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A height estimation method based on a beamspace joint alternating 

iterative algorithm in MIMO radar*
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Abstract: This paper discusses the problem of low-elevation target height estimation for multiple-input multiple-output (MIMO) 
radar in multipath environments. The beamspace compresses the data and is ideal for reducing the computational burden of 
elevation estimation. To obtain the height parameter of the target accurately, we propose a height estimation method based on a 
beamspace joint alternating iterative (BJAI) algorithm in MIMO radar. This method mainly converts the reduced-dimensional 
MIMO radar element space data into beamspace data and whitens them to improve the reliability. Then, a simplified model is 
used to obtain the initial value of the elevation, and we combine the reflection coefficient and the target elevation angle for 
alternate estimation. Finally, we calculate the target height using the obtained elevation information. Simulation results verify 
that the proposed algorithm has high estimation accuracy and strong robustness.
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whitening; Joint alternating iterative
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1  Introduction

Meter-wave radar, also known as ultrashort wave 
or very high frequency (VHF) radar, generally refers 
to radar operating in the meter-wave band (Gage and 
Green, 1978; Zheng et al., 2023). Because of its long 
wavelength and wide beam width, meter-wave radar 
has a strong ground reflection echo when measur‐
ing targets at low elevations. The direct signal of the 
reflected target and the coherent multipath signal re‐
flected along the ground enter the main beam of the 

radar together (Zhu et al., 2017; Tan and Nie, 2018). 
The direct signal and multipath signal are usually dif‐
ficult to separate in the time, Doppler, and spatial 
domains. These problems seriously affect the accuracy 
of the estimated elevation, and it is unrealistic to im‐
prove the elevation estimation accuracy simply by 
increasing the physical aperture of the array. As a new 
radar system, multiple-input multiple-output (MIMO) 
radar (Li and Stoica, 2007; Zhang et al., 2012; Shi 
et al., 2021) has virtual aperture expansion character‐
istics and obvious advantages over traditional radar in 
terms of anti-interference, anti-clutter, low interception, 
and angular resolution (Zhou et al., 2016). Therefore, 
it is more appropriate to use MIMO radar to handle 
target height estimation in a multipath environment, 
but how to find an accurate and robust method is an 
urgent problem that needs to be solved.

In recent years, there has been rapid development 
of array signal processing, leading to the emergence 

Frontiers of Information Technology & Electronic Engineering 

www.jzus.zju.edu.cn; engineering.cae.cn; www.springerlink.com 

ISSN 2095-9184 (print); ISSN 2095-9230 (online)

E-mail: jzus@zju.edu.cn

‡ Corresponding author
* Project supported by the National Natural Science Foundation of China 
(No. 62271379), the National Radar Signal Processing Laboratory 
(No. KGJ202401), and the Fundamental Research Funds for the 
Central Universities and the Innovation Fund of Xidian University 
(No. YJSJ24011)

 ORCID: Derui TANG, https://orcid.org/0009-0002-1071-5301; 
Yongbo ZHAO, https://orcid.org/0000-0002-6453-0786
© Zhejiang University Press 2025

1742



Tang et al. / Front Inform Technol Electron Eng   2025 26(9):1742-1753

of many super-resolution methods (Carlin et al., 2013; 
Yang et al., 2020; Zheng et al., 2022). These meth‐
ods can be broadly categorized into subspace algo‐
rithms and maximum likelihood (ML) algorithms. 
Subspace algorithms, such as MUSIC (Yin and Zhang, 
2020) and ESPRIT (Feng et al., 2021), are commonly 
used. However, they require decoherence processing 
(Shi et al., 2016) to be completed first when estimating 
the target elevation angle, as they cannot directly pro‐
cess coherent signals. On the other hand, ML (Ziskind 
and Wax, 1988) algorithms can directly process coher‐
ent signals and are widely used in height estimation 
problems. The angle and reflection surface height joint 
estimation (ARJE) algorithm (Wang SH et al., 2016) 
is a method based on eigenvalue decomposition for 
complex terrains. It offers enhanced robustness by 
searching for more parameters. Beamspace (Xu and 
Zhao, 2019) reduces the data transmission volume, 
storage, and calculation, but sacrifices some degrees 
of freedom. To reduce the computational burden, the 
beamspace improved maximum likelihood (BIML) 
algorithm (Liu J et al., 2010) for MIMO radar was 
proposed for elevation estimation. The BIML algo‐
rithm uses prior knowledge of geometric information to 
reduce search dimensions and beamspace processing to 
reduce data dimensions. The three-dimensional beam‐
space maximum likelihood data fusion (3D-BMLF) 
algorithm (Chen S et al., 2022) converts element space 
data into beamspace data and uses eigenvectors to 
find closed-form solutions. The calculation amount is 
low, but the accuracy is subject to certain limitations. 
In addition, the refined maximum likelihood (RML) 
estimation method (Lo and Litva, 1991) takes advan‐
tage of prior information, such as radar height, target 
range, location of the multipath reflection point, mul‐
tipath reflection coefficient, and multipath mirror 
geometry. Although the prior information contributes 
to the good performance of ML methods, these methods 
are usually applicable only to ideal smooth reflecting 
surfaces. In practice, it is difficult to obtain the rele‐
vant parameters.

In response to the above problems and research 
methods, we propose a height estimation method based 
on a beamspace joint alternating iterative (BJAI) al‐
gorithm in MIMO radar. This algorithm does not 
require prior information about the spatial distribution 
of the multipath. It first uses a simplified model in a 

multipath environment to obtain an initial estimation 
of the elevation of the target and performs reduced-
dimensional processing on the MIMO radar. Then, 
based on the initial elevation estimation (Tang et al., 
2024), the element space data are converted into the 
beamspace data and whitened. Finally, the reflection 
coefficient and the target elevation angle are combined 
for alternating iterative estimation, which ensures effec‐
tive estimation accuracy while reducing the computa‐
tional complexity of the algorithm. Simulation results 
show that this algorithm has strong robustness and high 
estimation accuracy.

The main contributions of this paper are as follows:
1. A new method of height estimation based on 

a BJAI algorithm in MIMO radar is proposed. This 
method does not require any prior information about 
terrain and reflection paths and enhances the robust‐
ness of the multipath propagation model in complex 
terrains.

2. Addressing the challenge of MIMO radar target 
height estimation in complex terrains involves initially 
using dimensionality reduction transformation and 
beamspace processing. Subsequently, the issue is re‐
solved by alternately and iteratively estimating the 
reflection coefficient and target elevation angle. The 
multivariable optimization problem is decomposed into 
multiple single-variable optimization subproblems.

3. Simulation analysis and real data results show 
that the proposed algorithm has strong robustness and 
high estimation accuracy in complex terrains.

2  Multipath signal model

We consider a narrowband configured monostatic 
MIMO radar consisting of a uniform linear array. 
The radar is assumed to use a pulsed system with a 
transceiver co-located antenna design and evenly dis‐
tributed vertically, and the detection targets are mostly 
far-field targets, which can easily meet the Rayleigh 
conditions on smooth ground. The geometry of the 
target height estimation scenario for monostatic MIMO 
radar in the low-elevation area is shown in Fig. 1. In 
the MIMO radar system, there are M transmitting 
sensors and receiving sensors. The height of the antenna 
center is ha. The element spacing of the antenna is de‐
noted by d, which is less than or equal to λ/2. λ is the 
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wavelength, and the target-antenna element distance 
is Rd. In practical applications, both receiving and 
transmitting two-way multipath signals should be taken 
into consideration, so the echo signals received by the 
antenna elements should come from four different 
paths. The monostatic MIMO radar transmitter emits 
a set of mutually orthogonal signals.

After matched filtering, the received signal can 
be written as (Wang XP et al., 2015)

X (t) = B tr s( t )+ n( t ) , (1)

where B tr = br(θd, θm )⊗b t (θd, θm )∈CM 2×1, and ⊗ rep‐

resents the Kronecker product. s(t) is the complex en‐
velope of the transmitted signal. The composite trans‐
mitter and receiver steering vectors are denoted by b t (θd, 

θm )∈CM ×1 and br (θd, θm )∈CM ×1, respectively. Here, θd 

and θm represent the arrival angles of the direct signal 

and multipath signal, respectively, and n( t )∈CM 2 ×1 is 

zero-mean Gaussian white noise, which is uncorrelated 
with the target signal.

The composite steering vectors include direct 
and multipath signals, which are shown as

b t (θd, θm )= a t (θd )+ ρe− j2πΔR/λa t (θm), (2)

br (θd, θm )= ar (θd )+ ρe− j2πΔR/λar (θm), (3)

where

a t (θ ) =[1, e− j2πd sin θ/λ, ⋯, e− j2π ( M −1)d sin θ/λ ]T
, (4)

ar (θ ) =[1, e− j2πd sin θ/λ, ⋯, e− j2π ( M −1)d sin θ/λ ]T
. (5)

Here, a t (θ ) and ar (θ ) are the transmitter steer‐

ing vector and receiver steering vector, respectively. 
ΔR = 2ha (sinθd+ha /Rd ) is the path-difference between 

the direct and multipath signals, j denotes the imagi‐

nary unit, and ρ is the surface reflection coefficient 

(Lo and Litva, 1991).

Assuming that the number of snapshots of the 
received data is L, the observation data matrix can be 
written as

X=B tr S+N, (6)

where X=[x ( t1 ), x ( t2 ), ⋯, x ( tL) ]∈CM 2 × L, S =[ s ( t1), 

s( t2), ⋯, s ( tL ) ]∈ C1×L, and N =[n ( t1 ), n ( t2), ⋯, 

n ( tL) ]∈CM 2× L.

3  BJAI algorithm for height estimation

In this section, we present the proposed BJAI 
algorithm, which is appropriate for target height esti‐
mation in a MIMO radar setup. The BJAI algorithm 
first uses a simplified model to roughly estimate the 
target elevation angle and then reduces the dimension 
of the received signal based on reduced-dimensional 
transformation and beamspace processing. After that, 
the BJAI algorithm estimates the target height using 
the JAI algorithm (Liu Y et al., 2018).

3.1  Initial angle estimation on a simplified model

According to the MIMO radar multipath signal 
reflection model and the geometric relationship of the 
low-elevation area, the elevation expression of the 
reflection path can be obtained as

θm=− arcsin(sin θd + 2ha /Rd ). (7)

In general, Rd≫ ha; thus, taking the receiver as 
an example, combined with the steering vector, we 
can obtain (Chen C et al., 2022)

ar (θm)≈ar(−θd)= TF (θd)ar (θd), (8)

where TF (θd ) is a diagonal matrix, whose expres‐

sion is

TF (θd)= diag ( )1, ej4πd sin θd /λ, ⋯, ej4π ( M−1)d sin θd /λ . (9)

From the equations above, the composite receiver 
steering vector can be expressed as

br (θd, θm )=[ IM + γ·TF (θd)]ar (θd ), (10)

where γ= ρe− j2πΔR/λ and IM is an M×M identity matrix.

Fig. 1  Geometry of the target height estimation scenario 
for monostatic MIMO radar in the low-elevation area
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br (θd, θm) is a function of θd. Digital beamform‐

ing (DBF) scanning is performed on the received 
element-space data to obtain an initial elevation esti‐

mate θ̂ (0)
d . In addition, θ̂ (0)

d  can be used as the initial it‐
eration of the algorithm and to determine the angle 
search range.

3.2  Reduced-dimensional transformation

In each column of the steering matrix B tr in 
MIMO radar, (M+M−1) elements are unique. Exploit‐
ing this feature, a reduced-dimensional transformation 
is adopted to lower the dimension of the received data 
X (Liu J et al., 2017):

C(θd, θm)= C(θd)+ ρe− j2πΔR/λC(θm), (11)

where C(θd, θm)∈C( M + M−1)× 1 is the virtual composite 

steering vector and

C(θ ) =[ ]1, e− j2πd sin θ/λ, ⋯, e− j2π ( M + M−2)d sin θ/λ T
. (12)

J is a transformation matrix and can be expressed 
as

J =[Ξ T
0 , Ξ T

1 , ⋯, Ξ T
M−1 ]

T
, (13)

where Ξm =[ ]0M × m, IM, 0M × ( M−m−1) ∈CM ×( M + M−1) for m=

0, 1, ⋯, M−1. Therefore, we can obtain

B tr = J·C (θd, θm ). (14)

According to the above relationship, a reduced-
dimensional matrix can be defined as

T = P−1J H, (15)

where T∈C( M + M−1)× M 2

, and [·]H
 denotes the conjugate-

transpose operator. P =( J H J )1/2 is a diagonal matrix 

directly calculated as

P = diag é
ë1, 2 , ⋯, M , ⋯, 2 , 1ùû . (16)

Consequently, using the reduced-dimensional 
transformation of the data matrix, X is implemented 
as follows:

-
X = T ( B tr S + N ) = P·C (θd, θm)·S +

-
N , (17)

where 
-
X ∈C( M+M−1)×L and 

-
N ∈C( M+M−1)×L are the newly 

received data matrix and noise matrix, respectively. 
The reduced-dimensional data 

-
X are equivalent to the 

received data of a virtual array of ( M + M−1) array 

elements.

3.3  Beamspace multipath signals and data whitening

In Section 3.1, based on the DBF scanning of the 
array space data, a rough estimate of the arrival angle 

of the direct signal, θ̂ (0)
d , can be obtained. A rough es‐

timate of the arrival angle of the multipath signal 

is − θ̂ (0)
d .
Based on the multipath signal propagation model, 

we define a beamspace conversion matrix TB of size 
(M + M−1)× 3, which aims to convert the array element 

space data into the beamspace data:

TB =[ ]c( )θ̂ (0)
d , c( )0 , c( )− θ̂ (0)

d . (18)

The target data in the beamspace can be expressed 
as

XB = T H
B
-
X = T H

B P·C (θd, θm)·S + T H
B
-
N , (19)

where XB∈C3 × L. The three rows of the beamspace 
data XB are the outputs of the beam forming in the 

three directions θ̂ (0)
d , 0, and − θ̂ (0)

d .
To keep the noise of the beamspace data as Gauss‐

ian white noise, it should be whitened. We combine 
the beamspace conversion matrix TB with whitening 
to obtain a new beamspace conversion matrix:

TWB =(T H
B TB) −1/2

T H
B , (20)

where TWBT H
WB=I3. Then, the whitened beamspace data 

can be expressed as

XWB = TWB
-
X = TWB P·C (θd, θm)·S + TWB

-
N , (21)

where XWB∈C3 × L. The noise of the whitened beam‐
space data is Gaussian white noise, which is uncorre‐
lated. At present, most beamspace angle estimation or 
height estimation algorithms convert only array element 
space data into beamspace data and do not consider 
whether the noise after conversion is still Gaussian 
white noise, so they are not optimal.
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The angle search interval selected here is

θ∈( )θ̂ (0)
d − θ3dB /2, θ̂ (0)

d + θ3dB /2 , (22)

where we define θ3dB =
50.8λ

( )M + M−1 d
 as the 3 dB beam 

width.

3.4  Joint alternating iterative estimation

The purpose of low-elevation estimation is to 
obtain the target elevation angle θd from the beamspace 
data XWB. First, the covariance matrix of the beamspace 
can be estimated as

R̂WB( ρ̄, θd ) = XWB( ρ̄, θd )·X H
WB( ρ̄, θd )/L, (23)

where R̂WB∈C3 × 3, ρ̄ = ρe− j2πΔR/λ.

For the symmetrical direct and reflected signals, 

to improve the angle estimation accuracy, R̂WB can be 
replaced by (Zoltowski and Lee, 1991)

RWB =
1
2 ( )R̂WB + Î3 R̂WB Î3 , (24)

where

Î3 =
é

ë

ê

ê
êê
ê

ê ù

û

ú

ú
úú
ú

ú0 0 1
0 1 0
1 0 0

. (25)

The proposed algorithm involves the JAI esti‐
mation of ρ̄ and θd. Subsequently, by performing sin‐

gular value decomposition (SVD) on the covariance 
matrix RWB, we can obtain

RWB =EsΛs E H
s + EnΛn E H

n , (26)

where Es and En constitute the signal subspace and 
noise subspace, respectively, and Λs and Λn represent 
two diagonal matrices whose diagonal elements cor‐
respond to the signal subspace eigenvalues and noise 
subspace eigenvalues, respectively.

Based on the arrival angle of the direct signal θ̂ (0)
d  

obtained in Section 3.1, the arrival angle of the mul‐
tipath signal can be calculated from Eq. (7). At this 
point, only the reflection coefficient ρ̄ is unknown. By 

solving the corresponding optimization problem, we 

can obtain ρ̂̄(k + 1).

Claim 1    The closed-form solution for ρ̂̄(k +1) can be 

calculated using the Lagrange multipliers:

ξ (k +1) =
[ ]QH PHT H

WB En E H
n TWB PQ

−1
ω

ωH[ ]QH PHT H
WB En E H

n TWB PQ
−1
ω

, (27)

where ξ (k+1)=[1, ρ̂̄(k+1)]T
, Q=[ ]c (θd ), c (θm) , and ω=

[ ]1, 0
T
. See the appendix for the proof.

Then, the above estimated parameter ρ̂̄(k +1) is used 

to solve the following optimization problem, thereby 

obtaining the parameter θ̂ (k +1)
d  to estimate the target 

elevation angle. The optimization problem can be ex‐
pressed as

θ̂ (k +1)
d = arg max

θd

 TWB P·C ( ρ̂̄(k +1))
2

2

Fcapon Fmusic

, (28)

where Fcapon =C H( ρ̂̄(k +1))PHT H
WB R−1

WBTWB P·C ( ρ̂̄(k +1)), 

Fmusic=C H( ρ̂̄(k +1))PHT H
WB En E H

n TWB P·C( ρ̂̄(k +1)), and  ·
2
 

denotes the L2-norm. The Capon-based cost function 
needs to calculate the inverse operation of the matrix, 
but the covariance matrix of the beamspace is a third-
order matrix, so the inverse operation does not involve 
a large amount of calculation.

The optimization problem combines the cost func‐
tions of Capon and music, which reduces the beam 
width of the scanning curve, enhances the sparsity of 
the signal, improves the estimation accuracy of the 
target elevation angle, and makes the algorithm more 
robust. At this point, we complete the optimization 
update in the (k+1)th iteration and obtain the updated 

parameter vector ( )ρ̂̄(k +1), θ̂ (k +1)
d . Using that vector, we 

repeat the abovementioned optimization iterative pro‐
cess to complete the next iterative update of the param‐
eter vector until the algorithm converges.

The convergence condition of the proposed algo‐
rithm can be defined as follows: when the parameter 
estimates obtained in two adjacent iterations have 

not changed significantly and when || θ̂ (k +1)
d − θ̂ (k)

d /θ̂ (k)
d ⩽ε, 

the algorithm stops the iterative process, where ε is 
the given convergence threshold. In addition, the 
maximum number of iterations K of the algorithm 
can be given. When the number of iterations k is 
greater than K, the algorithm iterations are terminated.
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Finally, when the algorithm meets the convergence 
conditions, we can obtain the estimated value of the 

target elevation angle θ̂d. The height information of 
the target can be calculated using the target elevation 
angle and the structural relationship between the tar‐
get and the radar. For a target in the near distance, its 
height can be calculated as

Ĥ t = ha + Rd sin θ̂d, (29)

where Ĥ t denotes the height of the target. For a long-
range target, the spherical earth model must be con‐
sidered, and the target height based on the beamspace 
data can be subsequently obtained by

Ĥ t≃ha + Rd sin θ̂d +
R2

d

2Re

, (30)

where Re is the effective radius of the earth. Therefore, 
we iterate the estimation process to obtain the final esti‐
mate. The estimation steps of the proposed algorithm 
for beamspace data are summarized in Algorithm 1.

4  Simulation analysis and real data validation

4.1  Simulation analysis

In this subsection, because different reflective 
terrains exist, several simulations are presented to 
compare the performance of the proposed method in 
different scenarios. In the following simulations, a 

vertically uniformly distributed narrowband monos‐
tatic MIMO radar array is considered. The radar emits 
orthogonal waveform signals, and the number of sam‐
pling points in the pulse is 400. The noise type is zero-
mean Gaussian white noise. We set d = λ/2 = 0.5 m, L =
64, ha = 8 m, M = 12, K = 30, and ε=0.002. Simulations 
are run in the MATLAB R2021b environment of an 
Intel Core i9-10900 CPU computer. We define the 

signal-to-noise ratio (SNR) as γsn = 10· lg (η/σ 2
n ), where 

η is the average signal power and σ 2
n is the noise power.

The first simulation considers a scenario with an 
ideal flat reflecting terrain. We compare the angle esti‐
mation performance of the BIML, 3D-BMLF, ARJE, 
beamspace RML (BRML), BJAI-not whitening (BJAI-
NW), and BJAI-whitening (BJAI-W) algorithms against 
the Cramer–Rao bound (CRB) (Boman and Stoica, 
2001). The conventional beamspace transformation 
matrix TB corresponds to the BJAI-NW algorithm, and 
the matrix TWB, based on beamspace processing and 
whitening, corresponds to the BJAI-W algorithm. 
The proposed BJAI algorithm refers to the BJAI-W 
algorithm. We assume that Rd = 100 km, H t=4500 m, 
ρ= 0.9ejπ, and the number of Monte Carlo trials is 1000.

First, we present a rough estimation of the target 
angle as shown in Fig. 2. Assuming that M =12 and γsn =

10 dB, by using the symmetry of the direct signal and 
the multipath signal, the estimated arrival angles of 
the target direct signal and multipath signal obtained 
through DBF scanning are relatively accurate. The 
measured value of the beam scanning is within half 
the beam width of the true values of the target direct 

Algorithm 1    Proposed algorithm
Step 1: Set the maximum number of iterations K, the number of 

iterations k = 0, and the given convergence threshold ε.

Step 2: Obtain the initial angle estimate θ̂ (0)
d  by DBF scanning 

in the simplified model.

Step 3: Use reduced-dimensional matrices to process data by 

Eq. (17).

Step 4: Obtain whitened beamspace data of XWB by Eq. (21), 

and obtain the angle search interval.

Step 5: Estimate the reflection coefficient ρ̂̄( k +1) by Eq. (27), 

and update the parameters.

Step 6: Estimate the target elevation angle θ̂ ( k +1)
d  by Eq. (28), 

and update the parameters.

Step 7: If the maximum number of iterations or the convergence 

condition is satisfied, stop the iteration. Otherwise, set 

k = k + 1 and go to Step 5.

Step 8: Calculate the target height Ĥ t by Eq. (29) or (30).

Fig. 2  Initial angle estimation by DBF scanning in simpli‐
fied model. References to color refer to the online version of 
this figure
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angle and multipath angle. This estimation provides 
a reasonable initial value and search interval for the 
subsequent algorithm iteration process.

Second, the change curves of the root mean square 
error (RMSE) for target elevation angle and height 
estimation by each algorithm with SNR are shown in 
Figs. 3 and 4, respectively, when the target is at an 
altitude of 4500 m. The figures show that the accuracy 
of angle and height estimation increases as the SNR 
increases. The estimation accuracies of the BIML, 
3D-BMLF, and ARJE algorithms are relatively low due 
to their limited use of information. The BRML algo‐
rithm relies on prior information of the terrain. Under 
ideal flat terrain, it can obtain terrain-related parame‐
ters based on the determined geometric structure and 
has high angle estimation performance. The BJAI-NW 
algorithm relies mainly on XB for estimation, which 
is suboptimal when the noise of the beamspace data 
is not Gaussian white noise. On the other hand, the 

BJAI-W algorithm, which is based on the noise sub‐
space and whitens the beamspace data, exhibits angle 
and height estimation accuracies that are relatively close 
to those of the CRB. This algorithm also enhances 
robustness and estimation accuracy by estimating the 
reflection coefficient ρ̄ using additional information.

Finally, Table 1 shows the average running time 
of 200 Monte Carlo trials. The ARJE algorithm takes 
the most time because it is based on the element space, 
and the joint estimation and eigenvalue decomposition 
take up a lot of time. The 3D-BMLF algorithm com‐
pletes angle estimation by finding a closed-form solu‐
tion, so it takes the least time. The BIML algorithm can 
complete the target elevation angle estimation through 
a one-dimensional search. The BRML algorithm needs 
to calculate intermediate variables based on geometric 
structure and prior information, so the computational 
complexity is greater than that of the BIML algo‐
rithm. The BJAI-NW and BJAI-W algorithms com‐
plete angle estimation through joint alternating itera‐
tions, and the iterative processing brings additional 
computational complexity. Additionally, by convert‐
ing the element space to the beamspace and using the 
initial estimation value to determine the angle search 
range, the computational complexity is reduced. In 
future research, we will explore low-complexity algo‐
rithms to make the proposed method more efficient.

The second simulation considers a complex sce‐
nario with undulating reflecting terrain. We assume that 
the target has a height of 9000 m, moving from 150 to 
250 km in the horizontal direction. Due to the undu‐
lating terrain, we assume γsn=15 dB and ρ=0.9ejπ·Δγ, 

where Δγ represents the perturbation parameter, which 

reflects the degree to which the multipath signal is 
affected by the irregular reflection of the complex 
position and is an unknown variable. The form of 

Table 1  Running time comparison

Method

BIML

3D-BMLF

ARJE

BRML

BJAI-NW

BJAI-W

Running time (s)

0.0274

0.0017

0.8164

0.0635

0.0497

0.0525

Fig. 4  RMSE of target height against SNR for H t=4500 m

Fig. 3  RMSE of target elevation angle against SNR for H t=
4500 m
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the perturbation parameter can be expressed as Δγ=

(1 + Δγa )e
jπ ( )180° + Δγp /180°

, where Δγa and Δγp represent 

the amplitude and phase perturbation of the perturba‐
tion parameter, respectively. We assume that the am‐
plitude perturbation satisfies Δγa∼U (−0.3, 0.3) and 

that the phase perturbation satisfies Δγp∼U (−30, 30 ). 

A target point trace is generated every 10 km, and the 
target elevation angle corresponding to each point 
trace is estimated. The number of Monte Carlo trials 
is 1000.

Fig. 5 shows the angle estimation results of each 
point trace of the simulated target for each of the four 
beamspace algorithms, where the dotted line is the 
real elevation angle of the simulated target, and the 
point trace is the angle estimation result of the first 
150 Monte Carlo tests. Fig. 6 shows the height esti‐
mation error for the simulated target. The BJAI-W 
algorithm has more accurate angle estimation results 

than other algorithms. When the target is far away 
and the elevation angle is low, affected by multipath 
perturbation, the BIML and 3D-BMLF algorithms 
cannot effectively distinguish between direct and 
multipath signals, and their performance is severely 
degraded. The BRML algorithm relies on prior infor‐
mation of the terrain. When the terrain is undulating 
and the terrain information is unknown, the BRML 
algorithm has a large angle estimation error, and the 
algorithm fails. Therefore, the algorithm proposed in 
this paper is suitable for dealing with low-elevation 
target height estimation problems under undulating 
terrain conditions.

By analyzing the proposed algorithm, we combine 
the reflection coefficient ρ̄ and the target elevation 

angle θd for alternating iterative estimation. However, 
due to the complexity and variability of the actual 
surface environment, the positions of the multipath 
reflection points and the reflection coefficient change 

Fig. 5  Comparison of elevation angle estimation results for the simulated target of BJAI-W (a), BIML (b), 3D-BMLF (c), 
and BRML (d) algorithms
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as the target moves. This can lead to degradation in 
the performance of existing algorithms that rely on 
deterministic scene geometry structure information and 
even failure in severe cases. Therefore, by using the 
information of the reflection coefficient ρ̄, the pro‐

posed algorithm shows promising potential even under 
undulating terrain.

4.2  Real data validation

To further verify the performance of the pro‐
posed height estimation algorithm under complex ter‐
rain scenarios, real data are applied. The array radar is 
equipped with a uniform linear array and works in the 
meter band. The polarization mode is horizontal polar‐
ization. After the original data are processed by pulse 
compression, moving target indication (MTI), and 
constant false alarm detection, due to the limitation of 
the radar system, only one snapshot of measured data 
could be obtained for height estimation. Fig. 7 shows 
the flight trajectory of the target relative to the radar 
position, where the blue arrow indicates the flight 
direction. Fig. 8 shows the changes in the distance 
and azimuth of the target relative to the radar against 
frames. The radar is set up at the junction of land and 
sea, and the flight trajectory of the target is located 
over land, which includes irregular reflective surfaces 
such as undulating hills, fish ponds, and paddy fields.

Since the ARJE algorithm performs poorly under 
a single snapshot, we verify the proposed algorithm 
with the BIML and 3D-BMLF algorithms using real 
data. Figs. 9 and 10 show the processing results of the 
real data. The angle and height estimation performance 

of the proposed algorithm is better than that of the 
other two algorithms. The estimation results of the 
3D-BMLF algorithm have large errors, mainly be‐
cause the algorithm uses a closed-form solution ob‐
tained under an accurate model. As the complexity of 
the terrain increases, the performance of the algo‐
rithm severely deteriorates. The BIML algorithm has 
a large estimation error when the target elevation 
angle is low because the target elevation angle and 
the multipath angle are within a beam width, and the 
angle difference is approximately 1/3 of the beam width 
at that time. In addition, for some frames, the estima‐
tion results of the three algorithms all jump, which is 
due to a low SNR or problems with the original data. 
The proposed algorithm uses covariance matrix esti‐
mation, so single-snapshot data and a low SNR will 
cause errors in the estimation of the reflection coeffi‐
cient. In general, since the proposed algorithm takes 

Fig. 7  Navigational trace map of the target. References to 
color refer to the online version of this figure

Fig. 6  Comparison of height estimation errors for the 
simulated target

Fig. 8  Target azimuth and distance against frames
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the effect of complex terrain into consideration and 
applies iterative estimation, it can resolve the reflec‐
tion coefficient and target elevation angle. The effec‐
tiveness of the proposed algorithm is validated by 
experiment using real data.

5  Conclusions

We present a solution to the problem of estimat‐
ing the target height for MIMO radar in a multipath 
environment. The proposed method, which is based 
on whitened beamspace data, achieves high estima‐
tion accuracy through the reflection coefficient and 
target elevation angle JAI estimation. The proposed 
algorithm improves the performance of target height 

estimation in complex multipath environments with‐
out any prior information about the reflected path. 
Numerical results based on simulated data and real data 
show the efficiency of our proposed algorithm under 
complex scenarios.

The multipath reflection coefficient model is 
dynamic. The model works well in simple undulating 
terrain scenarios but is difficult to match with the 
actual situation of more complex scenarios, which leads 
to the failure of the model. At present, it is difficult 
to build a model that can accurately match complex 
scenarios, but it is feasible to estimate the reflection 
coefficient. For more complex terrain conditions, we 
are now studying more matched multipath reflection 
models to improve the estimation performance for 
low-elevation targets.

Fig. 10  Estimation error for real data: (a) elevation angle error; (b) height error

Fig. 9  Estimation results for real data: (a) target elevation angle; (b) target height
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Appendix: Proof of Claim 1

The columns of Es span the signal subspace, 

which coincides with the column space of C ( ρ̄, θ̂ (k )
d ), 

and the signal subspace is orthogonal to the noise sub‐
space spanned by the columns of En. Therefore, we 
obtain

 E H
n TWB P·C ( )ρ̄, θ̂ (k )

d

2

2
= 0. (A1)

For the ( k + 1)th iteration, the algorithm begins 

with the obtained θ̂ (k )
d  to find ρ̂̄(k +1) to minimize the cost 

function, which can be represented as

ρ̂̄(k +1) = arg min
ρ̄

C H( ρ̄, θ̂ (k )
d )PHT H

WB En E H
n TWB P

·C ( ρ̄, θ̂ (k )
d ).        (A2)

For convenience, we assume that V = TWB P, 

Q = [c ( )θ̂ (k )
d , ]c ( )θ̂ (k )

m , ξ =[1, ρ̄]T
. Then, we can obtain

ρ̂̄(k +1) = arg min
ρ̄

ξHQHV H En E H
n VQξ. (A3)

This is an unconstrained optimization problem. 

Let ω=[1, 0]T
. So the problem becomes an optimiza‐

tion problem under constraints:

min
ρ̄

ξHQHV H En E H
n VQξ,

s.t. ξHω= 1.
(A4)

The above problem can now be solved by the 

Lagrange multipliers. Let the objective function be

L(ξ ) = ξHQHV H En E H
n VQξ+ λ (ξHω−1). (A5)

Taking the partial derivatives of ξ and λ, we 

obtain

ì

í

î

ï
ïï
ï

ï
ïï
ï

∂L
∂ξ = QHV H En E H

n VQξ+ λω= 0,

∂L
∂λ = ξHω−1 = 0.

(A6)

Finally, we obtain

ξ=
[ QHV H En E H

n VQ ]−1ω
ωH [ QHV H En E H

n VQ ]−1ω
. (A7)
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