

Then Eq. (5) can be rewritten as

τmut
, qur

, l = τMT /2, QR /2, l + ( )δT
mut

, l + δ
R
qur

, l c . (11)

Furthermore, by sampling the waveform in Eq. (4) 

and removing the guard interval at the receiver, the re‐

sulting signal at time iT/N of the pth OFDM symbol is

ymut
, qur

, p ( i ) = ymut
, qur

( t )|t = pT0 + Tcp + iT/N             

=∑
l = 1

L ∑
n = 0

N− 1

α l s͂mut
, n, pe

− j2πfc( )τMT /2, QR /2, l +
δR

qur
, l + δ

T
mut

, l

c

   ⋅ej2π ( )2vmut
, qur

, l fc

c ( )pT0 + iT/N− τmut
, qur

, l

   ⋅ej2π ( )n + Kmut
Δf ( )iT/N− τMT /2, QR /2, l−

δR
qur

, l + δ
T
mut

, l

c

   +zmut
, qur

, p ( i ) , i = 0, 1, ..., N− 1.

    (12)

To simplify the analysis, we make assumptions 

as follows:

Assumption 1    The antenna aperture DT+DR is small 

enough compared with 
c

N∆f
 (Cohen et al., 2018). As 

δR
qur

, l + δT
mut

, l⩽DT+DR, it holds true that

NΔf
δR

qur
, l+δ

T
mut

, l

c
≪1. (13)

Therefore, the effect of e
j2πnΔf

δR
qur

, l + δT
mut

, l

c  in Eq. (12) 

can be ignored.

Assumption 2    The propagation time delay is small 

enough compared with the symbol duration T0 (Gaudio 

et al., 2019), i.e.,

τmut
, qur

, l≪ T0. (14)

Therefore, the term e
−j2π

2vmut
, qur

, l fcτmut
, qur

, l

c  in Eq. (12) 

can be ignored.

Assumption 3    The speed of the targets relative to 

the same sub-array antenna is roughly equal, i.e.,

vmut
, qur

, l ≈ vu t, ur
l . (15)

These simplify our signal model and subsequent 
parameter estimation process.

As a result of Assumptions 1–3, the expression 
in Eq. (12) can be approximated as

ymut
, qur

, p ( i )=∑
l=1

L ∑
n=0

N−1

α l s͂mut
, n, pe

− j2πfc( )τMT /2, QR /2, l+
δR

qur
, l+δ

T
mut

, l

c

⋅ej2π ( )2vut, ur
l fc

c ( )pT0+ iT/N

⋅ej2π ( )n+Kmut
Δf ( )iT/N−τMT /2, QR /2, l

⋅e− j2πKmut( )δR
qur

, l+δ
T
mut

, l

c

+zmut
, qur

, p ( i ) , i=0, 1, …, N−1.

  (16)

Performing a discrete Fourier transform (DFT) 
on ymut

, qur
, p ( i ) , i=0, 1, ..., N−1, we arrive at (Gaudio 

et al., 2019)

ymut
, qur

, p, n=
1
N∑i=0

N−1

ymut
, qur

, p ( i )e
− j2π

ni
N

≈∑
l=1

L

β le
−j2πnΔfτMT /2, QR /2, le

j2πfc( )2vut,ur
l pT0

c

⋅γmut
, qur

, l+zmut
, qur

, p, n, 

(17)

in which

β l=α le
− j2πfcτMT /2, QR /2, l s͂mut

, n, p, (18)

γmut
, qur

, l=e
− j2πKmut

Δf ( )τMT /2, QR /2, l+
δT

mut
, l

c
+
δR

qur
, l

c e
− j2πfc( )δT

mut
, l

c
+
δR

qur
, l

c .    (19)

From Eq. (19), one can see that if the phase of 

2π
KΔf

c
δR

qur, l
 exceeds [−π, π], it will cause phase am‐

biguity, resulting in inaccurate estimation of δR
qur

, l. 

Otherwise, when the condition −π⩽2π
KΔf

c
δR

qur, l
⩽π is 

met, δR
qur

, l can be solved without ambiguity. On the 

other hand, it holds true that δR
qur

, l⩽ QRd
2

. The combi‐

nation of the above two equations indicates that if 

d⩽ c
2QRΔfK

, there is no ambiguity concerning the es‐

timation of δR
qur

, l. In general, we have 
c

QRΔfK
≫ c

fc

=λ; 

thus, shifting the ambiguity constraints from the con‐
ventional within-one-wavelength antenna spacing to 
the used signal bandwidth and increasing the scan‐
ning range of the antennas resolve the position ambi‐
guity issue.
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Our objective is to estimate {(xl, yl)} and {(vx, l, 
vy, l)} from the noise-corrupted observations {ymut

, qur
, p, n}. 

Due to the coupled characteristics of {(xl, yl)} and {(vx, l, 
vy, l)} in the observed data, it is difficult to directly ex‐
tract them from Eq. (17). In the following context, we 
will first organize the observed samples ymut

, qur
, p, n as an 

incomplete structured third-order tensor. Then, the 
unknown parameters {(xl, yl)} and {(vx, l, vy, l)} can be 
estimated by analyzing the factor matrices obtained 
from the CP decomposition of this incomplete tensor.

3 Joint estimation of position and velocity 

based on CP decomposition 

In this section, we propose the CP-NFL algorithm 
based on tensor decomposition to achieve high-accuracy 
parameter estimation. This algorithm mainly consists of 
three steps: tensor formulation, tensor decomposition, 
and parameter estimation. Each step is described, and 
the computational complexity of the proposed CP-NFL 
algorithm is analyzed.

3.1 Tensor formulation and CP decomposition

Because the transmitter and the radar receiver in 
the considered system are co-located, it is reasonable 
to assume that the transmitted messages s͂mut

, n, p are 

known at the radar receiver. We remove s͂mut
, n, p from 

the observed data ymut
, qur

, p, n and arrive at y͂mut
, qur

, p, n= 

ymut
, qur

, p, n /s͂mut
, n, p. This, combined with the Eq. (17), 

indicates that

y͂mut
, qur

, p, n=∑
l=1

L

β͂ le
− j2πnΔfτMT /2, QR /2, l

         ⋅ej2πfc( )2vut, ur
l pT0

c γmut
, qur

, l+ z͂mut
, qur

, p, n,

mu t
∈((u t−1) M, u t M−1) , u t=1, 2, …, UT,

 qur
∈((ur−1)Q, urQ−1) , ur=1, 2, …, UR,

    p=0, 1, ..., P−1,

    n=0, 1, ..., N−1, (20)

where β͂ l=β l /s͂mut
, n, p and z͂mut

, qur
, p, n=zmut

, qur
, p, n /s͂mut

, n, p.

To better illustrate our method, we construct the 
tensor using the noiseless item y͂mut

, qur
, p, n, i.e., letting

x͂mut
, qur

, p, n=∑
l=1

L

β͂ le
−j2πnΔfτMT /2, QR /2, le

j2πfc( )2vut, ur
l pT0

c γmut
, qur

, l.   (21)

To obtain a tensor that admits a CP decomposi‐
tion, let

m͂u t, ur
=(mu t

−(u t−1) M )Q+qur
−(ur−1)Q,       (22)

and rearrange γmut
, qur

, l to form γm͂ut, ur
, l. Moreover, sam‐

ples x͂mut
, qur

, p, n are rearranged to form a third-order ten‐

sor Xu t, ur
∈CN ×P ×MQ, whose three modes stand for the 

sub-carrier, the OFDM symbol, and the transceiver 
antenna pairs, respectively, i.e.,

Xu t, ur
=∑

l=1

L

β͂ l au t, ur, l
∘bu t, ur, l

∘cu t, ur, l
, (23)

where

au t, ur, l(n)=e
− j2πnΔfτMT /2, QR /2, l, n=0, 1, ⋯, N−1,    (24)

bu t, ur, l( p)=e
j2πfc( )2vut, ur

l pT0

c
, p=0, 1, ⋯, P−1, (25)

cu t, ur, l(m͂u t, ur )=γm͂ut, ur
, l, m͂u t, ur

=0, 1, ⋯, MQ. (26)

When only the observations { y͂mut
, qur

, p, n} are avail‐

able, we can readily construct an incomplete third-
order tensor Yu t, ur

 using the manner in which Xu t, ur
 

is constructed. Because the number of targets L 
is known a priori, the CP decomposition of Yu t, ur

 

can be accomplished by solving the optimization prob‐
lem (27):

min
âut, ur, l

, b̂ut, ur, l
, ĉut, ur, l

  Yu t, ur
−Xu t, ur

2

F
⇔

min
âut, ur, l

, b̂ut, ur, l
, ĉut, ur, l

 






 







Yu t, ur

−∑
l = 1

L

β͂ l au t, ur, l
∘ bu t, ur, l

∘ cu t, ur, l

2

F

.

(27)

According to Chen HY et al. (2021) and Li et al. 
(2023), we have the conclusions in Lemma 1.
Lemma 1    Let A ∈CI1 ×I2 × … × IM denote an M th-order 
tensor with (i1, i2, … , iM)th entry denoted as A i1, i2,⋯, iM

. 

Here, the order M of a tensor is the number of dimen‐
sions. The CP decomposition decomposes a tensor in‐
to a sum of rank-one component tensors, i.e.,
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A =∑
l = 1

L0

x 1
l ∘ x 2

l ∘⋯∘ x M
l , 

where x m
l ∈CIm, m∈{ }1, 2, …, M . The minimum achiev‐

able L0 is referred to as the rank of the tensor, and 
X m=[ x m

1 , x m
2 , ⋯, x m

L0
]∈CIm×L0 denotes the factor along 

the mth mode. When the Kruskal condition holds true, 
i.e.,

min ( I1, L0 )+min ( I2, L0 )

+⋯+min ( IM, L0 )⩾2L0+2, 

the CP decomposition is unique.
Applying the above Lemma 1 to Eq. (27), the 

tensor Yu t, ur
∈ CN ×P × MQ can be decomposed into a sum 

of rank-one component tensors âu t, ur, l
, b̂u t, ur, l

, ĉu t, ur, l
 ( l=

1, 2, ⋯, L; u t=1, 2, ⋯, UT; ur=1, 2, ⋯, UR).

Moreover, because P, N, and MQ are greater than 
L, the Kruskal condition holds true when L⩾2. Addi‐
tionally, De Lathauwer (2006) demonstrated that for 
the case L=1, the CP decomposition held true. There‐
fore, as long as P, N, and MQ are greater than L, the 
above CP decomposition given by Lemma 1 is unique.

3.2 Parameter estimation

We now discuss how to estimate the parameters 
{(xl, yl)} and {(vx, l, vy, l)} based on the estimated fac‐

tor matrices composed of âu t, ur, l
, b̂u t, ur, l

, ĉu t, ur, l
.

au t, ur, l
 is characterized by τMT /2, QR /2, l, which can 

be estimated via reformulating Eq. (24) and using a 
simple averaging method over n, giving as

τ̂MT /2, QR /2, l=

1
2πΔf ( N−1)UTUR

∑
u t=1

UT∑
ur=1

UR∑
n=0

N−2∠ ( )âu t, ur, l
(n )

âu t, ur, l
(n+1)

. (28)

Similarly, bu t, ur, l
 is characterized by vu t, ur

l , which 

can be estimated by reformulating Eq. (25) and using 
a simple averaging method over p, giving as

v̂u t, ur
l =

c
4πfcT0 ( P−1)∑p

∠ ( )b̂u t, ur, l
( p )

b̂u t, ur, l
( p+1)

.   (29)

cu t, ur, l
 is characterized by δR

qur
, l, which can be esti‐

mated by combining Eqs. (26) and (19), and using a 
simple averaging method over m͂u t, ur

, giving as

δ̂R
qur

, l =
c

2πKΔfMT
∑
u t = 1

UT ∑
mut

= 1

M ∠ ( γ̂mut
, qur

, l

γ̂mut
, QR /2, l

γ̂mut
−1, qur

, l

γ̂mut
−1, QR /2, l ) ,

(30)

where γ̂mut
, qur

, l= ĉu t, ur, l
( m͂u t, ur

).

3.2.1　Estimation of {(xl, yl)}

By the definition of δR
qur

, l and τMT /2, QR /2, l in Eqs. (7) 

and (10), respectively, these parameters are related to 
{xl, yl}. Inspired by these observations, we focus on 
solving {xl, yl}.

Rearranging the formulas in Eq. (7), we arrive at

(δR
qur

, l+ρ
R
QR /2, l) 2

=x2
l +y2

l +x2
R, qur

−2xR, qur

xl,     (31)

which, combined with Eq. (9), indicates that

    2 ( )xR, qur

− xR, QR /2 xl + 2δR
qur

, l ρ
R
QR /2, l

= x2
R, qur

− x2
R, QR /2 −(δR

qur
, l )2,                 (32)

where qur
∈((ur−1)Q, urQ−1) , ur=1, 2, …, UR. There‑

fore, we have several QR equations based on Eq. (32). 
Reformulating those equations as a vector, we have

Pw l = h l, (33)

where

P≜2

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

úxR, 0−xR, QR /2 δR
0, l

xR, 1−xR, QR /2 δR
1, l

⋮ ⋮
xR, QR−1−xR, QR /2 δR

QR−1, l

, w l≜é
ë

ê
êê
ê ù

û

ú
úú
úxl

ρR
QR /2, l

,

h l≜

é

ë

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

úx2
R, 0−x2

R, QR /2−( )δR
0, l

2

x2
R, 1−x2

R, QR /2−( )δR
1, l

2

⋮
x2

R, QR−1−x2
R, QR /2−( )δR

QR−1, l

2

.

      (34)

The combination of Eqs. (8) and (9) indicates that

ρT
MT /2, l= ( ρR

QR /2, l )2+2xl ( xR, QR /2−xT, MT /2 ) .     (35)

Substituting ρT
MT /2, l in Eq. (35) into Eq. (10), we 

obtain
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ρR
QR /2, l + ( ρR

QR /2, l )2 + 2ξxl = cτMT /2, QR /2, l, (36)

where ξ≜xR, QR /2−xT, MT /2.

If the estimations of δ̂r
q, l and τ̂MT /2, QR /2, l are per‐

fect, substituting them into Eqs. (33) and (36) and 
solving the resulting equations, we can obtain the 
variables xl and ρR

QR /2, l. However, due to the estima‐

tion error of δ̂r
q, l and τ̂MT /2, QR /2, l, the resulting equations 

may not hold true. As such, we optimize the square 
error with respect to xl and ρR

QR /2, l.

min
x̂l, ρ̂

R
QR /2, l

  P̂w l− ĥ l

2

F
+
|

|
|
||
|
cτ̂MT /2, QR /2, l

− ( )ρR
QR /2, l

2
+2ξxl −ρR

QR /2, l

|

|
|
||
|
2

s.t. ρR
QR /2, l⩾ | xl−xR, QR /2 |,

(37)

where P̂ and ĥ l are obtained by substituting δ̂r
q, l and 

τ̂MT /2, QR /2, l into Eqs. (33) and (36), respectively.

The above optimization problem is non-convex 

due to the nonlinear item ( )ρR
QR /2, l

2
+ 2ξxl . In the fol‐

lowing, our key approach for solving this problem is 
to perform Taylor expansion on that item, to trans‐
form the optimization problem into a convex one. To 
that end, we first need to know a rough estimation of 
xl and ρR

QR /2, l, which is given by Lemma 2.

Lemma 2    Let θl be the azimuth of the target relative 
to the (QR/2)th receiving antenna, as shown in Fig. 2. 
Combining Eqs. (33) and (36), we arrive at

ρ̆R
QR /2, l=

( )cτ̂MT /2, QR /2, l

2
+2ξ 2

2cτ̂MT /2, QR /2, l−2cosθ̂ lξ
,  

x̆l= ρ̆
R
QR /2, l cos θ̂ l+xR, QR /2. 

The proof is given in the Appendix.

Performing a Taylor expansion of ( ρR
QR /2, l )2 + 2ξxl  

near the point ( )x̆l, ρ̆
R
QR /2, l , we obtain

( ρR
QR /2, l )2+2ξxl = ( ρ̆R

QR /2, l )2+2x̆lξ

+
ρ̆R

QR /2, l

( ρ̆R
QR /2, l )2+2x̆lξ

( ρR
QR /2,l−ρ̆R

QR /2, l)
+

ξ

( ρ̆R
QR /2, l )2+2x̆lξ

( xl−x̆l) .

(38)

Substituting x̆l and ρ̆R
QR /2,l into Eq. (36), we obtain

ρ̆R
QR /2, l=cτ̂MT /2, QR /2, l− ( ρ̆R

QR /2, l )2+2x̆lξ . (39)

The combination of Eqs. (38) and (39) can obtain

|
|
|||| cτ̂MT /2, QR /2, l− ( ρR

QR /2, l )2+2xlξ −ρR
QR /2, l

|
|
||||
2

=

|

|

|

|
|||
|

|

|
ρ̂R

QR /2, l− ρ̆R
QR /2, l

( ρ̆R
QR /2, l )2+2x̆lξ

( )ρR
QR /2, l− ρ̆R

QR /2, l

− x̆lξ

( ρ̆R
QR /2, l )2+2x̆lξ

( )xl− x̆l −ρR
QR /2, l

|

|

|

|
|||
|

|

|
2

=

|

|

|

|

|
||
|

|

|

ρ̆R
QR /2, l+

( ρ̆R
QR /2, l )2+ x̆2

l ξ

( ρ̆R
QR /2, l )2+2x̆lξ

−( )1+
ρ̆R

QR /2, l

( ρ̆R
QR /2, l )2+2x̆lξ

ρR
QR /2, l

− x̆lξ

( ρ̆R
QR /2, l )2+2x̆lξ

xl

|

|

|

|

|
||
|

|

|
2

.

(40)

Substituting Eq. (40) into the optimization prob‐
lem (37), we transform Eq. (37) into a convex opti‐
mization problem as follows:

Fig. 2  Illustration of the rough estimation model. The target 
is located on an ellipse, which is determined by τ̂ l, and the 
two focal points of the ellipse are the (MT/2)th transmitting 
antenna and the (QR/2)th receiving antenna. The position of the 
target is at the intersection of the ellipse and the azimuth θl
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 min
x̂l, ρ̂

R
QR /2, l

  P′w l−h′l
2

s.t. ρR
QR /2, l⩾ | xl−xR, QR /2 |,

(41)

where 

P′=

é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

úP̂

x̆lξ

( ρ̆R
QR /2, l )2+2x̆lξ

1+
ρ̆R

QR /2, l

( ρ̆R
QR /2, l )2+2x̆lξ

,

h'l=

é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

úĥ l

ρ̆R
QR /2, l+

( ρ̆R
QR /2, l )2+ x̆2

l ξ

( ρ̆R
QR /2, l )2+2x̆lξ

.

The optimization problem is convex, where x̆l and 
ρ̆R

QR /2, l can be obtained using the CVX toolbox. Substi‐

tuting x̆l and ρ̆R
QR /2, l into Eq. (9), we obtain

ŷl = ( ρ̂R
QR /2, l )2 − ( x̂l − xR, QR /2 )2 . (42)

This completes the estimation of {(xl, yl)}.

3.2.2　Estimation of {(vx, l, vy, l)}

In the near field, the observed velocity differs 
for different groups of transceiver antennas, as esti‐
mated in Eq. (29). This observed velocity is related 
not only to the target’s velocity {(vx, l, vy, l)}, but also 
to the target’s position (xl, yl). In this subsection, we 
give details for obtaining {(vx, l, vy, l)} based on v̂u t, ur

l  

and {( x̂l, ŷl )}.

As shown in Fig. 2, the velocity vu t, ur
l  consists of 

two parts: vu t, ur
l =vu t

l +vur
l , where vu t

l  and vur
l  are the radial 

velocities relative to the transmitting and receiving 
sub-arrays, respectively. According to the geometric 
information, vu t

l  and vur
l  can be rewritten as

vu t
l =

vx, l( )x
T, ( )ut− 1

2
M
−xl −vy, l yl

ρT

( )ut− 1
2

M, l

, (43)

vur
l =

vx, l( )x
R, ( )ur− 1

2
Q
−xl −vy, l yl

ρR

( )ur− 1
2

Q, l

, (44)

and ( )x
T, ( )ut− 1

2
M

, 0  and ( )x
R, ( )ur− 1

2
Q
, 0  are the location of 

the center antenna of the u th
t  transmit sub-array and 

u th
r  receive sub-array, respectively. Therefore, vu t, ur

l  can 

be rewritten as

vu t, ur
l =

é

ë

ê

ê

ê
êê
ê

ê

êx
T, ( )ut− 1

2
M
−xl

ρT

( )ut− 1
2

M, l

+

x
R, ( )ur− 1

2
Q
−xl

ρR

( )ur− 1
2

Q, l

,

ù

û

ú

ú

ú
úú
ú

ú

ú−yl

ρT

( )ut− 1
2

M, l

+
−yl

  

ρR

( )ur− 1
2

Q, l

é
ë
êêêê ù

û
úúúúvx, l

vy, l

,

u t=1, 2,…, UT, ur=1, 2,…, UR.

(45)

Let v̂ l≜[ v̂1, 1
l , …, v̂u t, ur

l , …, v̂UT, UR
l ]T

, where v̂u t, ur
l  (ut=

1, 2, …,UT; ur=1, 2, …, UR) are obtained using Eq. (29). 

Substituting v̂u t, ur
l  and ( x̂l, ŷl) into Eq. (45), we obtain 

several UTUR equations, which can be rewritten as

v̂ l = G é
ë
êêêê ù

û
úúúú

v̂x, l

v̂y, l

, (46)

where

G≜

é

ë

ê

ê

ê

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

ú
x

T,
M
2

− x̂l

ρT
M
2

, L

+
x

R,
Q
2

− x̂l

ρR
Q
2

, l

− ŷl

ρT
M
2

, L

+
− ŷl

ρR
Q
2

, l

⋮ ⋮
x

T, ( )UT− 1
2

M
− x̂l

ρT

( )UT− 1
2

M, l

+

x
R, ( )UR− 1

2
Q
− x̂l

ρR

( )UR− 1
2

Q, l

− ŷl

ρT

( )UT− 1
2

M, l

+
− ŷl

ρR

( )UR− 1
2

Q, l

. 

Finally, v̂x,l and v̂y,l can be estimated by the least 

square (LS) algorithm

é
ë
êêêê ù

û
úúúú

v̂x, l

v̂y, l

=(GTG ) −1GT v̂ l. (47)

The algorithm discussed above provides a method 

of target localization and velocity estimation based on 

the estimated parameters at tensor decomposition. To 

improve the localization accuracy, an optimization prob‐

lem is constructed by combining parameters τ̂MT /2, QR /2, l 

and δ̂R
qur

, l under the minimum variance criterion. Then, 

the target velocity is estimated using the estimated tar‐

get position and v̂u t, ur
l . To summarize, the proposed 

CP-NFL algorithm is presented as Algorithm 1.
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3.3 Computational complexity analysis

The computational complexity of the significant 
steps in the CP-NFL algorithm includes CP decompo‐

sition, estimation of τ̂MT /2, QR /2, l, v̂
u t, ur
l , and δ̂R

qur
, l, and solv‐

ing the optimization problem in Eq. (45). The compu‐
tational complexity of tensor decomposition for each 
group of received data is (Da Rosa Zanatta et al., 2019)

O (CPD ) =O (P3 + N 3 + (MQ) 3
+ L3 + L( MQ ) N 2

+L (MQ) 2
N + L2 PN( MQ ) ) .

The computational complexity of estimating 

τ̂MT /2, QR /2, l, v̂
u t, ur
l , δ̂R

qur
, l is O (L(MQ)) for each group. The 

computational complexity of localization by solving 
the optimization problem is O (T  ), where T is the num‐
ber of iterations. Because there are UTUR groups, the 
total computational complexity is UTUR(O (CPD)+
O (L(MQ))) +O (T). Meanwhile, O (L(MQ)) can be 
ignored when it is compared to O (CPD). Finally, we 
can obtain

O ( )CP-NFL =UTUR( )O ( )CPD +O ( )T

=O (UTUR( )P3+N 3+L3 ( )UR

3

( )UT

2

)+
( )MTQR

3

( )UTUR

2
+L

( )MTQR

2

UTUR

N

+O ( LMTQR N 2+L2 PNMTQR )+O ( )T .

(48)

The computational complexity varies with the 
number of groups. When MTQR is larger than Q, P, 
and N, appropriately increasing the number of groups 
can reduce the complexity caused by the number of 
antennas, and thus reduce the overall complexity.

4 Numerical results 

This section presents numerical results to vali‐
date the proposed schemes. In the simulation, the car‐
rier frequency is set to fc=300 GHz, resulting in the 
wavelength λ=c/fc=1 mm, and the sub-carrier spacing 
is ∆f=300 kHz, giving an OFDM symbol duration of 
T0=1/∆f+TCP=1.25/∆f≈4.1667 μs. The distance be‐
tween the origin of the coordinate and 0th transmit or 
receive antenna is d'=0.2 m, and the antenna element 
spacing is d=10λ=1 cm, so the total size of the re‐
ceiving array is DR=(QR−1)d=0.29 m. Assume that 
the parameter estimation is carried out over a frame 
of P=60 OFDM symbols, with K=401. We assume 
that the target is located within the area θ∈ [−90° , 
90°] in elevation and r∈ [1 m, 30 m] in distance. All 
simulations are performed with KT=1000 trials. Un‐
less otherwise specified, the number of receiving an‐
tennas is QR=30, divided into six groups (UR=6), 
and the number of transmitting antennas is MT=31, 
constituting one group (UT=1). The velocity is de‐
fined in polar coordinates. Unless otherwise speci‐
fied, the angle of the velocity is set to 45° . For the 
scenario with one target, its velocity is set to 0.5 m/s; 
therefore, the velocities along the Cartesian coordi‐

nates are vx=0.5 2  m/s and vy=0.5 2  m/s. For 

the scenario with two targets, the velocities are set to 
0.5 m/s and 0.7 m/s, respectively. Meanwhile, the 
signal-to-noise ratio (SNR), the root mean square error 

Algorithm 1  CP-NFL algorithm

Input: array groupings UT and UR, tensors of receiving 
data Y1, Y2⋯, YURUT

, and target number L.

Output: position ( x̂l, ŷl ) and velocity ( v̂x, l, v̂y, l ),  where l=1, 

2, ..., L.

1 for ut = 1:UT do

2       for ur = 1:UR do

3             Tensor decomposition of Yutur

4             yielding âut, ur, l
, b̂ut, ur, l

, ĉut, ur, l

5       end for

6 end for

7 for l = 1:L do

8       Compute τ̂MT /2, QR /2, l, v̂
ut, ur
l , and δ̂R

qur
, l using Eqs. (28)–(30)

9       Compute x̆l and ρ̆R
QR /2, l by Lemma 2

10     Estimate ( )x̂l, ρ̂
R
QR /2, l  by solving the optimization prob‐

lem (41) with the CVX tool

11     Compute the position parameter x̂l using Eq. (42)

12     Compute the velocity ( )v̂x, l, v̂y, l  using Eq. (47)

13 end for
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(RMSE) of localization, and the RMSE of velocity 
in this study are defined as

SNR=
P t

Lσ 2∑
l

| α l |
2
, (49)

RMSExy=E ( )∑
l

( )xl− x̂l

2
+( )yl− ŷl

2

2L
,        (50)

RMSEv=E ( )∑
l

( )v̂x, l−vx, l

2

+( )v̂y, l−vy, l

2

2L
,      (51)

where Pt denotes the transmit power, σ2 denotes 
variance of noise, and E ( )·  represents averaging. 

In addition, the bandwidth in the simulation refers 
to the signal bandwidth of each transmitting anten‐
na and the bandwidth is set to 120 MHz if it is not 
specified.

Figs. 3 and 4 show the relationships between the 
RMSE and the distance from target to origin and be‐
tween the RMSE and SNR of the proposed CP-NFL 
algorithm, respectively. The CP-NFL algorithm is com‐
pared with the near-field LS localization algorithm 
proposed in Podkurkov et al. (2018). As shown in 
Fig. 3, the estimation performance of the proposed 
CP-NFL algorithm is much better than that of the LS 
algorithm. Overall, the accuracy of the algorithms de‐
creases with increasing distance. However, due to the 
more delicate use of the signal model based on spher‐
ical wavefronts, the performance of the CP-NFL al‐
gorithm deteriorates more slowly than that of the LS 

algorithm. In Fig. 4, we set the target distance at 5 m. 
The figure shows that with increasing SNR, the esti‐
mation performance of both algorithms improves. 
Meanwhile, the estimation performance by the pro‐
posed CP-NFL algorithm is better and improves faster 
compared with the existing LS algorithm.

In Fig. 5, two targets are considered. The dis‐
tance from the first target to origin (r1) is set to 10 m, 
20 m, 30 m, and 200 m. The x-coordinate denotes the 
distance between the second target and the first tar‐
get (∆d=r2−r1), where r2 is the distance from the sec‐
ond target to the origin. It can be seen that the estima‐
tion accuracy increases as r1 decreases, due to the 
more pronounced near-field effect. Moreover, it is 
more difficult to distinguish the two targets when they 
are too close, and the estimation accuracy decreases 
as the distance between the two targets decreases. 

Fig. 3  The RMSE of localization w.r.t. range (distance 
from target to origin) when the SNR is 15 dB. LS: least 
square; CP-NFL: CP decomposition-based near-field 
localization; RCRB: root Crame-Rao bound

Fig. 4  The RMSE of localization w.r.t. SNR

Fig. 5  The RMSE of localization w.r.t. the range between 
targets with different distances to the first target (SNR=15 dB)
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When ∆d>0.21 m, the estimation accuracy improves 
slightly with increasing ∆d, and when ∆d>0.068 m, the 
estimation accuracy in the near-field scene can reach 
the centimeter level. This indicates that when the per‐
formance of the CP-NFL algorithm is affected by ∆d, 
the estimation accuracy achieves 0.01 m. In Fig. 6, 
we set the velocities of the two targets to 0.5 m/s and 
0.7 m/s, respectively. Because velocity estimation ac‐
curacy is affected by position estimation accuracy, 
the variation trend in velocity estimation follows the 
same pattern as in Fig. 5.

In Figs. 7 and 8, we set r1=10 m. The bandwidth 
varies from 15 MHz to 120 MHz. With the increase 
in available bandwidth, the estimation accuracy grad‐
ually improves, because in this case the estimation of 
the propagation time delay is more accurate. In addi‐
tion, when the distance between the two targets is 

greater than 0.045 m and 0.225 m for the 120 MHz and 
30 MHz cases, respectively, the estimation accuracy of 
the proposed CP-NFL algorithm reaches the  milli‐
meter level, in which case we can differentiate the 
two targets. This trend is consistent with the well-
known radar theory, which states that as the band‐
width increases, the radar resolution increases. Specif‐
ically, by the radar equation, the range resolution is 
proportional to the bandwidth. Therefore, the range es‐
timation accuracy gradually increases with increasing 
bandwidth, resulting in a more accurate estimation of 
the location of the two targets. Moreover, the velocity 
estimation in Eq. (47) makes use of the estimated loca‐
tion information, so the accuracy of the velocity esti‐
mation also increases, which leads to improved ve‐
locity resolution.

Fig. 9 illustrates the achievable estimation accu‐
racy with respect to the number of sub-array groups at 

Fig. 6  The RMSE of velocity w.r.t. the range between targets 
with different distances to the first target (SNR=15 dB)

Fig. 7  RMSE of localization w.r.t. the range between targets 
with different bandwidths (SNR=15 dB)

Fig. 8  The RMSE of velocity w.r.t. the range between targets 
with different signal bandwidths (SNR=15 dB)

Fig. 9  RMSE of localization w.r.t. the SNR with different 
numbers of sub-array groups
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the receiver. The number of transmit antennas is 
set to MT=3, which is considered as one group (UT=
1). The number of receive antennas is set to QR=60. 
Fig. 9 shows that as the number of sub-arrays in‐
creases, the estimation accuracy deteriorates. However, 
this deterioration disappears when the SNR is greater 
than −4 dB, which is generally the operating case of 
a system. On the other hand, as analyzed in Section 
3.3, dividing the receive antennas into more groups 
reduces the computational complexity of the pro‐
posed algorithm. Therefore, it is necessary to make a 
reasonable choice between algorithm complexity and 
estimation accuracy. Fig. 9 further shows that with in‐
creasing SNR, the number of groups has less influ‐
ence on the estimation performance, and when the 
SNR is high, it is preferable to divide the antennas into 
a larger number of groups.

Fig. 10 illustrates the effect of velocity on the al‐
gorithm. Specifically, the target velocities in the x- and 

y-direction are identical, that is, vx=vy=v 2. This 

describes the achievable estimation accuracy with 
respect to the SNR under different velocities v, with 
the receiving antennas divided into six groups. The 
localization accuracy gradually deteriorates with 
increasing velocity. According to Assumption 3 in 
Section 2, the velocity of the targets relative to the 
same sub-array antenna is roughly equal. As the ve‐
locity increases, Assumption 3 gradually loses valid‐
ity, and the discrepancy between our signal model and 
the actual signal model grows, which leads to a dete‐
rioration in localization performance.

5 Conclusions 

We propose a CP decomposition-based method 
for the joint estimation of position and velocity of mul‐
tiple targets using a terahertz MIMO-OFDM system 
operating in the near-field region, where the waveforms 
transmitted from each antenna carry communication 
messages and are orthogonal to each in the frequency 
domain. The CP-NFL method exploits the intrinsic 
multi-dimensional structure of the multi-channel re‐
ceived signal. Specifically, the received signal is ex‐
pressed as a third-order tensor. We show that the tensor 
has a low-rank CP decomposition form and use the 
tensor’s decomposed factor matrices to transform the 
original non-convex optimization problem into a con‐
vex one. The investigation of CP decomposition unique‐
ness revealed that it can be guaranteed, even with a 
small number of targets. To further reduce the computa‐
tional complexity of the proposed algorithm, we divide 
the antennas into several sub-arrays. Our analysis 
shows that the computational complexity of the pro‐
posed method is linear to the sum of the third powers of 
the number of sub-carriers, OFDM symbols, antennas, 
and targets. We compare our proposed method with 
the existing LS-based parameter estimation method 
using simulations, and demonstrated the impact of sys‐
tem parameters on estimation accuracy, highlighting 
the advantage of the proposed CP-NFL method.
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Appendix: proof of Lemma 2　

According to Eq. (33), xl and ρR
MR /2, l can be di‐

rectly obtained by the LS algorithm, which is 

é

ë

ê
êê
ê ù

û

ú
úú
úx̄l

ρ̄R
MR /2, l

= (PT P ) −1
PT h l. (A1)

However, Podkurkov et al. (2018) indicated that 
the accuracy of range ρ̂R

QR /2, l estimation decreases seri‐

ously as the distance to the target increases, which would 

cause deterioration of the localization performance. 
Fortunately, the estimation of θl (the azimuth of the 
target relative to the (QR/2)th receiving antenna, Fig. 2) 
is highly accurate (Podkurkov et al., 2018). Thus, we 
use x̂l and ρ̂R

QR /2, l to estimate θl. According to the geo‐

metric relationship between the target and the center 
of the receive antenna array, we have

xl=ρ
R
QR /2, l cos θ l+xR, QR /2, (A2)

which, combined with x̂l, ρ̂
R
MR /2, l, indicates that

θ̂ l=arccos ( )x̄l−xR, QR /2

ρ̄R
QR /2, l

. (A3)

To determine the rough position of the target, 
the azimuth information and distance information are 

needed. The azimuth information θ̂ l is estimated and 
the distance information is contained in τ̂MT /2, QR /2, l. 

Thus, in the following, we use the estimated θ̂ l and 
delay τ̂MT /2, QR /2, l to jointly derive xl and ρR

QR /2, l.

Substituting the estimated parameters θ̂ l and 
τ̂MT /2, QR /2, l into Eqs. (A2) and (36), respectively, we have

xl=ρ
R
QR /2, l cos θ̂ l+xR, QR /2,

ρR
QR /2, l=cτ̂MT /2, QR /2, l− ( ρR

QR /2, l )2+2xlξ .
(A4)

Solving Eq. (A4), we arrive at

ρ̆R
QR /2, l=

( )cτ̂MT /2, QR /2, l

2

+2ξ 2

2cτ̂MT /2, QR /2, l−2cosθ̂ lξ
,

x̆l= ρ̆
R
QR /2, l cos θ̂ l+xR, QR /2. (A5)

This completes the proof.
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