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Abstract: Using the Global Positioning System (GPS) and the mobility of marine surface vehicles, this paper
addresses the navigation problem between unmanned surface vehicles (USVs) and autonomous underwater vehicles
(AUVs). We propose a moving AUV state estimation method based on the trajectory optimization of the USV.
In particular, by exploring the Doppler effect on the frequency of arrival (FOA) of the acoustic signals received
by a single-surface USV, the position and velocity of the AUV can be estimated simultaneously, offering a robust
solution that eliminates the need for time synchronization. Moreover, the USV trajectory is dynamically adjusted
to achieve optimal USV-AUV measurement geometry, thereby improving the AUV’s observability and enhancing
state estimation performance. The innovation lies in a tailored cost function grounded in observability analysis
via the Cramér-Rao lower bound (CRLB) and geometric constraints. It integrates (1) the CRLB to optimize
system observability, thereby enhancing estimation accuracy, (2) a distance term to ensure that the USV maintains
appropriate proximity to the AUV, and (3) a turning rate term that adjusts the USV’s orientation to improve
following capability. The cost function is then minimized using a particle swarm optimization algorithm, balancing
these components to achieve a robust AUV tracking framework. We conduct comprehensive simulations to examine
the potential influences of different factors, including the complexity of the USV trajectory, AUV depth, measurement
frequency, packet loss rate, and noise levels, on navigation performance. Simulation results demonstrate the
effectiveness of the proposed method in estimating and tracking the AUV.
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BB et al., 2023; Yu et al., 2025). Various state esti-
mation systems have been developed using acoustic
signals, as radio waves are significantly attenuated
in water. Due to the absence of a Global Positioning
System (GPS) underwater, acoustic baseline-based
techniques have been widely used for AUV position
estimation.

Acoustic baseline-based underwater position-
ing systems have exhibited satisfactory performance
under certain circumstances, including the long
baseline (LBL) (Lee and Jun, 2007), ultra short base-
line (USBL) (Guo et al., 2023), and GPS intelligent
buoys (GIB) (Zhang DQ et al., 2020), among oth-
ers. Most of these baseline localization systems are
based on measuring the time of arrival (TOA) of
the acoustic signals. Furthermore, different baseline
localization techniques can be combined whenever
necessary.

The frequency of arrival (FOA)-based state es-
timation methods, which can be considered a type of
angle of arrival (AOA) methods (Win et al., 2008;
Gong et al., 2023; Xu et al., 2023), have not re-
ceived as much attention as the aforementioned tra-
ditional TOA-based methods due to their modeling
and analysis complexity. Nonetheless, the benefit
of FOA-based methods is that they can estimate a
target’s position and velocity simultaneously with-
out requiring time synchronization (Cameron, 2018;
Zhan et al., 2023). Kim (2023) proposed a hybrid
time difference of arrival (TDOA) and frequency dif-
ference of arrival (FDOA) localization method for
underwater targets. This method contains multiple
frequencies in the transmitted acoustic signal, and
the localization performance is satisfactory. Multi-
ple acoustic sensor nodes are typically installed on
the seabed or float on the sea surface in the pre-
viously mentioned acoustic baseline-based or FOA-
based approaches. The AUV’s operational region is
constrained by its narrow visible range.

Single-node localization techniques have been
suggested to simplify the system and make deploy-
ment easier (Webster et al., 2012; Han et al., 2018).
With only a single sensor node, the AUV must
be located using the node’s historical measurement
data collected along a given trajectory. Single-
node underwater acoustic localization methods can
be roughly categorized into two categories based on
different localization principles. The first category
relies on the measured target states, such as bear-
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ing measurements (Becker et al., 2012), frequency
measurements (Nguyen and Dogancay, 2018), dis-
tance measurements (Zhu and Hu, 2018), or a com-
bination of the aforementioned measurements. The
target position can then be determined using tri-
angulation equations. Note that the FOA method
with a single moving sensor was suggested in Nguyen
and Dogancay (2018). Since the target (or sensor)
is moving, the Doppler effect can be used to esti-
mate the target’s velocity. The second category of
methods is based on filtering techniques for tracking
and localization of underwater targets (De Palma
et al., 2017). These methods leverage the current
and historical target states to minimize estimation
variances. The extended Kalman filter (EKF) can
be used when planning a surface vehicle’s path to ac-
complish range-only AUV localization. Researchers
at the Massachusetts Institute of Technology (MIT)
have given careful consideration to such navigation
problems, which include the single sensor node prob-
lems mentioned above (Tan et al., 2014; Rypkema,
2019). A surface vessel can be deployed for navi-
gation when the AUV is equipped with inexpensive
To locate the AUV, one-way
travel times between the AUV and the surface sen-

localization sensors.

sor node were measured in Fallon et al. (2010). A
comparison of the localization performance for the
EKF, particle filter, and nonlinear least-squares es-
timator reveals that the nonlinear least-squares esti-
mator demonstrates the best performance.

However, the observability issue deserves partic-
ular attention in the single-node localization prob-
lem. To extract the target state information from
measurements, the localization system must be ob-
servable (Ostachowicz et al., 2019).
performance is strongly influenced by the geomet-
ric relationship between the sensor and the target.
Different geometric configurations—resulting from

Localization

the sensor node moving with the surface vehicle in
different trajectories—correspond to different target
observability and, thus, to different localization per-
formance. The target observability can be analyti-
cally characterized by the Fisher information matrix
(FIM) (Chen et al., 2015; Qu et al., 2021) or the
Cramér—Rao lower bound (CRLB) (Moreno-Salinas
et al., 2016). Properties of the FIM and CRLB
matrices, such as determinant, trace, or eigenval-
ues, can serve as indices of the target observability
(Conti et al., 2019; Sahu et al., 2022). This target
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observability information can be used to enhance the
system observability by optimizing the sensor node
trajectory.

In this paper, we extend the navigation concept
by estimating the AUV states using a single surface
sensor node on an unmanned surface vehicle (USV)
(Zheng and Liu, 2025). Since the AUV and USV are
both moving, the AUV’s position and velocity can
be determined by analyzing the Doppler effect in the
FOA. The estimation task is completed by combining
historical FOA measurements along the USV trajec-
tory. The USV trajectory is dynamically changed
to attain an ideal measurement geometry, thereby
further enhancing the estimation performance. The
estimation performance is represented by the degree
of system observability, which is modeled by the
FOA-dependent FIM. We generate the USV trajec-
tory that optimizes the AUV state estimation per-
formance by minimizing the CRLB. In essence, the
mobility of the USV and the availability of GPS on
the surface enable estimation and additional per-
formance enhancement. Therefore, we refer to the
problem as USV-AUYV navigation. Furthermore, we
investigate the influence of various factors on the
estimation performance using the suggested formu-
lations of the FOA-based state estimation problem.
The guidelines for applying FOA-based estimation
techniques could be found in these investigations.

Overall, this work contributes to the literature
on the following three aspects:

1. A novel FOA-based navigation framework for
simultaneously estimating the position and velocity
states of AUVs is proposed for scenarios where only
a single surface sensor node exists.

2. Estimation performance indices are proposed
and optimized for the FOA-based estimation tech-
niques by leveraging the mobility of the USV.

3. Comprehensive results and analysis are pro-
vided to the field with guidelines on using FOA-based
estimation techniques.

2 Problem statement and modeling

Considering the AUV as the underwater tar-
get and the USV as the surface sensor node, we
apply the navigation concept to the problem un-
der consideration. The state estimation problem
based on the USV-AUV FOA is then formally in-
troduced. Additionally, the USV kinematic model
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and the FOA measurement model are presented for
subsequent FOA-based state estimation and perfor-
mance optimization.

2.1 Problem statement

We consider the situation illustrated in Fig. 1,
where an AUV periodically transmits acoustic sig-
nals to a USV while moving underwater at a slowly
changing velocity. The FOA measurement is ex-
tracted by filtering the acoustic signals after the USV
receives them. Traditionally, to solve the state esti-
mation problem, multiple sensor nodes are usually
required to obtain various measurements. In con-
trast, when using a single USV, various historical
measurements from the USV are investigated, mim-
icking the situation with multiple nodes.

The USV can estimate the current AUV state
by using N historical FOA measurements. As the
surface-moving sensor node, the USV trajectory sig-
nificantly affects the accuracy of AUV state estima-
tion. By optimizing the USV trajectory with cer-
tain constraints, the AUV’s observability, and con-
sequently, the accuracy of the state estimation, can
be improved.

Therefore, the USV-AUV FOA-based state es-
timation problem is characterized by the following
features:

1. A single sensor node instead of multiple
sensor nodes is deployed, which reduces costs.
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Fig. 1 Illustration of the FOA-based state estima-
tion problem for USV-AUV. A USV (red vehicle)
moves on the water surface, while an AUV (blue ve-
hicle) moves underwater at a slowly varying speed.
The green line represents the propagation path of the
acoustic signals emitted by the AUV and received
by the USV. The light-colored vehicles with dashed
lines represent the historical states, whereas the dark-
colored vehicles with solid lines represent the current
states. References to color refer to the online version
of this figure
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2. The mobility of the USV enables a larger
operational range for the AUV.

3. The mobility of the USV offers the degree
of freedom to dynamically optimize the measure-
ment geometry, and thus improves the estimation
performance.

4. The dynamic motions of the USV and AUV
offer the possibility of simultaneous position and ve-
locity estimation by exploring the Doppler effect.

2.2 USV and AUV kinematic modeling

The USV moves in a horizontal plane over the
sea surface (Zheng et al., 2024). The state of the USV
at the i*" measurement step is described as follows:

s (1) = s (i), 95 (1), 2 (1) , s ()], (1)

where the subscript s is used for the USV state to
differ from the AUV state. The discrete time index
1 relates to the continuous time ¢ via t = Ty, where
T} is the sampling interval between consecutive mea-
surement steps. [z (i), s (i)]" is the horizontal po-
sition of USV on the surface. s (i) is the heading
angle, and the depth z; (i) denotes the USV’s vertical
position. We assume that the depth is not actively
controlled by the USV, but rather fluctuates primar-
ily due to the influence of waves.

For the control of the USV, the input vector
at the measurement step i is denoted as wug (i) =
[vs (i) ,ws (1)), where vs (i) and wg (i) represent the
USV’s speed and turning rate in the horizontal plane,
respectively. It is assumed, within a measurement
step, that the USV moves along a straight line at a
constant speed. Therefore, the discrete-time kine-
matic model of the USV can be expressed as follows:

04 (5) cos s (1)
vs (7) sin vy (4)
0
ws ()

s (i +1) =2 (1) + To + ws,

(2)
where the USV state noise is denoted as ws ~
N (0, Qy), with
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Qs = 20 TO2 Og,as (3)
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where Qs is a covariance matrix related to the step
size, with a larger time step resulting in a larger
element value. I5 represents a third-order identity
matrix and 1«3 represents the 1 x 3 matrix of ones.
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03 , denotes the variance of the Gaussian white noise
associated with the USV’s acceleration. This paper
models the noise as Gaussian, which is a valid and
appropriate assumption for stable marine environ-
ments (Fossen, 2011; Wang et al., 2025).

Similarly, we define the AUV state vector at the
i*™™ measurement step as @, (i) = [pg (i), v} (i)]T,
where py (i) = [z (i), yu (i), 24 ()] and v, (i) =
[Vu,z (7)), Vu,y (1), 04,2 (1))  represent the three-
dimensional position and velocity vectors, respec-
tively. The subscript u denotes the AUV state.

Assuming that the AUV accelerations in three
directions are subject to independent and identically
distributed Gaussian white noise with a common
variance of aﬁ,a. With the slowly varying velocity
assumption, the discrete-time AUV state equation
can be expressed as

Ty (i+1) = Fay (i) + wy, (4)
where
. I; Tyl;
F= [ 03 I3 } (5)

is the state transition matrix and Os represents the
third-order zero matrix. The AUV state noise is

wy ~ N (0,Qy), with

T3 TR
24043 3iL043 ] 2 (6)

Qu = |: u,a’
%TOBIL), T02I3 !

where @, is a covariance matrix related to the step
size, with a larger time step resulting in a larger
element value.

2.3 Measurement model

The FOA measurement model is essential to the
estimation problem. At each measurement step, the
USV measures a noisy FOA f from the acoustic
signal transmitted by the AUV. Influenced by the
Doppler effect, each FOA measurement provides an
equation relating to the AUV’s position and veloc-
ity. Multiple FOA measurements can be used to
form a system of nonlinear equations. This system is
solvable for the unknown position and velocity when
the measurements are linearly independent, as vali-
dated in Wang et al. (2025). To estimate the current
AUV state (position and velocity), N historical FOA
measurements are required (Since the AUV state is
defined by six variables, N > 6), i.e.,

F@O=[fG-N+1),fli-N+2),.., f@)]".
(7)
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The measured noisy FOA f(4) is defined by

fi)=g@@)+£(@), (8)

where ¢ (i) is the FOA that relates to the USV and
AUV states, given as

. Co — US,L(i)

0() = 2t )
where fj is the carrier frequency, cq is the speed of
sound, and v, 1 (¢) and vs | (i) represent the radial
velocities of the signal sending (AUV) and receiving
(USV) nodes, respectively. As illustrated in Fig. 2,
vy, () and vs | (7) are measured along the directions
of signal propagation.

<Y

e < _j::"l O— USV (receiver)
v l=v, NN Yo AUV (sender)
]

€L
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\

Fig. 2 Decomposition of velocities. The pentagram
represents the AUV that sends the acoustic signal
with a radial velocity of v, | in the direction of sig-
nal propagation. The box represents the USV that
receives the signal, and the radial velocity in the di-
rection of signal propagation is vg |

Note that the AUV depth can be easily mea-
sured using a pressure sensor, with Gaussian noise
& ~ N (0,0%). The sound speed is also subject to
Gaussian noise & ~ N (0,02). Communication oc-
curs between the AUV and the USV, where the AUV
sends its depth to the USV. Assume a packet loss rate
of P. If the AUV depth information for the current
measurement step is lost, the most recent available
depth is used instead.

In Eq. (8), the parameter £ (i) represents the
stochastic Gaussian measurement noise, and & (i) ~
N (0,02 (4)).
vector over the past N steps is then

02 (Z) IN 0N>< 1

Rf (Z) = 01><N 0.2 ?

The covariance matrix of the noise

where

o (i) = KA (1 (i), fo)
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is the distance-dependent noise, K is a constant re-

lated to the transmit power and environment noise

level, and A (I (i), fo) denotes the pass loss at fre-

quency fo, which is defined as (Stojanovic and
Preisig, 2009)

. 1(@)

A6 = (12

0

where [ (i) = ||y (1) — @5 (7)]| is the propagation dis-

tance, ly is the reference distance, and 3 denotes the

B )
)LmWH% (12)

path loss exponent, which is commonly 1-2. An em-
pirical formula for the absorption coefficient L(fy)
can be found in Kinsler et al. (2000). The corre-
sponding parameters used are as follows: [j = 1 m,
B =2, Kg = —100 dB, and L(fy) < 3 dB/km when
fo < 20 kHz, as illustrated in Fig. 1 in Stojanovic
and Preisig (2009). Table 1 lists the typical values of
o2 (i) with varying distances and frequencies.

Table 1 Measurement noise o2(i) with varying dis-
tances and frequencies

o2(i) (dB (Hz2))

1(2) (m)

5000 Hz 10 000 Hz 15 000 Hz 20 000 Hz
70 —63.07 —63.02 —62.94 —62.84
100 —59.97 —59.89 —59.78 —59.63
130 —57.68 —57.58 —57.43 —57.24

3 FOA-based rolling horizon AUV
state estimation and solution

This section focuses on estimating the state of
a moving AUV using only a single USV. Typically,
multiple measurements are required to solve the state
estimation problem. When using a single USV, we
combine multiple measurements from the past time
steps.

Briefly, with the known historical noisy FOA
f (i) measurements, we can estimate the FOA ¢(7)
information, which is related to the AUV and USV
states as shown in Eq. (9). Since the historical USV
states are available at the surface via GPS, and the
historical AUV states are related to the current AUV
states as described in Eq. (4), the current AUV state
can be estimated using the EKF (Jiang et al., 2021).

Fork=0,1,...,N—1,

@y (i — k — 1]i) = { gz ’?Z& ] @, (i — ki),
o (13)
g (i — kli) = fo 2= e, (¢ — kli) (14)

co — vy, 1 (1 — ki)’
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r (i = kli) = f(i = k[i) — g (i = k[d),

where the notation (i — kli) indicates the k'
historical step starting backwards from the cur-
rent step i, x,(ili) = x, (i), and r(i) =
[r(i— N +1i),....,r(ili),0]*. The sequential EKF

can be used to solve the above problem iteratively.

(15)

The recursive solution process is detailed in Section
1 of the supplementary materials.

The dynamic AUV state is estimated as the new
USV state, and FOA measurements become avail-
able. In particular, the most recent N measurements
(i+1—kli+1)for k=0,1,..., N—1 are combined at
the next step i + 1 to formulate the estimation prob-
lem defined in Eqgs. (13)—(15). Then the new AUV
state can be estimated with the new measurements.
This enables the continuous AUV state estimation
in a rolling horizon way, as illustrated in Fig. 3.

4 Trajectory optimization of the USV
to maximize the observability

The AUV state is continuously estimated using
the USV’s measurements. The AUV then obtains
its estimated state from the USV. Since the mea-
suring geometry has a significant influence on the
estimation performance, this section considers opti-
mizing the USV trajectory to maximize the system
observability. We propose to use the CRLB that
depends on the USV trajectories and the AUV es-
timated states as the observability index. By mini-
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mizing the CRLB, the optimal USV trajectory and,
consequently, the optimal FOA measurement geom-
etry, can be obtained. To solve the trajectory opti-
mization problem efficiently, a particle swarm opti-
mization (PSO) algorithm is applied.

4.1 Observability performance index

When estimating the state of an AUV, it is cru-
cial to ensure that the AUV possesses adequate ob-
servability. FIM measures the amount of informa-
tion about the AUV state contained in the observa-
tion data, thus serving as an effective observability
index in estimation problems. The derivations of
FIM are presented in Section 2 of the supplementary

materials.

The CRLB represents the minimum achievable
estimation error. It can be obtained by taking the
diagonal elements of the inverse of the FIM:

b (i) = diag (J(i)_1> , (16)

where J (4) is a Jacobian matrix.

We use the CRLB as the cost function to maxi-
mize the observability. The optimal USV state over a
future horizon can be uncovered by optimizing b (7).
In other words, the trajectory optimization of the
USV can enhance the accuracy of the AUV state
estimation.

N % (I x
3 USsV (receiver) X, (FN+ |’)| x, (i)
%—'— AUV (sender)
//Rolling horizon \
y _ [ Rotinghorizon =
/ i
x, (1) |
N I )
% L% A
A T~ _ - s ’\Q
I A
W _ okl b
. PN NG N x k) x ) %0/
\, Rolling horizon /
Y i il S S T sl

D, (FNJi=1),00, xg (11T

Fig. 3 For each step ¢, the historical N FOA measurements and USV state measurements xs(¢ — k|¢) for
k=0,1,...,N—1 are used to estimate the current AUV state. At step i+ 1, the set of historical measurements
is shifted one step forward, and the estimation process is repeated, accounting for the rolling horizon estimation
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4.2 Trajectory optimization of the USV

By controlling the motion of the USV, it is pos-
sible to achieve a desired USV-AUV configuration
that optimizes the observability of the AUV in future
steps. We define the USV state for future M steps as
X, (i) = [T (ili), xT i+ 1)), 2T (i + M[i)]".
Beginning with the current step ¢, the notation
(i + k|i) for & = 0,1,---, M indicates the pre-
dicted k*" future step. The corresponding USV in-
put sequence over the next M steps is denoted as
U, (i) = [uf (ili), ul (i + 1]i), ... uT (i + M]i)] .

Assuming that the AUV’s velocity varies slowly
over this future horizon, the cost function for the

AUV observation at the future k*" step is defined as

3

Py (k) =Y 1/b(i + kli),.

a=1

(17)

To ensure that the USV can effectively track the
AUV, the tracking cost functions at the future k*"
step are defined as

Fy (k) =dy (i + k|i) + d2 (i + k2), (18)

E3 (k) = |9V (Z+/€|Z)| ) (19)

where d; is the horizontal distance from the USV to
the AUV, d5 is the horizontal distance from the USV
to the AUV’s velocity direction, and 6, is the angle
between the velocity directions of the AUV and USV,
as demonstrated in Fig. 4. These constraints pertain
to the relative state of the USV with respect to the
AUV and guide the USV to closely follow the AUV,
thereby enhancing the AUV’s observability over an
extended time horizon.

Fig. 4 Relationship between the velocity and position
of AUV and USV

We then obtain the total cost function by

F (k) = OélFl (k) + a2F2 (k) + 013F3 (k) y (20)
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where a1, as, and as are the weighting parameters
for each component of the cost function. The term
Fy (k) aims to enhance the AUV’s observability by
minimizing the uncertainty in its state prediction
over a future horizon. However, if only Fj (k) is con-
sidered, minimizing it may lead the USV to follow
an optimization trajectory that moves away from
the AUV. This occurs because, when the AUV and
USV are in proximity, increasing their separation
maximizes the relative position difference, thereby
reducing Fi (k), as illustrated in Section 3 of the sup-
plementary materials. While this strategy improves
observability in the short term, it compromises the
USV’s ability to maintain effective tracking of the
AUV over an extended period, potentially leading to
a loss of communication or observation.

To address this issue, F»(k) and F3(k) are intro-
duced to impose constraints on the USV’s tracking
behavior. Specifically, F» (k) penalizes the horizontal
distance between the USV and the AUV (d;), and
the distance between the USV and the AUV’s ve-
locity directions (d2). The terms d; and d2 ensure
that the USV aligns with the motion trajectory of
the AUV. Minimizing F5(k) keeps the USV in prox-
imity to the AUV, preventing the divergence caused
by optimizing Fj (k) alone, while ensuring that the
USV remains positioned for continuous observation
of the AUV’s motion.

Furthermore, minimizing F3(k) ensures that the
USV adjusts its heading to align its velocity direction
with that of the AUV, which is particularly impor-
tant during sharp turns or dynamic maneuvers. To-
gether, F5(k) and F3(k) balance the positional and
angular constraints, enabling the USV to effectively
track the AUV while preserving the AUV’s observ-
ability over an extended time horizon.

To ensure the appropriate contribution of each
component to the total cost function F(k), the
weighting parameters are set as a; = 1, ag = 0.1,
and ag = 1. The value of a; = 1 prioritizes F;(k),
emphasizing the importance of AUV’s observability,
which is critical for accurate state estimation in nav-
igation. However, since F5(k) typically involves dis-
tances on the order of meters (e.g., 1-10 m in the
tested scenarios), its magnitude is significantly larger
than that of Fy(k) (0-1) and F3(k) (0—m rad). To
balance its contribution, s is set to 0.1, reducing
the influence of Fy(k), while still ensuring that the
USV maintains proximity to the AUV, as illustrated
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The
parameter ag = 1 assigns equal importance to F3(k)
as to Fy(k), reflecting the critical role of angular

in Section 4 of the supplementary materials.

alignment in dynamic tracking scenarios, such as the
SinFollow 1 trajectory, where frequent turns require
precise heading adjustments. This choice of weights
ensures a trade-off between observability and track-
ing performance, as validated through simulations in
Section 5.

The following optimization problem is then
solved in a receding horizon way to minimize the
total cost function for the next M steps:

M

U (i) =argmin » F (k)

21
U.6) &=, -

s.t. fork=0,1,..., M,

xy (i +k+ 1)) = Fa, (i + k|i), zy (i]i) = 4(0),
s (1 + k4 1) =as (0 + ki) +
vs (i + ki) cos s (i + ki)
vs (1 + E|i) sinvs (i + ki)

0
w<ws(i+kli) <@, v<us(i+ ki) <o,

To, xs (i]i) = xs(i),

(22)
where w, @, v, and v represent the physical
limits of the corresponding variables, with v =
1.15||[vu,z, Vu,y]|| and v = 0.90. Note that at the
ith step, #,(i) and (i) have been estimated and
measured. Under the assumption of slowly varying
velocity, the predicted AUV states over the next M
steps can be obtained using &, (#) as the initial state.
Similarly, the predicted USV states over the next
M steps depend on the USV control inputs Us (i)
and are derived from the initial state xs(7). These
predicted AUV and USV states determine the FIM
matrix in Eq. (21), whose elements are as defined in

Eq. (S6) in the supplementary materials.

4.3 Solving the trajectory optimization

problem

The problem defined by Egs. (21) and (22)
is highly nonlinear. Traditional local optimization
methods, such as gradient descent, are ineffective for
this problem, as they often converge to local optima
or fail to converge due to the non-smooth nature of
the cost function. To address this challenge without
requiring explicit Jacobian computations, we employ
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the PSO technique. PSO begins with the initializa-
tion of a random solution and iteratively searches for
the optimal solution. A group of moving particles
forms a swarm, with the coordinates of each parti-
cle serving as the variables to be optimized. Based
on the current best solution found by each parti-
cle and the global best solution found by the entire
swarm, each particle continuously adjusts its speed
and coordinates. The global optimal solution can be
identified through iterations. The simulation results
demonstrate that each optimization and localization
step requires only 0.2 s, fully meeting the real-time
processing requirements. In this study, we employ
the linearly decreasing inertia weight PSO (LDIW-
PSO) algorithm. By comparing the localization per-
formance of various PSO variants, it is found that
the varying PSO algorithms have a limited impact
on the results. Therefore, we use LDIWPSO to solve
the localization problem because of its simplicity and
effectiveness. Algorithm 1 presents the correspond-
ing pseudocode to solve Egs. (21) and (22) using
PSO.

Algorithm 1 Optimal motion control of USV at

stepi+1 (i > N)

Input: @, (i), AUV state estimation for the current step
N; [@s (i — N 4+ 1]i), x<(i — N +2[i), ..., @ (i]i)]",
N historical states of USVs

Output: optimal USV state at the (i + 1) step,

ws (i + 1]3) = [vs (i + 1]3) ,ws (i + 1]0)]"
: Randomly initialize the particle swarm

: Set the maximum number of iterations P

: Set the iteration number p =1

Set the number of predicted steps M

: Initialize particle coordinates

: while p < P do

Update particle coordinates that satisfy the con-

straint boundaries

8:  Evaluate the cost function value of the particle
F (us (i + 1|i) , ..., us (1 + M)

9:  Update the historical optimal position and the
global optimal position of the particle

10: p=p+1

11: end while

12: Return u} (i + 1[i)

To improve AUV observability in the next step,
the desired USV-AUV geometry can be obtained by
applying the optimal control input u} (1]¢) to the
USV.

The AUV can be tracked using a rolling hori-
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zon method by continuously estimating its state, as
shown in Section 3. Here, the trajectory optimiza-
tion of the USV can be used to optimize the measure-
ment configuration and, consequently, the estimation
accuracy. The closed-loop FOA-based USV-AUV
navigation is accomplished by iteratively repeating
these steps, as illustrated in Fig. 5.

Historical measurements

I
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i . .
- USV with receiver] |
2 5 v site]
£ I ® e e e
5|18
5| e
O G R | h—
s| 13 ! I Estimated F )
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S| Lt--- 4 AUV with sender | |* I horizon estimator
I
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I
e et | I
| J Improve estimatipn

accuracy _J'

Fig. 5 Closed-loop FOA-based USV—-AUYV navigation

5 Simulations and discussion

This section conducts simulations to demon-
strate the effectiveness of the proposed estimation
Further-
more, we investigate the impact of variables on the
USV-AUV navigation performance, including the
USV trajectory, the complexity of the AUV tra-
jectory, the AUV depth, measurement frequency,

and trajectory optimization algorithms.

packet loss rate, and noise levels.
5.1 Optimized USV trajectory

The description of the simulation environment
and simulation settings is provided in Section 5 of
the supplementary materials. The USV trajectory
affects the frequency signal measurement geometry,
which in turn impacts observability and estimation
accuracy of the AUV. To demonstrate the superior
estimation performance with the optimized USV tra-
jectory, we compare six types of USV trajectories:
the optimized trajectory, a straight-line trajectory,
the LinearFollow trajectory, and three SinFollow tra-
jectories. In multi-measurement steps, a large FIM
will yield a small CRLB when the relative position
and velocity differences between the AUV and USV
are large, leading to a substantial Doppler shift dif-
ference. In contrast, when the USV moves along a
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straight line, the relative state between the AUV and
USV provides poor observability, as the relative po-
sition and velocity differences between the AUV and
USV are small, as illustrated in Section 3 of the sup-
plementary materials. From a theoretical perspec-
tive, the optimized trajectory, derived by minimizing
the cost function F(k), balances AUV observabil-
ity (F1(k)) and USV tracking performance (Fy(k)
and F5(k)). The term Fj(k) enhances observability
by maximizing relative state differences, thereby im-
proving the FIM. However, solely minimizing F} (k)
may drive the USV away from the AUV, increasing
the tracking distance, as discussed in Section 4. The
terms Fy(k) and F3(k) mitigate this by penalizing
the distance (dy, dz) and velocity angular deviation
(6,) between the AUV and USV, ensuring proximity
and alignment with the AUV’s motion. This balance
is critical in dynamic scenarios (e.g., SinFollow tra-
jectories), where frequent AUV turns require rapid
USV adjustments.

Figs. S6-S8 in the supplementary materials il-
lustrate the USV moving along the optimized tra-
jectory, and the four specific trajectories of the USV
above the AUV in Cases 1, 3, and 5, respectively.
Simulation results validate these theoretical insights.
All five USVs can track and estimate the AUV to
varying degrees using the proposed FOA-based es-
timation method. However, as the AUV’s turning
rate increases, the USV’s tracking and estimation
accuracy deteriorates. Notably, the optimized USV
consistently achieves the best tracking performance,
as F(k) guarantees observability, while F»(k) and
F5(k) enable the USV to track the AUV. Note that
we conduct simulations in Case 1 with the state noise
of the AUV and USV following different heavy-tailed
distributions. Results show that the estimation er-
rors under heavy-tailed distributions are larger than
those under the Gaussian distribution. These find-
ings confirm that the deviation from the Gaussian
noise assumption would increase estimation errors.

Moreover, the USV control inputs are shown in
Figs. S9 and S10. All control inputs are contained
within the physical limits of the system. The mean
absolute speed (MAS) and mean absolute turning
rate (MATR) reflect the USV’s energy consumption:

1B d
MAS = — E = E (1 2
S Ee:1 Ii::l |’Ub (Z’e)|7 ( 3)
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The optimized USV trajectory does not have
the highest cost in either speed or MATR, with a
minimum speed of 2.18 m/s in Case 5. Meanwhile,
the LinearFollow trajectory incurs the lowest energy
cost in terms of MATR, with a minimum of 0.03
rad/s in Case 1.

Fig. 6 shows the absolute errors (AE) of the es-
timated position and velocity. The optimized USV
trajectory is designed to enhance the USV-AUV ge-
ometry, thereby improving AUV observability and
achieving the highest estimation accuracy. In con-
trast, the LinearFollow trajectory yields the poor-
est estimation accuracy, despite having the lowest
energy consumption in terms of MATR. The three
SinFollow trajectories exhibit varying levels of esti-
mation accuracy across different cases.

Additionally, Monte Carlo experiments are con-
ducted. Fig. 7 shows the MAS and MATR of the
USV control inputs. The optimized USV trajectory
achieves the lowest MAS in all five cases, consis-
tently below 2.19 m/s, while the MAS of other USV

trajectories exceeds 2.19 m/s, with the LinearFol-
low trajectory in Case 4 reaching the highest value
of 2.2634 m/s. The LinearFollow trajectory has the
lowest MATR, followed by SinFollow 3. The three
highest MATRs are observed in SinFollow 2, the opti-
mized trajectory, and SinFollow 1, all approximately
0.08 rad/s.

I optimized I sinFoliow 1 [ SinFoliow 3

- LinearFollow SinFollow 2

MAS (m/s)

Case 1 Case 2 Case 3 Case 4 Case 5

MAS and MATR of the USV control inputs
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Fig. 8 presents the root mean square error
(RMSE) of the estimated position and velocity.
The LinearFollow trajectory exhibits the largest
RMSE for position estimation, while SinFollow 3 has
the highest RMSE for velocity estimation in most
The optimized USV demonstrates superior
performance in position and velocity estimation,
achieving the lowest RMSE. Specifically, its position
RMSE is reduced by a factor of 0.58-9.6, and its
velocity RMSE is reduced by a factor of 0.34—11.6,
compared with those of the other trajectories. Ex-
cept for the LinearFollow trajectory, all other USV

cases.

trajectories achieve their lowest RMSE of position in
Case 1. The highest RMSE values of position for all
USV trajectories occur in Case 4, where the AUV
has the largest MATR. The highest RMSE of veloc-
ity appears in Cases 2 and 4, while the lowest occurs
in Cases 1 and 3.

I Optimized - SinFollow 1 [l SinFollow 3
- LinearFollow [ SinFollow 2

£ 300 t
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Case 3
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Fig. 8 RMSE of the estimated position and velocity

5.2 Impact of different factors

With the proposed FOA-based state estimation
method, besides the USV trajectory, the observabil-
ity of the AUV is influenced by various factors, in-
cluding the AUV depth, the estimation horizon N,
the packet loss rate of AUV depth B, the USV
acceleration noise, and the time interval between
steps Tp. Fig. 9 shows the MAS and MATR of the
USV control inputs for speed and MATR across dif-
ferent factors, while Fig. 10 shows the RMSE of AUV
state estimation. Keep in mind that the distance
between the AUV and USV affects the distance-

dependent measurement noise. It is evident that
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in all cases, the USV with optimized trajectories can
reliably estimate the AUV state. We then provide
general instructions for using the proposed estima-
tion algorithm and conduct a more thorough analy-
sis of how various factors affect the performance of
FOA-based estimation.

5.2.1 Varying AUV depth

Theoretically, AUV depth affects the observabil-
ity through the FOA measurement model. The FOA
measurement, given by Eq. (9), depends on the rel-
ative geometry between the AUV and USV. As the
AUYV depth increases, the relative position difference
between the AUV and USV decreases; in most cases,
the relative velocity also reduces as the radial veloc-
ities vy, 1 (7) and wg 1 (7) decrease, resulting in a re-
duced Doppler shift. Consequently, the observability
(quantified by F (k)) diminishes as the relative state
between the AUV and USV diminishes.
greater depths increase the propagation distance [,
amplifying the distance-dependent noise in Eq. (11),

Moreover,

further degrading estimation accuracy.

Fig. 9 illustrates the energy consumption in
terms of USV speed and MATR, while Fig. 10 depicts
the RMSE at five different AUV starting depths,
ranging from 0 m to 200 m. Overall, smaller AUV
depths require higher USV speeds but lower MATRs.
In Cases 1 and 2, where the AUV has a low MATR,
the AUV starting at a depth of 0 m yields the small-
est RMSE: approximately 12 m for the RMSE of
position and 0.5 m/s for the RMSE of velocity. In
contrast, the AUV starting at 200 m results in the
largest RMSE, with an RMSE of position of about
22 m and an RMSE of velocity of 0.8 m/s, demon-
strating that smaller depths significantly enhance the
AUV’s observability and lead to improved estimation
performance. The RMSE shows weaker correlation
with AUV depth in Cases 3-5, where the AUV has a
larger MATR. Notably, in Cases 3 and 4, the largest
RMSE occurs at a depth of 0 m, with the RMSEs
of position of 89.5 m and 172.4 m and the RMSEs
of velocity of 1.51 m/s and 2.56 m/s, respectively.
This evidence suggests that for straighter AUV tra-
jectories with lower MATRs, smaller depths result
in better observability of the AUV. For smaller AUV
depths, the relative state change between the AUV
and USV is greater, providing additional information
in the measurements and resulting in improved ob-

servability. However, when the AUV MATR is high,
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the assumption of a constant AUV velocity over N
steps becomes less valid, leading to larger errors as
the relative state increases. By comparing the re-
sults in Figs. 9 and 10, we conclude that improved
observability of the AUV is achieved at the cost of
increased energy consumption.

5.2.2 Varying estimation horizon N

The estimation horizon N plays an important
role in determining the estimation results, as it gov-
erns the amount of information used in the state
Theoretically, an increased N
includes additional FOA measurements, improving

estimation process.

observability, and reducing estimation uncertainty.
However, in dynamic scenarios with high AUV MA-
TRs, an excessively large N may include outdated
measurements, leading to errors due to the AUV’s
rapid state changes.

Figs. 9 and 10 illustrate the effect of varying N
from 6 to 10. As N increases, the USV incorporates
more measurement data into the estimation process,
resulting in generally lower RMSEs. For instance, in
Case 1, increasing N from 6 to 10 reduces the RMSE
of position from 24.0 m to 18.3 m, and the RMSE of
velocity decreases from 0.87 m/s to 0.54 m/s, as more
measurements improve the estimation accuracy, con-
sistent with the theoretical prediction. In scenarios
with elevated AUV MATRs (e.g., Case 4), the benefit
of a larger N diminishes due to the swiftly fluctuat-
ing AUV dynamics, resulting in an RMSE of position
that consistently fluctuates around 80 m regardless
of N. This evidence indicates that, although an ex-
tended estimation horizon enhances accuracy for lin-
ear AUV trajectories, its efficacy diminishes when
tracking high-turning-rate trajectories. Energy con-
sumption is impacted: as IV increases, the MAS and
MATR of the USV slightly rise to maintain the in-
creased demand for accurate tracking. In Case 1, for
example, the MAS shifts from 2.17 m/s at N = 6 to
2.19 m/s at N = 10, indicating a minor increase in
energy usage due to extended observation time.

5.2.3 Varying packet loss rate P

The packet loss rate P, affects the availability
of FOA measurements for state estimation. Theo-
retically, a higher P reduces the number of effective
measurements, thereby decreasing observability and
increasing the estimation error. The FOA measure-
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ment model assumes that each measurement con-
tributes to the state update; with packet loss, the
update frequency decreases, leading to larger errors
in the Kalman filter’s prediction step.

When trajectories are straighter, such as those
in Cases 1-3, P, has almost no effect on RMSE. This
means that the USV can keep accurate tracking even
under a high packet loss rate. In these cases, the RM-
SEs of position stabilize around 17.3, 17.5, and 30.3
m, while the RMSEs of velocity are approximately
0.68, 0.68, and 0.98 m/s, respectively. These results
demonstrate that simpler trajectories yield smaller
RMSEs and highlight the resilience of the estima-
tion process in less dynamic scenarios. In contrast,
for more complex trajectories (e.g., Cases 4 and 5),
P, has a significantly greater effect. For instance,
in Case 4, increasing P} from 0.1 to 0.3 raises the
RMSE of position from 56.8 m to 78.0 m and the
RMSE of velocity from 1.84 m/s to 2.04 m/s. These
higher RMSEs reflect the challenge of tracking dy-
namic trajectories when depth data are frequently
lost. The effect of P on energy consumption is less
consistent across different cases. Generally, to com-
pensate for increased packet loss, the USV expends
more energy by adjusting its control inputs.

5.2.4 Varying USV acceleration noise of,a

The USV acceleration noise crsz’a introduces vari-
ability into the USV’s motion, hence impacting the
precision of FOA measurements. The variance o2,
varies with sea state and depth (Holthuijsen, 2010):
the rougher the sea and the smaller the USV, the

higher the o2

s,a"

In theory, a higher o2, increases
the uncertainty in the USV’s position and velocity,
which propagates to the FOA measurement, as the
USV’s position and velocity affect the Doppler shift.
This increased uncertainty reduces observability and
degrades estimation accuracy.

Increased O'S2,a introduces variability into the
USV’s movements, affecting both RMSE and energy
consumption. As o2, rises, the USV’s control accu-
racy declines, leading to larger RMSEs. For instance,
in Case 1, increasing o7, from 0.01m/s® t0 0.03 m/s?
raises the RMSE of position from 10.4 m to 22.3 m
and the RMSE of velocity from 0.44 m/s to 0.85
m/s, consistent with the theoretical prediction. In
Case 4, the RMSE of position can reach 60 m with
a higher o2 . Additionally, with lower o2, the USV

increases its speed and MATR, resulting in higher
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energy consumption.
5.2.5 Varying time interval between steps T

The time interval Ty between measurement
steps impacts estimation accuracy and energy con-
sumption. Theoretically, a larger Ty reduces the
update frequency, increasing the prediction error in
the Kalman filter, as the AUV state may change
substantially between updates. This effect is more
pronounced in dynamic scenarios, where the AUV’s

velocity and direction change rapidly.

Larger Ty values reduce update frequency, lead-
ing to higher RMSE. For instance, in Case 2, increas-
ing Ty from 1 s to 5 s raises the RMSE of position
from 9.3 m to 36.8 m and the RMSE of velocity
from 0.62 m/s to 1.02 m/s, confirming the theoret-
ical prediction. In more complex scenarios, such as
Case 4, the RMSE of position exceeds 125.4 m with
a b s interval, highlighting the need for frequent up-
dates to maintain tracking accuracy under dynamic
conditions. Additionally, as T increases, energy con-
sumption for speed control generally rises, while that
for MATR generally decreases, reflecting the adjust-
ments required by the USV. Notably, at T, = 3 s,
speed and MATR deviate from the overall trend, al-
though the general pattern remains consistent.

In summary, the performance of the USV-AUV
navigation system is influenced by multiple factors.
For AUV trajectories, greater curvature (i.e., fewer
straight paths) leads to lower estimation accuracy
and increased energy consumption, as the USV must
make more frequent and intensive adjustments to fol-
low the AUV accurately. Higher noise levels, particu-
larly in USV acceleration, result in reduced tracking
precision, which negatively affects RMSE and en-
ergy consumption. Conversely, higher measurement
frequency, lower packet loss rate, and larger estima-
tion horizon (i.e., more information) improve estima-
tion accuracy, as the USV has more data to rely on,
especially when tracking complex trajectories. Fi-
nally, scenarios with less dynamic variation, where
AUV velocity and direction change more gradually,
allow for improved tracking accuracy and reduced en-
ergy consumption, as the USV can follow the AUV’s
trajectory more predictably. Overall, smoother tra-
jectories, lower noises, more frequent updates, and
reduced dynamic changes contribute to optimal per-
formance in terms of accuracy and efficiency.
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6 Conclusions

This paper considers using only a single surface
sensor node (USV) to estimate the states of a mov-
ing underwater target (AUV), i.e., the navigation
problem. Particular attention is paid to achieving
the optimal geometry for measuring the FOA signals
to maximize system observability and thus improve
the estimation accuracy in complex underwater en-
vironments. These goals are achieved by proposing
FOA-based state estimation and USV trajectory op-
timization algorithms, with a tailored cost function
that integrates the CRLB to optimize observability,
a distance component to ensure close following, and
a turning rate component to maintain alignment.
The proposed FOA-based framework enables robust
AUV state estimation without requiring time syn-
chronization between AUV and USV.

From this work, we conclude that, in many
cases, a randomly generated trajectory for a single-
surface node may fail to estimate the AUV state. The
proposed CRLB-based trajectory optimization algo-
rithm provides a degree of guaranteed state estima-
tion performance. The effectiveness of this algorithm
is supported by a theoretical analysis of the FOA
measurement model, which quantifies the impact of
observability on estimation accuracy. Several fac-
tors are shown to significantly influence the accuracy
of FOA-based estimation: complexity of the AUV
trajectory, noise levels, measurement frequency, and
Specifically, straighter AUV tra-
jectories yield higher estimation accuracy and lower

packet loss rate.

energy consumption for the USV. Lower noise lev-
els, higher measurement frequencies, and reduced
packet loss rates further improve tracking accuracy
and efficiency. Additionally, smaller AUV depths
and larger estimation horizons enhance system ob-
servability, making it generally favorable to use the
proposed algorithm.
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