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Abstract: Fractional calculus is considered a useful tool for gaining deeper insights into systems with memory effects or history.
Fractional-order modeling of nonlinear systems may increase the stiffness and complexity of the system, but also provides better
insights. This study introduces a swarm intelligence-based parameter estimation of the fractional Hammerstein autoregressive
exogenous noise (fractional-HARX) model. The Griinwald—Letnikov finite difference formula is used to develop the fractional-
HARX model from the standard HARX model. This study presents the design of a swarm intelligence-based electric eel foraging
optimization algorithm (EEFOA) for parameter estimation of the fractional-HARX model under multiple noise scenarios for
second- and third-order polynomial type nonlinearity. The key-term separation principle is also incorporated in the system model
to reduce the occurrence of redundant parameters due to cross-product terms in the information vector. The designed methodology
is examined, and the superiority of EEFOA 1is endorsed in terms of convergence, robustness, stiff parameter estimation, and
deviation from the mean point in comparison with state-of-the-art optimization heuristics such as the whale optimization algorithm,
the African vulture optimization algorithm, Harris hawk’s optimizer, and the reptile search algorithm. The statistical significance
of the EEFOA for the estimation of fractional-HARX models is also established using statistical indices of best, mean, and worst
fitness values along with standard deviation for multiple noise scenarios.
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1 Introduction

Fractional calculus has been utilized to simulate
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various mathematical and physical processes across
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(Tonescu et al., 2017; Mukhtar et al., 2024), control
systems (Li ZQ et al., 2023; Zhang XF et al., 2023),
power systems (Padhi et al., 2023; Sowa et al., 2023),
signal processing (Machado and Lopes, 2015; Karaca,
2023), electrical circuits (Kausar et al., 2025), and stress
detection (Sapina et al., 2020). Additionally, its appli-
cations include lithium—ion batteries (Wang SW et al.,
2024), fractional neural networks (Li S et al., 2023), the
modeling of COVID-19 transmission (Mehmood N
et al., 2023), hybrid viscous nanofluids (Ali et al., 2021),
and nuclear reactors (Vyawahare and Nataraj, 2013).
The unique capabilities of fractional calculus are ben-
eficial for enhanced mathematical modeling and gain-
ing better insights into systems. The Hammerstein
model, which includes the combination of static nonli-
near and dynamic linear blocks, has been used in the
modeling of various nonlinear systems (Li F et al.,
2023a, 2023c; Zhang MG et al., 2024). The structure
allows simplified and powerful representation of com-
plex systems, making it a valuable tool for real-world
applications. The identification of the Hammerstein
nonlinear system is considered a challenging task due
to its stiffness and complexity (Li F et al., 2023b, 2024;
Hu et al., 2024; Liu et al., 2024). The employment of
fractional calculus is also involved in Hammerstein or
input nonlinear systems for improved insight into the
complex system (Malik MF et al., 2023; Khan et al.,
2024a, 2024b; Altaf et al., 2025).

Metaheuristics have proven to be highly efficient
in solving complex problems in diversified fields (Ye
et al., 2023), for instance, identifying electro-hydraulic
actuator systems (Mehmood K et al., 2024), biomedical
engineering (Han et al., 2023), feature selection (Fang
and Liang, 2023), and microelectronics and nanopho-
tonics (Jaksi¢ et al., 2023). In addition, applications of
swarm intelligence-based algorithms can be found in
hydraulic performance prediction (Rahmanshahi et al.,
2024), supply chain management (Ala et al., 2024),
estimation of multi-frequency sinusoidal signaling
(Malik NA et al., 2024), big data predictive modeling
(El-Hasnony et al., 2020), data mining (Mathi and
Baburaj, 2022), spam detection (Tubishat et al., 2023),
economic emission dispatching (Dong et al., 2023),
machine learning (Abdollahzadeh et al., 2024), and
cancer diagnosis (Gonzalez-Patifio et al., 2019). These
investigations motivate the authors to delve into the
newly proposed bio-inspired algorithm known as the
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electric eel foraging optimization algorithm (EEFOA).
EEFOA was proposed by Zhao WG et al. (2024). EEFOA
is influenced by the sophisticated collective foraging
activities displayed by electric eels in their natural
habitat. The mathematical model is based on search-
ing behavior, including interaction, resting, hunting,
and migration. The proposed optimization technique
allows exploration and exploitation at the same stage
of optimization. Moreover, the energy factor is devised
to regulate the shift from global search to local search
while maintaining an optimal balance. The efficacy of
EEFOA is validated through comparison with 12 other
algorithms using 23 test functions from the Congress
on Evolutionary Computation (CEC) 2011 and CEC
2017 test packages. The test results demonstrate the
overwhelmingly superior performance of EEFOA in
comparison with other algorithms. The effectiveness
of EEFOA is thoroughly evaluated through the exami-
nation of 10 engineering challenges, including sluice
opening control management in a hydro-power facility
under disaster tripping situations.

The results indicate the superior performance and
great potential of EEFOA in addressing various com-
plex real-world challenges. EEFOA’s unique problem-
solving capabilities motivate the authors to exploit it
for a given problem. The primary objective of this re-
search is to investigate the use of bio-inspired EEFOA
for stiff parameter estimation of the fractional Ham-
merstein autoregressive exogenous noise (fractional-
HARX) model with key-term separation. EEFOA is
investigated for multiple noise variations in compari-
son with the state-of-the-art in optimization heuris-
tics such as the whale optimization algorithm (WOA)
(Mirjalili and Lewis, 2016), the African vulture optimi-
zation algorithm (AVOA) (Abdollahzadeh et al., 2021),
Harris hawk’s optimizer algorithm (HOA) (Heidari
et al., 2019), and the reptile search algorithm (RSA)
(Abualigah et al., 2022). The key-term separation prin-
ciple is incorporated to reduce the occurrence of re-
dundant parameters due to cross-product terms in the
information vector of the system (Wang DQ, 2024).
The innovative contributions of the scheme are suc-
cinctly outlined as follows:

1. The swarm intelligence-based computing of
EEFOA is efficaciously exploited for parameter esti-
mation in fractional Hammerstein autoregressive sys-
tems with exogenous noise.
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2. The key-term separation principle is incorpo-
rated to reduce the complexity by avoiding the redun-
dant parameters that occur due to cross-product terms
in the information vector.

3. The value of the devised optimization technique
is confirmed by way of experimentation in several
noisy environments considered in the fractional-
HARX model with multiple orders of nonlinearity.

4. The efficacy of the proposed EEFOA is en-
dorsed through its robust, accurate, convergent, and
stable performance in comparison with state-of-the-art
optimization heuristics.

2 Fractional-HARX model

The fractional-HARX model is represented by a
block structure diagram in Fig. 1, where m(¢) repre-
sents the input, c¢(¢) represents the output, and the ex-
ogenous noise is represented by u(7). The mathemati-
cal expression is given in Eq. (1):

J(z) _ 1
K(z)m(f)+m”(f)a (1)

c(t)=

where the polynomials K(z) and J(z) having fractional
order y are given as

K@) =14k (27 T hy(27) + o+ k, (2, (2)
J(2) =jo +Ji (2 + (27 + e ), (27 (3)
The output of the nonlinear block in the model

is obtained by applying the nonlinear function f, as
expressed below:

m(t)=f(m(1)), “4)
S(m(e)) =[fi(m(2)), f,(m(£)),-, f, (m(1))],
(5)
u(t) 1
KA
m(t) | m(t) Ii((i:)) “ c(t)
|

Fig. 1 Fractional-HARX block diagram
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m(t)=rm(t) +ry(m(t))* + - +r, (m(t))"

= ir/f/(m(t)) ©

The significance of fractional-order derivatives lies
in their capability to handle differentiation problems of
non-integer orders. Multiple mathematical operators
defining fractional-order derivatives have been intro-
duced by the research community, such as the Atangana—
Baleanu and Caputo—Fabrizio derivatives, the Hilfer frac-
tional derivative, the Liouville-Caputo derivative, the
Katugampola fractional derivative, and the Griinwald—
Letnikov fractional derivative (GL-FD). Notably,
Riemann—-Liouville and Caputo exist with varying
properties and interpretations. The GL-finite difference
operator for ¢(¢) is formulated as (Malik MF et al.,
2022)

1 [?’-‘ ) y
D?’[c(t)]—b,Z(—l)l( )c(a—ib),

i e

1,i=0, 7
where =ab, a is the sampling size, b is the total num-

Doy -i+
y(y -1 igy Doy

>

ber of samples, and [ |refers to rounding to the nearest
integer for the y value.

By putting Egs. (2), (3), and (6) into Eq. (1), Eq. (8)
can be obtained:

o)== SkD [e-D1+ 3 j,DTma-)]+u() 8)

The key-term separation technique is a valuable
tool for system identification, particularly for nonlin-
ear systems like the Hammerstein model. It helps
achieve a better parameter estimation by avoiding the
estimation of redundant parameters, ultimately leading
to a more efficient identification process. Considering
m a key term and assuming j,=1, we have

e(t) = S KD Te(t = )]+ /D' L()]
I;Jl (9)
D (e = i) ]+ (),

i=1
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c(t) = YkDle(t-i)]+ SiDlm(t-i)]

i=1 i=1

+D”ir,.f, (m(t)) +u(t).

i=1

(10)

The parameters and the corresponding informa-

tion vectors are expressed as

w,(1)=[-D'c(t- 1), -Dc(t-2),

Dre(t - moT, an
w(t)y=[m(t-1),m(t=2),---,m(t-n))], (12)

o, (O)=[fi(m()).fr(m(1)), .1, (m())], (13)

k=[ky, k- b, ] (14)
j=[disdo ] (15)
r=[r,r ] (16)

At this stage, the key-term-separated fractional-
HARX model is given as

c(t) = ()k+oj(t)j+ o ()r+u(t) (17

The corresponding fitness function for the fractional-
HARX model in terms of the mean squared error via
the difference between c(¢) (actual response) and ¢(7)
(estimated response) is formulated as

. A 2
F1tness=mean[(c(t)—c(t)) } (18)

The estimated response of the fractional-HARX

model is given as

)= ol(k+ol(1)j+ol()F (19
and the unknown parameter vector is given as
f=[ky e k] (20)
j=[iiie ] 1)
F=[F e f,,rr. (22)
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3 Methodology

EEFOA is a fascinating, newly developed bio-
inspired optimization algorithm proposed in 2024,
based on the collective search behavior of electric eels
in their environment. EEFOA mimics four key forag-
ing behaviors of electric eels, i.e., interaction, resting,
hunting, and migration.

These four important behaviors are mathemati-
cally modeled for crucial aspects of electric eels. The
transition between exploration and exploitation is
dynamically controlled by an “energy factor” depend-
ing on search progress. However, it is most essential
to ensure the adaptability to different problem land-
scapes. The flowchart of EEFOA is provided in Fig. 2.

_—

( Start /

Set EEFOA's controlling Evaluate the

‘ -} Initialize the population

parameters ‘ population’s fitness
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Fig.2 Flowchart of EEFOA

3.1 Interaction phase

A solution vector containing the optimization
variables is represented by an eel in the population.
The fitness is computed on the basis of the objective
function of the specific problem. In the interaction
phase, eels collaborate to explore the search space.

An eel transmits electric pulses and receives sig-
nals from other eels. This is known as electrolocation,
and is represented by a function, in which the posi-
tion (distance and direction) of neighboring eels is
calculated. However, based on a probability-based
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function depending upon fitness and distance, the eels
share the best position found. Each individual eel’s po-
sition is updated depending on its own position estab-
lished by the information of neighbors and a random
term for exploration.

An electric eel within the environment can inter-
act randomly with any other eels within the popula-
tion by using the regional information (the search
space). A churn is a random movement in various di-
rections, and is marked by the interaction of an eel.
Mathematically, the churn is modeled as (Zhao WG
et al., 2024)

0 =nW, (23)
n, ~N(0,1), (24)
W=[w,w,, - w, -, w,] (25)
W(k):{l, if k=s{m, 26)

0, otherwise,
s = randperm (d ), 27
m:1,2,---,[LL_trl(d—2)+21, (28)

where L is the maximum number of iterations. Hence,
interacting behavior is given as

if fitness(y,;(t)) < fitness(y,(¢)),
ten{&(1+1)‘)@0)*‘Q(y(t)—yxf)Lcl>(li
s;(t+ D)=y (1) + Oy, (1) = y:i(1)),¢,<0.5,

if fitness (y;(¢)) = fitness (y,(7)),
n{si(ﬁ D=y(1)+ 0y (1) =y, (1)),¢c,> 0.5,
s;(t+ D)=y (1) + Q(y.(1) = y;(1)),¢,<0.5,

(29)
MOEESYA0) (30)
y=Low + r(Up — Low), 31

where ¢, and ¢, are the random numbers within (0,1),
fitness(y,(¢)) is the fitness of the i" electric eel’s can-
didate position, y, is the randomly selected eel’s posi-
tion, Low and Up are the lower and upper boundaries,
respectively, and 7 is a random number within (0,1).

3.2 Resting phase

This phase mimics eels potentially updating their
respective positions and taking breaks. During this
phase, the transition probability of an eel entering this

Altaf et al. / Front Inform Technol Electron Eng 2025 26(10):1954-1968

phase is determined by a random number generator.
However, during this phase the eels exploit the neigh-
borhood in their respective search space.

The mathematical expression to define the rest-
ing area is given as (Zhao WG et al., 2024)

(XX = V)] <ufV () -y (O], G2)
uo=2(e - ¢"), (33)
V(t)=Low + v(¢)(Up — Low), (34)
rand {d rand {d
rand {n \I — L
] = Yl = Low™ (35)
Uprand{d _ Lowrand{d

The variables are defined as follows: y, . is the po-

sition vector, 4, is the initial value of the resting area,

rand {d
rand {n

Ul V(D) =Y,y (D)] 18 the resting area range, y repre-

sents the random position of a randomly selected in-
dividual, and V() represents a normalized number.

R(t+1)=V(t) +puV (1) = pue(t)

M= wosin (2mr),

,» (36)
(37

where 4 is the resting area scale and r, is a random
number within (0,1).

As the iteration proceeds, the resting area range
decreases, enhancing the exploitation. As the resting
area is determined, the eels move towards it by updat-
ing their positions. This behavior can be mathemati-
cally expressed as

s;(t+1) =R, (t+1)
+n,(R,(t+ I)round (rand) y,(?)),
n, ~ N(0,1),

(3%)
(39)

where round means to round off the random value.
3.3 Hunting phase

Instead of directly hunting the prey selected in the
search space, the eels make a large circle around the
prey and start peer-to-peer communication by transmit-
ting low voltage signals. As the eels’ communication
increases, the circle shrinks and the eels drive the prey
towards the shallow end. However, after being fright-
ened, the prey moves into the electrically charged circle,
and updates its respective position, that is, its position
with respect to its current position in the hunting space.
Mathematically, the hunting area is expressed as



Altaf et al. / Front Inform Technol Electron Eng 2025 26(10):1954-1968

J, @0
(41)

{X‘X_yprey(t)lsrl()‘y(t) _yprey(t)

n,=2(e - &),

where 7, is the hunting area scale.
The updated position of the prey with respect to its
previous position in the hunting area is expressed as
, (42)
(43)

Hprcy(t+ 1) :yprcy(t) + ’7|J_)(t) _yprcy(t)

n = nysin (2mrs),

where 7 is the scale of the hunting area and r; is a
random number within (0,1). The mathematical nota-
tion of curling behavior is given as

Si(t+l)szrcy(t+1)+w(Hprcy(t+l) 44
—round (rand) y,(t)), (“44)
where @ is the curling factor and is defined as
ry(1-1)
w=¢ * cos(2mr,), (45)

with 7, being a random number within (0,1).
3.4 Migration phase

An eel migrates from the resting phase to the mi-
gration phase when it finds prey. Mathematically, this
is expressed as

s;(t+ 1) =rR(t+1)+red (t+1)

= DA, (t+ 1) - y,(1)),
A+ 1) = e, () + 0| (1) = Py (1)

(46)

. (47)

where 4, is a random position in the hunting area, and
and 7, are random numbers within (0,1). 4 (++1)-y(?) in-
dicates the movement of prey towards the hunting area.
D is the Lévy flight function, introduced for the exploi-
tation phase of EEFOA to avoid becoming stuck in
local minima.

To obtain the Lévy flight, we have

D =0.001|~ 'lf i (48)
El
v,9 ~ N (0,1), (49)
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1/x

rd +x)sin(%)

+ x-1 2
r(l 5 x)x'2 2

0= (50)

where I' is the gamma function and x=1.5.

An eel observes the current position of the prey
by transmitting an electric signal of low electric dis-
charge and continuously observing the prey. If the
foraging process is observed, the eel moves to the
candidate position or otherwise stays in position. The
position of the eels is updated by

yi(t+1)
BRAGE fitness (y,(¢)) < fitness (s, (¢+ 1)),
s, ¢+ 1), fitness(y, (7)) > fitness (s, (1+1)).

(51

3.5 Energy factor

An energy factor dynamically controls the shift
between the exploration and exploitation phases. It
decreases over time, increasing the focus on exploita-
tion as the search progresses. Mathematically, the en-
ergy factor is computed as
K(t)=4sin(l —t)lnl, (52)

L r,
where r, is a random number within (0, 1). From
Eq. (52), it can be seen that the energy factor K de-
creases with increasing number of iterations. If K>1,
the global search is completed, resulting in exploration.
However, when the energy factor K<I, local search is

performed, resulting in exploitation.
The computational process is expressed as

oe=1-1. (53)
while the energy factor K is given by
. 1

K(t)= sm(aK)lnT. (54)

7

The K’s probability can be given as (Zhao WG
et al., 2024)
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[ T 4o,
e e

1

_ f’ sin(1) e’dy

=y /)16y - 1

According to the expression in Eq. (55), there is a

~ 0.5035.

50% probability for switching between the exploration
and exploitation phases during the optimization process.

3.6 Pseudo code

The pseudo code of EEFOA is presented in Al-
gorithm 1.

4 Findings and analysis

The outcomes of simulations are discussed in
this section. The input signal is a random signal with
zero mean and unit variance, while the Gaussian dis-
tributed signal with zero mean and constant variance
is considered to be noise. The findings include the re-
sults and corresponding analysis after extensive simu-
lations to elaborate the effectiveness of the recently
proposed EEFOA for a fractional-HARX system. The
simulations are executed on Intel® Core™ i7-9700
CPU @3.00 GHz with 40 GB DDR4 RAM.

The study on fractional-HARX system with second-
order nonlinearity (case study 1) is conducted to ex-
ploit the unique mechanisms of EEFOA. The system is
represented by six parameters, i.€., [k, &k, J|, jor 715 75,
where the fractional order is 0.4. The performance is
assessed through five different noise scenarios, i.e., u=0,
0.00015, 0.0015, 0.015, and 0.15, and multiple evalu-
ation metrics. The tuned parameters of the proposed
EEFOA are taken from Zhao WG et al. (2024). The
second-order nonlinear fractional-HARX system is ex-
pressed as follows:

K(z)=1+045(z")™ +0.29(z2),  (56)
J(z)=0.16(z")* +0.56(z" )™,  (57)
m(t) = 0.35m(t) + 0.8(m(t))% (58)

where the parameter vector is given as

Algorithm 1 Electric eel foraging optimization
algorithm

Input: Features of the best solution
Output: y
Step 1: Set parameters of EEFOA
Number of individual electric eels: n
Dimension: d
Number of iterations: L
Execution of EEFOA
Step 2: Initialization
Initialize the random population: y, (i=1, 2, -+, n)
Estimate fitness, and y, .,
while
The stopping condition is not met
do
Step 3: Calculate the energy factor
for
Each individual eel y,
do
Calculate the energy factor K using Eq. (52)
if K>1
Step 4: Interaction phase
Use Eq. (29) to evaluate fitness;
else
Step 5: Resting phase
if Rand<1/3
Determine the resting phase using Eq. (36)
Eels execute resting behavior using Eq. (38)
Calculate fitness,
else Rand>2/3
Step 6: Migration phase
Execute migration phase using Eq. (46)
else
Step 7: Hunting phase
Calculate the hunting region using Eq. (42)
Perform hunting using Eq. (44)
end if
end if
Update individual eel’s position using Eq. (51)
end for
Update the best solution y, .,
end while

Returny, ..
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o=[0,,0,, 0,0, 0, o]

=[kyky, jy1s oo1ys75 ] =[045,029,0.16,0.56, 035, 0.8].

Initially the performance of the proposed EEFOA
for fractional-HARX is assessed using convergence
characteristics. The simulations are executed for five
noise scenarios, i.e., u=0, 0.00015, 0.0015, 0.015, and
0.15, separately. To analyze the convergence behavior
and steady-state response efficiently, different num-
bers of iterations are selected. The system is also ana-
lyzed with 50, 100, and 150 search agents, but no sig-
nificant change is observed. This is why 50 search
agents are selected for the rest of the study.

Fig. 3 presents the convergence plots of the best
run over 60 independent runs for all noise scenarios.
For u=0, EEFOA achieves a commendable fitness
value higher than E-30, while for #=0.000 15, 0.0015,
0.015, and 0.15 the fitness values are 1.27892E-08,
1.42604E-06, 1.63598E-04, and 2.06484E-02, respec-
tively. While EEFOA does a commendable job with
the fractional-HARX system, its performance is nega-
tively affected by increased noise.

The simulations are performed for 60 autono-
mous runs to examine the convergence of EEFOA for
fractional-HARX. For »=0.00015, 0.0015, 0.015, and

10° 100

1961

0.15, plots are given for 100, 200, 300, and 500 itera-
tions. For instance, for #=0.000 15, it is observed that
increasing the iteration count stabilizes the performance
of EEFOA. All noise scenarios at 500 iterations pro-
vide consistent and stable fitness, as witnessed in Fig. 4.
However, EEFOA becomes consistent before 500 it-
erations. Generally, the statistical analysis indicates
that EEFOA is very consistent, stable, and robust, as
it provides consistent fitness in early iterations.
EEFOA’s performance is also examined in terms
of its exactness and correctness in the estimation of
the desired parameters of the system. The weight esti-
mation plot for all noise levels on the best indepen-
dent run is presented in Figs. 5-9. Simulation results
demonstrate that increasing the noise level decreases
the exactness in estimating the desired weights, as given
in Table 1. For instance, for the noise-free scenario,
the desired parameters are estimated exactly before
500 iterations. This depicts EEFOA’s rapid parameter
estimation capability and fast convergence to steady-
state values. Similarly, when we increase the noise up
to u=0.015, EEFOA still provides an accurate estima-
tion of parameters to a very close value. In a very high
noise scenario at level »=0.15, the accuracy is slightly
disturbed, as observed in Fig. 10. Additionally, some

=1 u=0 [ E=34=0.0015_};
D = —~ 1072
) © 1072
®© 10-10 ® 10 t%
@ @ B 10
= 210% | 1L
£ 5 o s
e i 1076 | k| iL 10-5
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(a) (b) (c)
107" 0.08
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[2] [}
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£ £ 0.03 \\¥
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107
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Number of iterations

(d

0 100 200 300 400 500
Number of iterations

(e)

Fig. 3 Learning curves for all noise scenarios of case study 1: (a) u=0; (b) ©=0.000 15; (c) #=0.0015; (d) u=0.015; (e) u=0.15
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Table 1 The best estimated parameters for all noise scenarios
of case study 1

Noise level oF

u=0 0.4500 0.2900 0.1600 0.5600 0.3500 0.8000
u=0.00015 0.4497 0.2897 0.1597 0.5597 0.3500 0.8000
u=0.0015 0.4525 0.2924 0.1625 0.5617 0.3466 0.7977

, w, , W, oy

u=0.015 0.4707 0.3118 0.1853 0.5659 0.3390 0.7958
u=0.15  0.3454 0.1931 0.0405 0.4621 0.7026 0.9874
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fluctuations in the convergence curves are seen dur-
ing the initial iterations and then become stable during
the steady state. The results confirm the robustness of
EEFOA in estimating the parameters of a fractional-
HARX system for different noise scenarios.

To delve deeper into the performance, bar charts
presenting the average accuracy are given in Fig. 10.
It is observed from both Fig. 10 and Table 2 that the
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Fig. 4 Statistical plots at different iteration levels of case study 1: (a) #=0.000 15; (b) #=0.0015; (c) #=0.015; (d) ©=0.15
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best fitness is very close to the average fitness, which
indicates that the EEFOA’s performance is very con-
sistent and stable. The best, average, and worst fitnesses
are 1.42604E-06, 1.42606E-06, and 1.42668E-06 re-
spectively for u=0.0015. The values are very close, indi-
cating the competence of EEFOA in providing stable
fitness over independent runs.

A further examination is based on Nash—Sutcliffe
efficiency (NSE); the value of NSE ranges from —o to
1. A higher NSE value indicates a better performance
of the model, and 1 indicates the best fit. Fig. 11 pres-
ents the NSE-based learning curves for all noise levels.
The investigation yields that EEFOA achieves NSE val-
ues of 1, 0.999 999, 0.999 85, and 0.993 212 for noise
levels of #=0, 0.000 15, 0.0015, and 0.015, respectively.
These NSE values indicate the good performance of
EEFOA in the identification of desired parameters.
Moreover, for a very high noise level of u=0.15, the
NSE value achieved approaches zero, exhibiting the
natural behavior of the system. However, the noise
level of u=0.015 is also high, but EEFOA performs
well up to that level of noise.

The results for case study 2 of a fractional-HARX
system with third-order nonlinearity are provided in
the supplementary materials.
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Fig. 10 Comparison of average accuracy for different noise
scenarios in case study 1
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Fig. 11 NSE-based curves for all disturbance levels of case
study 1: (a) noise-free scenario; (b) noisy scenario

5 Conclusions

In this study, the identification problem of
fractional-HARX was addressed using the swarm
intelligence-based computing of EEFOA. The key-term
separation principle was incorporated to reduce the
redundant parameters that occur due to cross-product
terms in the system’s information vector. The proposed
scheme was evaluated for five different noise scenarios
in two different fractional-HARX models with varia-
tion in the order of nonlinearity. The efficiency, ro-
bustness, and accuracy of the system were validated
through learning curve plots, statistical analyses, and
weight estimation plots. However, the plots of the
NSE metric advocated the performance and stability

Table 2 Comparison: ranks of fitness, from the best to the worst, along with standard deviations for case study 1

Noise level Best fitness

Mean fitness

Worst fitness Standard deviation

u=0 0.00000E+00 4.96017E-33 5.39569E-32 8.90802E-33
©=0.00015 1.27892E-08 1.27892E-08 1.27894E-08 2.82445E-14
u=0.0015 1.42604E-06 1.42606E-06 1.42668E-06 9.90498E-11
u=0.015 1.63598E-04 1.63598E-04 1.63598E-04 2.76177E-12
u=0.15 2.06484E-02 2.06484E-02 2.06485E-02 2.02044E-09
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of EEFOA for the fractional-HARX model. The statis-
tical results in terms of best, average, and worst fitness
values and standard deviation for five distinct noise
scenarios confirmed the efficacy of EEFOA for the
parameter estimation in fractional-HARX models, even
for stiff third-order nonlinear fractional-HARX. The
EEFOA and AVOA achieved a fitness value of level
10°°, WOA and HOA obtained a fitness value of around
107*, and RSA provided a 107 fitness value for a u=
0.0015 noise scenario. Thus, the given methodology
was verified to be accurate in comparison with recent
counterpart optimization algorithms as endorsed by ex-
haustive simulations of various scenarios. In the future,
applications of the proposed computing approach can
be explored in solving the battery state of charge esti-
mation (Li ZX et al., 2023, 2024) and hydropower
generation problems (Zhao ZW et al., 2022; Wang PF
et al., 2023a, 2023b).
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