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Abstract: To address the problem of underwater multi-sensor multi-target passive tracking in clutter, a distributed
kernel mean embedding-based Gaussian belief propagation (DKME-GaBP) algorithm is proposed. First, a joint
posterior probability density function (PDF) is established and factorized, and it is represented by the corresponding
factor graph. Then, the GaBP algorithm is executed on this factor graph to reduce the computational complexity
of data association. The factor graph of the GaBP consists of inner and outer loops. The inner loop is responsible
for local track estimation and data association. The outer loop fuses information from different sensors. For the
inner loop, the kernel mean embedding (KME) with a Gaussian kernel is designed to transform the strong nonlinear
problem of local estimation into a linear problem in a high-dimensional reproducing kernel Hilbert space (RKHS).
For the outer loop, a multi-sensor distributed fusion method based on KME is proposed to improve fusion accuracy
by accounting for the distance among different PDFs in RKHS. The effectiveness and robustness of the DKME-GaBP
are validated in the simulations.
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tracking
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1 Introduction

Underwater passive tracking (UPT) is a key
technology in ocean detection and is widely ap-
plied in underwater navigation, maritime security,
resource exploration, and environmental monitoring
(Chen et al., 2018; Tian et al., 2024). UPT can
achieve silent tracking by passively receiving the tar-
get bearing information, providing higher safety and
concealment compared to active tracking (Northardt
and Nardone, 2019; Wolek et al., 2022). However,
UPT also faces numerous challenges, such as in-
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complete observability, strong nonlinearity, and poor
real-time performance (Badriasl et al., 2020; Jiang
et al., 2022), which often result in unsatisfactory
tracking performance.

To solve the problem of strong nonlinearity
in UPT, traditional studies have developed some
nonlinear filters including the extended Kalman fil-
ter (EKF) (Weiss and Moore, 1980) and its vari-
ants such as the modified polar coordinate EKF
(MPCEKF) (Aidala and Hammel, 1983) and the
modified gain EKF (MG-EKF) (Rao, 2005). The
unscented Kalman filter (UKF) (Li XH et al., 2016)
and the particle filter (PF) (Li LQ et al., 2016) are
presented to estimate the target state by a weighted
set of sigma points or random samples, thereby ob-
taining a more accurate estimate. The adaptive ker-
nel Kalman filter (AKKF) was proposed by Sun et al.
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(2022, 2023). It transforms strong nonlinearity into
a linear problem in a high-dimensional feature space
through kernel mean embedding (KME) (Song et al.,
2013). However, the employed quadratic or quartic
kernel fails to capture all the features of the target
of the strong nonlinear problem in UPT.

In UPT, multi-sensor fusion is an effective
method to address the problem of incomplete ob-
servability. Additional information about the tar-
get is provided by the spatial distribution of sen-
sors. Multi-sensor fusion methods can be catego-
rized into two types: centralized fusion and dis-
tributed fusion. Because the centralized fusion meth-
ods such as triangulation techniques are prone to
issues such as ghost points (Choi et al., 2014), dis-
tributed fusion is used in this paper. In distributed
fusion, local tracks are formed by each sensor and
then fused at the center, offering strong fault toler-
ance and scalability (Cao et al., 2024). However, in
distributed tracking, especially in underwater multi-
target passive tracking with heavy clutter, the com-
putation burden is greatly increased, leading to poor
real-time performance (Xu et al., 2024). Reducing
the computational complexity of data association is
therefore considered essential. Traditional underwa-
ter multi-target passive tracking methods, such as
the joint probability data association filter (JPDAF)
(Tian et al., 2023), the probability hypothesis den-
sity (PHD) filter, the cardinalized PHD (CPHD) fil-
ter (Kim, 2024), and the multi-Bernoulli (MB) filter
and its variants (Gunes and Guldogan, 2016), are
well-established, offering reliable solutions for data
association. However, they all have high complexity
(Williams and Lau, 2014), leading to poor real-time
performance. In Meyer et al. (2017), marginal poste-
rior probabilities were computed efficiently by belief
propagation (BP), whose computational complexity
increases linearly with the increase in the number of
sensors and quadratically in the number of targets
(Meyer et al., 2018). Furthermore, a Gaussian ver-
sion of BP was proposed by our research group (Xue
et al., 2025). In Yan et al. (2024), GaBP achieved a
closed-form Gaussian message passing on the factor
graph, further reducing memory requirements and
computational complexity.

To address the problems of poor real-time per-
formance, strong nonlinearity, and poor observabil-
ity in UPT, a distributed kernel mean embedding-
based Gaussian belief propagation (DKME-GaBP)

multi-sensor multi-target passive tracking algorithm
is proposed. First, the association problem between
targets and measurements is solved by a closed-form
Gaussian message passing on the factor graph with
inner and outer loops. Next, in the inner loop, the
strong nonlinearity between measurements and tar-
get states is transformed into a linear problem in a
high-dimensional feature space by using KME with a
Gaussian kernel, enabling the efficient estimation of
target states. Finally, in the outer loop, within the
distributed fusion framework of GaBP, information
obtained from different sensors is fused by KME in
a reproducing kernel Hilbert space (RKHS), thereby
addressing the issue of partially unobservable target
states, and the estimation accuracy is improved. In
DKME-GaBP, the tracking accuracy and real-time
performance are improved. The main contributions
of this paper are as follows:

To solve the inherent data association problems
in underwater multi-target passive tracking while
maintaining low computational complexity in reg-
istering measurements with targets, a DKME-GaBP
algorithm is developed. This method factorizes the
joint probability density function (PDF) and repre-
sents it using a factor graph. Messages are passed
among the nodes in the factor graph using the mean
and covariance of the Gaussian distribution. The
covariance of the Gaussian distribution replaces the
covariance sampled from the original KME, leading
to more accurate state estimates.

A Gaussian kernel-based KME method is devel-
oped to address strong nonlinear problems in local
estimation within the inner loop. Since the choice
of kernel is crucial for KME, the infinite-dimensional
form of the Gaussian kernel is provided to capture
more characteristics of the target. Additionally, the
hyperparameter of the Gaussian kernel used in the
DKME-GaBP is designed.

A distributed multi-sensor fusion solution is pro-
vided by the DKME-GaBP. A passive multi-sensor
fusion approach based on KME is developed by min-
imizing the sum of squared distances between the
fused probability density and each local probabil-
ity density obtained from DKME-GaBP. The limita-
tions of single-sensor systems are addressed through
the integration of data from multiple sensors using
DKME-GaBP.
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2 Problem formulation

2.1 Dynamic model

Assume that there are K targets appearing
in the surveillance region, each with time-varying
states. Owing to the possible appearance or dis-
appearance of targets between two successive mea-
surement instants, the number of targets K is time-
varying and unknown to the tracker. The state of
target k, k ∈ K � {1, 2, . . . ,K}, denoted as xn,k �
[xn,k, yn,k, ẋn,k, ẏn,k]

T, consists of the position and
velocity at time n. The joint state of all targets at
time n is denoted as xn �

[
xT
n,1,x

T
n,2, · · · ,xT

n,K

]T.
Assuming that all target states evolve independently
and follow a Markov dynamic model, the joint state
transition function for all targets at time n can be
factored as

f(xn|xn−1) =

K∏

k=1

f(xn,k|xn−1,k), (1)

where f(xn,k|xn−1,k) is the state transition function
at time n. A prior PDF f(x0) is given for each target
at n = 0; the joint state PDF f(x) can be denoted
as

f(x) =

K∏

k=1

f(x0,k)

N∏

n=1

f(xn,k|xn−1,k). (2)

2.2 Measurement model

Assume that there are S sensors in the surveil-
lance region. Each target k is assumed to generate at
most one measurement at sensor s, s ∈ {1, 2, . . . , S},
and each measurement can be generated by at most
one target. Thus, each measurement is either from
a target or a false alarm. Assume that sensor s gen-
erates M (s)

n bearing measurements z(s)n,m at time n,
m ∈ {1, 2, . . . ,M (s)

n }. The mth measurement z(s)
n,m is

modeled as

z(s)n,m =

⎧
⎨

⎩
h(s)

(
xn, w

(s)
n

)
, detection,

u
(s)
n,m, false alarm,

(3)

h(s)
(
xn, w

(s)
n

)
= arctan(xn,k, yn,k) + w(s)

n , (4)

where w
(s)
n represents the measurement noise and

u
(s)
n,m is the false alarm measurements appearing in

the sensor. Then, all measurements are stacked

as z
(s)
n �

[
z
(s)T
n,1 , z

(s)T
n,2 , · · · , z(s)T

n,M
(s)
n

]T
and zn �

[
z
(1)T
n , z

(2)T
n , · · · , z(S)T

n

]T
. Assume that the false

alarm follows a uniform distribution in space with
PDF fFA

(
z
(s)
n,m

)
, and follows a Poisson distribution

in cardinality with PDF μ(s).
The objective of this paper is to estimate the

target states xn,k from zn, in the sense of minimum
mean square error (MMSE), which is denoted as

x̂MMSE
n,k =

∫
xn,kf(xn,k|rn,k = 1, z)dxn,k, (5)

where rn,k is a bigram and is used to denote the
target existence probability with rn,k = 1 indicating
that the target exists, and f(xn,k|rn,k = 1, z) is the
marginal posterior PDF of target k when the target
is presented (Meyer et al., 2017). Other issues are
described in Section 3.

3 DKME-GaBP algorithm

This section presents multi-sensor multi-target
DKME-GaBP algorithm. Sections 3.1–3.4 introduce
the BP algorithm. Section 3.5 describes the factor
graph of DKME-GaBP, and Section 3.6 derives the
DKME-GaBP algorithm. The flowchart of DKME-
GaBP is shown in Fig. 1, which describes the specific
process of the DKME-GaBP algorithm. The inner
loop in the diagram performs data association and
local track estimation, while the outer loop conducts
information fusion.

3.1 Association variables

To describe the association uncertainty between
the targets and the measurements, two association
variables a and b are defined. The target-oriented as-
sociation vectors for sensor s at time n are described
by a random vector a

(s)
n =

[
a
(s)
n,1, a

(s)
n,2, · · · , a(s)n,K

]T
,

where the kth element is defined as

a
(s)
n,k �

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

m, m ∈ {1, 2, . . . ,M (s)
n }, target k yields

a measurement m at time n,

0, target k is not detected

by sensor s at time n.
(6)

It can be stacked as an �[
a
(1)T
n ,a

(2)T
n , · · · ,a(S)T

n

]T
. Additionally, the

measurement-oriented association vector is defined
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Fig. 1 Flowchart of the DKME-GaBP algorithm

as b
(s)
n =

[
b
(s)
n,1, b

(s)
n,2, · · · , b(s)n,M

(s)
n

]T
, where the mth

term is

b(s)n,m�

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

k, k ∈ {1, 2, . . . ,K},measurement m from

sensors is yielded by target k at time n,

0, measurement m from sensors is a false

alarm at time n.
(7)

3.2 Augmented target states

The number of targets to the tracker is un-
known, and all possible surviving targets are re-
ferred to as potential targets (PTs). We define a
vector rn = [rn,1, rn,2, · · · , rn,K ]T to indicate the
existence of PTs. rn,k = 1 indicates that the tar-
get exists and rn,k = 0 means that the target dis-
appears. For convenience, the state of the PTs
is augmented and defined as An,k � [xT

n,k, rn,k]
T,

and the joint augmented state is defined as An �[
AT

n,1,AT
n,2, · · · ,AT

n,K

]T
.

According to Bayes’ rule and the indepen-
dence assumption, given the prior PDFs f(A0,k) =

f(x0,k, r0,k), the PDF of the augmented state A can
be factorized as

f(A) =

K∏

k=1

f(A0,k)

n∏

n′=1

f(An′,k|An′−1,k). (8)

Thus, f(An,k|An−1,k) =

f(xn,k, rn,k|xn−1,k, rn−1,k) is given as

f(xn,k, rn,k|xn−1,k, rn−1,k)

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
1− pbn,k

)
fD(xn,k), rn,k = 0, rn−1,k = 0,

pbn,kfb(xn,k), rn,k = 1, rn−1,k = 0,(
1− psn,k

)
fD(xn,k), rn,k = 0, rn−1,k = 1,

psn,kf(xn,k|xn−1,k), rn,k = 1, rn−1,k = 1,

(9)
where pb

n,k and ps
n,k are the birth and survival prob-

abilities, respectively. fD(xn,k) and fb(xn,k) are the
dummy PDF and the birth PDF, respectively.

3.3 Prior distributions

In Section 3.1, the association variables a(s)
n and

b
(s)
n are introduced. They can fully and clearly rep-

resent the events occurring at time n at sensor s, and
thus both a and b can be used to represent associ-
ation events. Assume that a prior PDF f(x0,k) is
available for each PT state x0,k at time n. Next, the
prior probability mass function (PMF) of the associ-
ation variable a

(s)
n can be modeled as

p
(
a(s)
n

)
∝ ψ

(
a(s)
n

) K∏

k=1

ϕ
(
xn,k, rn,k, a

(s)
n,k

)
, (10)

where ψ(·) is the exclusion indicator function, de-
noting that each target can generate at most one
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measurement at each sensor, and each sensor mea-
surement can be generated by at most one target.
Its formula is expressed as

ψ
(
a(s)
n

)
=

{
0, ∃k, k′∈{1, 2, . . . ,K} s.t. a

(s)
k,n=a

(s)
k′,n,

1, others,
(11)

where s.t. stands for such as.
The remaining terms in Eq. (10) are

ϕ
(
xn,k, 1, a

(s)
n,k

)
=

⎧
⎨

⎩

P
(s)
d (xn,k)

μ(s) , a
(s)
n,k ∈M

(s)
n ,

1− P
(s)
d (xn,k), a

(s)
n,k = 0,

ϕ
(
xn,k, 0, a

(s)
n,k

)
= 1

(
a
(s)
n,k

)
,

(12)
where 1(·) is the indicator for a = 0 (see Eq. (6)) and
Pd is the detection probability. Since there is a one-
to-one relationship between a

(s)
n and b

(s)
n , p

(
a
(s)
n

)

can be replaced with p
(
a
(s)
n , b

(s)
n

)
and be rewritten

as (Zhang and Meyer, 2024)

ψ
(
a(s)
n , b(s)n

)
=

K∏

k=1

M(s)
n∏

m=1

Ψ
(
a
(s)
n,k, b

(s)
n,m

)
, (13)

Ψ
(
a
(s)
n,k, b

(s)
n,m

)
=

⎧
⎪⎪⎨

⎪⎪⎩

0, a
(s)
n,k = m, b

(s)
n,m �= k,

or b(s)n,m = k, a
(s)
n,k �= m,

1, others.
(14)

Thus, Eq. (10) can be rewritten as

p
(
a
(s)
n,k, b

(s)
n,m

)
∝ ψ

(
a(s)
n , b(s)n

) K∏

k=1

ϕ
(
a
(s)
n,k

)

=

K∏

k=1

ϕ
(
xn,k, rn,k, a

(s)
n,k

)M(s)
n∏

m=1

Ψ
(
a
(s)
n,k, b

(s)
n,m

)
.

(15)

3.4 Global likelihood function

According to the independence assumption, the
global likelihood function can be decomposed as

f(zn|An,an) =

S∏

s=1

⎛

⎝
M(s)

n∏

m=1

fFA
(
z(s)n,m

)
⎞

⎠

·
∏

k∈D(s)
an,rn

f
(
z
(s)

n,a
(s)
n,k

∣
∣
∣xn,k

)

fFA

(
z
(s)

n,a
(s)
n,k

) ,

(16)

where D(s)
an,rn � {k ∈ {1, 2, . . . ,K} : rn,k = 1, a

(s)
n,k �=

0} represents the set of surviving targets detected

by sensor s, f
(
z
(s)
n,m

∣
∣xn,k

)
is the likelihood function,

and fFA

(
z
(s)
n,m

)
represents the false alarm distribu-

tion within the detection range of sensor s. Then,
the global likelihood function can be rewritten as

f(zn|An,an) ∝
S∏

s=1

K∏

k=1

g
(
xn,k, rn,k, a

(s)
n,k; z

(s)
n

)
,

(17)
where

g
(
xn,k, 1, a

(s)
n,k; z

(s)
n

)
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f
(
z(s)
n,m

∣
∣xn,k

)

fFA

(
zn,m

) , a
(s)
n,k∈M(s)

n ,

1, a
(s)
n,k = 0,

g
(
xn,k, 0, a

(s)
n,k; z

(s)
n

)
= 1.

(18)

3.5 Factor graph of DKME-GaBP

The marginal posterior PDF f(xn,k|rn,k = 1, z)

involved in Eq. (5) can be directly marginalized
from f(A,a|z) of the total target vector x. By
passing messages in a factor graph, an approxi-
mate marginalization can be obtained, with the total
complexity growing linearly with time (Zhang and
Meyer, 2024). Then, f(A,a|z) can be expressed as

f(A,a|z) ∝ f(z|A,a)f(A,a)

=f(A0)

n∏

n′=1

f(zn′ |An′ ,an′)f(An′ |An′−1)

· p(an′) ∝
(

K∏

k′=1

f(A0,k′)

)
n∏

n′=1

p(an′)

·
K∏

k=1

g(An′,k, an′,k; zn′)f(An′,k|An′−1,k).

(19)

According to Eq. (15), Eq. (19) can be re-
placed with f(A,a, b|z), specifically by substituting
p(an, bn) for p(an). Therefore, using Bayes’ rule and
independence assumptions, the joint posterior PDFs



Yang et al. / Front Inform Technol Electron Eng 2025 26(10):2016-2029 2021

can be expressed as

f(A,a, b|z) ∝ f(z|A,a, b)f(A,a, b)

∝
(

K∏

k′=1

f(A0,k′)

)
n∏

n′=1

K∏

k=1

f(An′,k|An′−1,k)

·
S∏

s=1

g
(
xn,k, rn,k, a

(s)
n,k; z

(s)
n

)

· ϕ
(
xn,k, rn,k, a

(s)
n,k

)M
(s)

n′∏

m=1

Ψ
(
a
(s)
n′,k, b

(s)
n′,m

)
.

(20)

The factor graph of the above expression is given
in Fig. 2. For simplicity, some shorthand notations
are described in Section 3.6.
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the DKME-GaBP joint posterior PDF in Eq. (20)

3.6 DKME-GaBP algorithm

This subsection presents the DKME-GaBP al-
gorithm. Data association and local track estima-
tion are dedicated in the inner loop, while the multi-
sensor fusion is focused in the outer loop. Consider
the following model:

f(xn,k|xn−1,k, zn−1,k) → μ−
n,k = Φn,kw

−
n,k, (21)

f(xn,k|xn−1,k, zn,k) → μ+
n,k = Φn,kw

+
n,k, (22)

f(zn,k|xn,k) = N (hn(xn,k),R), (23)

where μn,k indicates the importance distribution of
that target, “−” and “+” denotes before and after
particle training respectively, wn,k represents the
weights of the particles in KME, hn is the observa-
tion equation, R is the sensor measurement variance,
and Φn,k =

[
φx

(
x
{1}
n,k

)
,φx

(
x
{2}
n,k

)
, . . . ,φx

(
x
{M}
n,k

)]

denotes the feature mapping of the KME parti-
cles, with M being the number of kernel particles.
Here, φx(x) = k(x, ·) represents the feature map-
ping of each x ∈ Ω in the RKHS using a ker-
nel. Common kernels include the polynomial ker-
nel k(x,x′) = (〈x,x′〉 + c)d with d degree of the
polynomial and c as a constant, the Gaussian kernel
k(x,x′) = exp

(
− ‖x−x′‖2

2σ2

)
, and so on (Gebhardt

et al., 2019).

μX = EX [φx(X)] =

∫

Ω

φx(x)dP (x), (24)

where E is used for calculating the mean, X denotes
a random variable with domain Ω and distribution
P (X), and x represents its instance.

3.6.1 Target state prediction

Given the target belief at the previous step, the
prior information of the target can be obtained as

α(xn,k, rn,k)

=
∑

rn−1,k∈{0,1}

∫
f(xn,k, rn,k|xn−1,k, rn−1,k)

· f̃(xn−1,k, rn−1,k)dxn−1,k,

(25)

where f̃(xn−1,k, rn−1,k) is the final result of the outer
loop at time n − 1. By substituting Eq. (9) into
f(xn,k, rn,k|xn−1,k, rn−1,k), we can obtain the rep-
resentation of α(xn,k, rn,k):

α(xn,k, 1)

=pbn,kfb(xn,k)f̃n−1,k + psn,k

·
∫
f(xn,k|xn−1,k)f̃(xn−1,k, 1) dxn−1,k,

(26)

α(xn,k, 0)

=
(
1− pbn,k

)
f̃n−1,k +

(
1− psn,k

)

·
∫
f̃(xn−1,k, 1) dxn−1,k.

(27)

Under the Gaussian condition and kernel mean
condition, the above formula can be rewritten as

α(xn,k, 1) ∼ N (xn|n−1,k,Pn|n−1,k) = Φn,kw
−
n,k,

(28)
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where xn|n−1,k and Pn|n−1,k can be predicted from
Eqs. (1) and (2).

In the framework of KME, the prediction step
from time n− 1 to time n can be expressed as

x
{i}
n,k = fk

(
x̃
{i}
n−1,k,u

{i}
n−1,k

)
, i = 1, 2, . . . ,M, (29)

w−
n,k = Mw̃+

n−1,k, (30)

S−
n,k = MS̃+

n−1,kM+ Vn,k, (31)

where x̃
{i=1:M}
n−1|n−1,k ∼ N (xn−1|n−1,k,Pn−1|n−1,k) is

the KME proposal particle at the previous time
step, sampled from a Gaussian distribution. w+

n−1,k

and w−
n,k represent the posterior kernel weight vec-

tor and the prior predicted kernel weight vector for
the target k, respectively. M = (Kxx + κI)−1Kxx

is the kernel transition matrix derived from the
state after training at the previous time and the
current training state, Kxx = ΨT

n−1,kΦn−1,k and
Kxx = ΨT

n−1,kΦn−1,k are the transition Gram ma-
trices, and Ψn−1,k is the feature mapping of the pre-
vious state after training. S−

n,k is the prior weight
covariance matrix, and Vn,k is the transition resid-
ual matrix (Sun et al., 2023).

Additionally, if the target k is newborn at time
n, the initial predicted weight is given by wn,k =
1
M IM×1, the initial predicted covariance is S−

n,k =

IM×M , and the initial predicted state of the target
follows the birth PDF fb(xn,k).

The kernel selection is crucial for mapping fea-
tures in UPT. Gaussian kernel handles nonlinear
data well and captures subtle feature differences,
while the polynomial kernel is better at capturing
feature interactions (Shen et al., 2010). Addition-
ally, the Gaussian kernel has lower computational
complexity compared to polynomial kernels of de-
gree higher than two. Thus, the Gaussian kernel is
more suitable for UPT. The Gaussian kernel feature
mapping and the Gaussian kernel with σ are given
as

φx(x) = exp

(
− x2

2σ2

)[
1,

x

σ
,

x2

√
2!σ2

, . . .

]T

, (32)

k(x,x′) = exp

(
−‖x− x′‖2

2σ2

)
. (33)

Thus, Eq. (24) can be rewritten as

μX = EX

(
exp

(
− x2

2σ2

))[
1,

x

σ
,

x2

√
2!σ2

, . . .

]T

,

(34)

where the hyperparameter σ ∈ [0, 1] plays a crucial
role. Sensitivity to sample variations is reduced with
larger values, while smaller values cause the kernel
function to change more rapidly, allowing for the
capture of more detailed information. Therefore, in
complex underwater environments, smaller hyperpa-
rameter values are more suitable.

3.6.2 Measurement evaluation

Following the message passing protocol of the
factor graph, the measurement evaluation message
can be given as

β(a
(s)
n,k)

=
∑

rn,k∈{0,1}

∫
v
(
xn,k, rn,k, a

(s)
n,k; z

(s)
n

)
α(xn,k, rn,k)dxn,k

=

∫
v
(
xn,k,1, a

(s)
n,k;z

(s)
n

)
α(xn,k, 1)dxn,k+1

(
a
(s)
n,k

)
αn,k,

(35)
where β

(
a
(s)
n,k

)
is the message from the factor node

g
(s)
n,k to the variable node a(s)n,k (Meyer et al., 2018).

The term v
(
xn,k, 1, a

(s)
n,k; z

(s)
n

)
is given as

v
(
An,k, a

(s)
n,k; z

(s)
n

)
�g

(
xn,k, rn,k, a

(s)
n,k; z

(s)
n

)

· ϕ
(
xn,k, rn,k, a

(s)
n,k;M

(s)
n

)
.

(36)
v
(
xn,k, 0, a

(s)
n,k; z

(s)
n

)
= 1(a

(s)
n,k) is given in

Eqs. (12), (18), and (36).
Under the Gaussian condition, Eq. (35) can be

rewritten as

β
(
a
(s)
n,k,1

)
∝
⎧
⎨

⎩
N
(
z
(s)
n ;h

(s)
n (xn|n−1,k),S

(s)
n,k

)
, a

(s)
n,k=m,

1, a
(s)
n,k=0,

(37)
where

S
(s)
n,k = H

(s)
n,kPn|n−1,k

(
H

(s)
n,k

)T
+R(s). (38)

Herein, H(s)
n,k is the Jacobian matrix.

3.6.3 Data association

According to the factor graph of DKME-GaBP,
the messages from the target to the measurement
can be calculated as

η
(
a
(s)
n,k

)
=

M(s)
n∏

m=1

ν
(P )
m→k

(
a
(s)
n,k

)
, (39)
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where ν(P )
m→k

(
a
(s)
n,k

)
is the result of the iteration loop

in BP, executed for all M (s)
n bearing measurements

in the internal loop p ∈ {1, 2, . . . , P}.

ν
(p)
m→k

(
a
(s)
n,k

)
=

K∑

b
(s)
n,m=0

Ψ
(
a
(s)
n,k, b

(s)
n,m

)

·
∏

k′∈K\{k}
ζ
(p−1)
k′→m

(
b(s)n,m

)
,

(40)

where ν
(p)
m→k

(
a
(s)
n,k

)
is the message from measure-

ment m to target k. ζ
(p)
k′→m

(
b
(s)
n,m

)
is the message

from other targets k′ (k′ �= k) to the same measure-
ment m:

ζ
(p)
k→m

(
b(s)n,m

)
=

M(s)
n∑

a
(s)
n,k=0

β
(
a
(s)
n,k

)
Ψ
(
a
(s)
n,k, b

(s)
n,m

)

·
∏

m′∈M
(s)
n \{m}

ν
(p)
m′→k

(
a
(s)
n,k

)
.

(41)
The above equation constitutes an iteration

loop, which is initialized (p = 0) as

ζ
(0)
k→m

(
b(s)n,m

)
=

M(s)
n∑

a
(s)
n,k=0

β
(
a
(s)
n,k

)
Ψ
(
a
(s)
n,k, b

(s)
n,m

)
.

(42)

3.6.4 Measurement update

The measurement update messages are given as

γ(s)(xn,k, 1) =

M
(s)
n∑

a
(s)
n,k

=0

v
(
xn,k, 1, a

(s)
n,k;z

(s)
n

)
η
(
a
(s)
n,k

)

γ
(s)
n,k = η

(
a
(s)
n,k = 0

)
.

(43)
According to Eqs. (36) and (39) and the Gaus-

sian condition, Eq.(43) can be rewritten as

γ(s)(xn,k, 1) ∝ η(a
(s)
n,k=0)N

(

xn,k;h
(s),−1
n (z

(s)
n,0),

H
(s),−1
n,k S

(s)
n,k(H

(s),−1
n,k )T

)

+

M(s)
n∑

a
(s)
n,k=1

η(a
(s)
n,k)

· N
(

xn,k;h
(s),−1
n

(
z
(s)

n,a
(s)
nk

)
,H

(s),−1
n,k R(s)(H

(s),−1
n,k )T

)

.

(44)

In the case of a(s)n,k = 0, z(s)
n,0 = h

(s)
n (xn|n−1,k) is

replaced by the predictive measurement.
Then, Eq. (44) is rewritten as

γ(s)(xn,k, 1) ∝ η
(
a
(s)
n,k = 0

)
Φn,kw

−
n,k

+

M(s)
n∑

a
(s)
n,k=1

η
(
a
(s)
n,k

)
Φn,kw

+

n,a
(s)
n,k

.

(45)
w+

n,a
(s)
n,k

and S+

n,a
(s)
n,k

are given as

w+

n,a
(s)
n,k

= w−
n,k +Qn

(
Z:,y

a
(s)
n,k

−Zyyw
−
n,k

)
, (46)

S+

n,a
(s)
n,k

= S−
n,k −QnZyyS

−
n,k, (47)

Qn = S−
n,k

(
ZyyS

−
n,k + κI

)−1

, (48)

where Zyy = ΥTΥ is the Gram matrix of the ob-
served values from the kernel particle states, Υ =[
φy(y

{1}
n,k ),φy(y

{2}
n,k ), . . . ,φy(y

{M}
n,k )

]
, and observed

particles yn,k = h(s)(xn,k,w
(s)
n ) are drawn from ker-

nel particles.

Z:,y
a
(s)
n,k

=

[

ky

(
y
{1}
n,k , zn,a(s)

n,k

)
, ky

(
y
{2}
n,k , zn,a(s)

n,k

)
,

. . . , ky

(
y
{M}
n,k , z

n,a
(s)
n,k

)]T

is the kernel vector of the

measurement, where z
n,a

(s)
n,k

represents the actual

bearing. Then, Eq. (44) can be given as

γ(s)(xn,k) ∝ N (xγ(s)

n,k ,P
γ(s)−1

n,k ), (49)

where

xγ(s)

n,k =

M(s)
n∑

a
(s)
n,k=0

η(a
(s)
n,k)x

{i=1:M}
n,k w+

n,a
(s)
n,k

, (50)

P γ(s)

n,k =
(
H

(s)
n,k

)T(
η
(
a
(s)
n,k = 0

)
S

(s)
n,k

+

M(s)
n∑

a
(s)
n,k=1

η
(
a
(s)
n,k

)
Σ̂

n,a
(s)
n,k

)−1

H
(s)
n,k.

(51)

The KME covariance Σ̂
n,a

(s)
n,k

is given as

Σ̂
n,a

(s)
n,k

= x
{i=1:M}
n,k S+

n,a
(s)
n,k

x
{i=1:M}
n,k . (52)
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3.6.5 Target belief calculation

After the sensors perform the inner loop of the
DKME-GaBP, the new confidence f̃(xn,k) for the
participating targets is computed using the sum-
product algorithm in the outer loop, resulting in
an approximation of the marginal posterior PDF
f(xn,k|z), which is normalized as

f̃(xn,k, 1) ∝ α(xn,k, 1)

S∏

s=1

γ(s)(xn,k, 1), (53)

f̃n,k ∝ αn,k

S∏

s=1

γ
(s)
n,k. (54)

Under the Gaussian condition, the distribution
of the target at time n is given as

f̃(xn,k, 1) ∝ N (xn|n,k,Pn|n,k), (55)

where

Pn|n,k =

(

P−1
n|n−1,k +

∑

s∈S

P γ(s)

n,k

)−1

, (56)

xn|n,k = Pn|n,k
(
P−1

n|n−1,kxn|n−1,k +
∑

s∈S

P γ(s)

n,k xγ(s)

n,k

)
,

(57)
with S = {1, 2, · · · , S}.

To enhance the effectiveness of multi-sensor
data fusion, a KME-based fusion method is designed.
In RKHS, the fusion of PDFs estimated by differ-
ent sensors considers both the distance between the
two PDFs and bearing information. Thus, under
the KME-based fusion framework using a quadratic
kernel, Eq. (56) can be expressed as

xn|n,k =

S∑

s=1

w
(s)
n,kx

γ(s)

n,k , (58)

Pn|n,k=
S∑

s=1

w
(s)
n,k

(

xγ(s)

n,k

(
xγ(s)

n,k

)T

+

(
P γ(s)

n,k

)2
)

−
(

S∑

s=1

w
(s)
n,kxn|n−1,k

)(
S∑

s=1

w
(s)
n,kxn|n−1,k

)T

,

(59)
where w

(s)
n,k is the weight calculated based on

the estimated bearing information from each sen-
sor and the predicted bearing information from
the fusion center. The fusion method is imple-
mented by minimizing the sum of squared dis-
tances between the fused probability density and

each local probability density. Specifically, let
∂f

(
xγ(s)

n,k ,P γ(s)

n,k

)

∂

(
xγ(s)

n,k ,Pγ(s)

n,k

) = 0, where f
(
xγ(s)

n,k ,P
γ(s)

n,k

)
=

〈
N
(
xγ(s)

n,k ,P
γ(s)

n,k

)
,N

(
xγ(s)

n,k ,P
γ(s)

n,k

)〉

F
(Luo et al.,

2024).
After calculating the target confidence, KME

proposal particles are drawn from Eq. (60). The
mean and variance are derived from the calculated
Gaussian distribution and are expressed as

x̃
{i=1:M}
n|n,k ∼ N (xn|n,k,Pn|n,k), (60)

Ψn,k =
[
φx

(
x̃
{1}
n,k

)
,φx

(
x̃
{2}
n,k

)
, . . . ,φx

(
x̃
{M}
n,k

)]
.

(61)
KME is better suited for GaBP compared to

traditional BP algorithms, as it is not constrained to
approximate the state PDF of the target as Gaus-
sian, which makes state updates and error propaga-
tion easier to handle.

4 Simulations

The proposed algorithm is tested to track mul-
tiple underwater targets moving at a nearly constant
velocity (CV) with four sensors moving at constant
turn (CT) in the presence of clutter. To validate
its tracking performance, DKME-GaBP is compared
with GaBP (Yan et al., 2024), PFBP (Meyer et al.,
2017) and LMB-EKF (Vo et al., 2014) over 100
Monte Carlo runs, each consisting of 400 scans. The
simulations are conducted on a personal computer
(PC) equipped with an Intel Core i5-12400F CPU
and 32 GB of RAM, with all filters implemented
in MATLAB R2024a. Performance is evaluated us-
ing the optimal sub-pattern assignment (OSPA), the
average OSPA (AOSPA) metrics, and runtime per
frame (RPF). The definitions of OSPA and AOSPA
can be found in Ristic et al. (2011). In this study,
the OSPA parameters are set as p = 2 to control
the distance and c = 100 to truncate the maximum
contribution of an individual target to the overall
error.

The scenario is shown in Fig. 3, with the
following scenario parameters: the sampling inter-
val T = 1 s, the average number of false alarms is
μ(s) = 5, the targets’ initial states are shown in
Table 1, and the sensors’ initial states are shown
in Table 2. The number of particles in PFBP and
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DKME-GaBP is 50. The detection probability Pd of
all sensors is 0.9, the gating probability Pg = 0.98,
and the angle measurement standard deviation is
σθ = 1◦. The Gaussian kernel is used in DKME-
GaBP with hyperparameter σ = 0.1.

0Y
 (k

m
)

X (km)
0 1

1

2
Target trajectory
Sensor trajectory
Track start point

3

2 3 4–1

–1

–2

–2

–3
–3

–4

Fig. 3 Tracking scenario with four targets and four
sensors

Table 1 Motion parameters for targets

Target
Survival
time (s)

Initial state

1 1–393 [−653 m, 5 m/s, 2407 m, 2 m/s]
2 1–363 [−911 m,−5 m/s,−208 m,−1 m/s]
3 1–397 [1128 m,−3 m/s, 2347 m, 5 m/s]
4 1–331 [1137 m,−0.2 m/s,−914 m, 5 m/s]

Table 2 Motion parameters for sensors

Sensor Initial state
ω

((°)/s)

1 [−3000 m, 10 m/s, 3000 m, 5 m/s ] 0.9
2 [3000 m, 10 m/s, 3000 m, 5 m/s ] 0.9
3 [3000 m, 10 m/s, −3000 m, 5 m/s ] 0.9
4 [−3000 m, 10 m/s, −3000 m, 5 m/s ] 0.9

4.1 Tracking performance comparison

4.1.1 Tracking accuracy

Fig. 4 shows the OSPAs of the four algorithms.
It can be seen that DKME-GaBP exhibits the small-
est estimation error and responds more quickly, out-
performing PFBP and GaBP. Due to its relatively
accurate initialization region, LMB-EKF responds
quickly in the initial stage. There are three peaks

O
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n (s)
0
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LMB-EKF
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Fig. 4 OSPAs of different methods

on the OSPA curves during the surveillance, indicat-
ing the extinction of targets. DKME-GaBP demon-
strates the best performance, which is attributed to
the KME algorithm that alleviates the strong non-
linear issues associated with passive tracking. LMB-
EKF gradually diverges in the later stages due to the
EKF’s weak ability to track highly nonlinear motion,
resulting in a decrease in OSPA.

Tables 3 and 4 show the AOSPAs of DKME-
GaBP, GaBP, PFBP, and LMB-EKF under vary-
ing Pd and μ(s), respectively. It can be seen that
as Pd increases and μ(s) decreases, the AOSPAs of
all algorithms decrease, with DKME-GaBP consis-
tently outperforming the others. This indicates that
DKME-GaBP exhibits significant robustness in han-
dling high detection probability and clutter scenar-
ios, maintaining superior tracking accuracy under
challenging conditions.

Table 3 AOSPAs of different methods under varying
Pd

Pd

AOSPA (m)
DKME-
GaBP

GaBP PFBP
LMB-
EKF

0.9 20.8 38.9 41.7 38.0
0.8 27.0 41.3 42.8 40.7
0.7 27.3 42.0 44.2 42.3
0.6 27.8 42.8 44.6 42.8

4.1.2 Computational complexity

This subsection discusses the computational
complexity of the DKME-GaBP algorithm. The
baseline values for the numbers of sensors, tar-
gets, and measurements are first set as S = 4,
K = 4, and M = 5, respectively. Subsequently, the
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Table 4 AOSPAs of different methods under varying
μ(s)

μ(s)
AOSPA (m)

DKME-
GaBP

GaBP PFBP
LMB-
EKF

4 20.2 38.6 41.5 37.5
6 26.4 41.2 43.8 41.4
8 27.7 42.3 44.1 43.3
10 28.8 43.7 45.7 43.8

computational complexity of the algorithm is tested
by varying each parameter while keeping the others
constant.

First, as illustrated in Fig. 5, the effect on the
runtime under the varying number of measurements
M from each sensor is investigated. Then the ef-
fect of the number of sensors S is shown in Fig. 6.
Figs. 5 and 6 show that the runtime of all algorithms
exhibits a nearly linear expansion, while PFBP has
a longer runtime than the DKME-GaBP and GaBP.
The RPF of DKME-GaBP is shorter than PFBP but
longer than GaBP. The shorter runtime compared
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to PFBP is due to the lower computational com-
plexity, as the resampling step is avoided by KME.
The longer runtime compared to GaBP is due to
the addition of the KME method, implemented with
particles, to improve estimation accuracy. This in-
crease in computational time is considered a reason-
able trade-off, as the improved tracking performance
justifies the extra cost. Finally, the effect of the
number of targetsK on computational complexity is
shown in Fig. 7. PFBP and GaBP exhibit a nearly
quadratic growth in runtime, while DKME-GaBP
has a shorter runtime compared to PFBP. The the-
oretical complexity of DKME-GaBP is analyzed as
follows: For each sensor, the computational com-
plexity of the local data association is O(KM). In
the outer fusion loop, each sensor contributes to the
overall complexity linearly, resulting in a total com-
plexity of O(SKM). This efficiency makes DKME-
GaBP particularly well-suited for real-time applica-
tions in underwater environments, where multiple
PTs need to be tracked simultaneously.

4.2 Effect of kernels

The effect of different kernels is evaluated in
this subsection. First, Gaussian, linear, Laplacian,
quadratic, quartic, and sixth-order kernels are used
to calculate the OSPA of DKME-GaBP. Fig. 8 illus-
trates the effect of the kernels on the algorithm.

As shown in Fig. 8, the quartic, sixth-order, and
Gaussian kernels exhibit the smallest estimation er-
rors, whereas the linear kernel has the largest one.
The Laplacian and quadratic kernels exhibit com-
parable performance. However, the computational
complexity of the polynomial kernel is O(nd), and
that of the Gaussian kernel is O(n2), where d is the
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degree of the polynomial kernel. The results of the
runtime are shown in Table 5. For Gaussian ker-
nels, the effect of hyperparameters on the tracking
performance is considered crucial. Different hyper-
parameters σ are compared and analyzed.

From Table 6, it can be seen that when σ =

0.100, the AOSPA is the smallest. This is because the
kernel width is moderate, allowing it to effectively
capture the local similarities between target state
features while avoiding the effects of over-smoothing
or excessive sensitivity. In practice, σ can be chosen
based on the target’s motion model. For CV targets,
a relatively small σ is preferred to reflect the smooth
motion. For maneuvering targets, a slightly larger σ
is often used to better capture wider state variations.
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Fig. 8 OSPA of DKME-GaBP with different kernels

Table 5 RPF and AOSPA of DKME-GaBP with dif-
ferent kernels

Kernel RPF (s) AOSPA (m)

Quadratic 0.0600 25.8332
Quartic 0.0754 22.3609
Sixth-order 0.0850 22.2819
Gaussian 0.0739 22.9440
Laplacian 0.0725 25.8469
Linear 0.0547 32.4319

Table 6 AOSPA of DKME-GaBP with a Gaussian
kernel against different σ values

σ AOSPA (m)

0.005 25.3143
0.010 23.8745
0.100 22.9440
0.200 23.1900
0.500 23.2075
1.000 23.4914

4.3 Heavy-tailed noise

The DKME-GaBP’s ability to handle heavy-
tailed noise is demonstrated.

4.3.1 Heavy-tailed noise modeling

Construct the heavy-tailed process noise un and
measurement noise wn. According to Wang et al.
(2025), the process noise covarianceQn and the mea-
surement noise covariance Rn are slowly varying

Qn = [15 + 1.5 cos (πn/N)]q

⎡

⎢
⎣

T 3

3 I2
T 2

2 I2

T 2

2 I2 TI2

⎤

⎥
⎦ , (62)

Rn = [0.1 + 0.05 cos(πn/N)]0.5g, (63)

where I2 is a two-dimensional identity matrix with
q = 0.5 and g = 100.

Set the heavy-tailed distribution for the system
process noise and measurement noise as

un ∼
{
N (0,Qn), with probability 0.95,

N (0, aQn), with probability 0.05,
(64)

wn ∼
{
N (0,Rn), with probability 0.95,

N (0, bRn), with probability 0.05,
(65)

where a and b are the adjustment parameters for the
size of the outliers.

4.3.2 Tracking performance against a and b

a is set to 100, 300, and 500. Similarly, b is set to
100, 300, and 500. The simulation results are shown
in Fig. 9.

As shown in Fig. 9, the tracking performance of
DKME-GaBP under heavy-tailed noise is illustrated.
Although a slight degradation is observed in the lat-
ter part of the OSPA curve due to the increased
target maneuverability caused by heavy-tailed noise,
DKME-GaBP still maintains excellent and stable
performance. This robustness is attributed to the
ability of KME to approximate complex noise dis-
tributions and handle nonlinearities in the RKHS
(Song et al., 2013). In addition, data characteristics
are better captured and state estimates are improved
through the use of a Gaussian kernel. Estimation ac-
curacy and robustness are further enhanced by the
distributed fusion framework, which aggregates in-
formation from multiple sensors to mitigate the im-
pact of local outliers and heavy-tailed interference.
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Fig. 9 OSPA of DKME-GaBP against different a and
b values

5 Conclusions

The DKME-GaBP algorithm presented in this
paper is an effective solution for complex underwater
multi-sensor multi-target passive tracking. By ad-
dressing nonlinearity and flexibly handling unknown
and time-varying target numbers in the presence of
clutter, the algorithm significantly enhances track-
ing accuracy. DKME-GaBP outperforms traditional
methods such as GaBP, PFBP, and LMB-EKF in
performance metric OSPA, providing more accurate
target estimations. Additionally, its lower computa-
tional complexity, which increases with the increase
of the numbers of targets and sensors, highlights
its practicality for real-time applications. Overall,
DKME-GaBP proves to be a robust and efficient ap-
proach for underwater multi-target tracking.
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