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Abstract: In recent years, physics-informed neural networks (PINNs) have shown remarkable potential in modeling
conservative systems of rigid-body dynamics. However, when applied to practical interaction tasks of manipulators
(e.g., part assembly and medical operations), existing PINN frameworks lack effective external force modeling
mechanisms, resulting in significantly degraded prediction accuracy in dynamic interaction scenarios. Additionally,
because industrial robots (including UR5 and UR10e robots) are generally not equipped with joint torque sensors,
obtaining precise dynamics training data remains challenging. To address these issues, this study proposes two
enhanced PINNs that integrate motor dynamics and external force modeling. First, two data-driven Jacobian
matrix estimation methods are introduced to incorporate external forces: one learns the mapping between end-
effector velocity and joint velocity to approximate the Jacobian matrix, while the other first learns the system’s
kinematic behavior and then derives the Jacobian matrix through analytical differentiation of the forward kinematics
model. Second, current-to-torque mapping is embedded as physical prior knowledge to establish direct correlations
between system motion states and motor currents. Experimental results on two different manipulators demonstrate
that both models achieve high-precision torque estimation in complex external force scenarios without requiring joint
torque sensors. Compared with state-of-the-art methods, the proposed models improve overall modeling accuracy
by 31.12% and 37.07% on average across various complex scenarios, while reducing joint trajectory tracking errors
by 40.31% and 51.79%, respectively.
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1 Introduction

With advancements in industrial automation
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and intelligent technologies, manipulators are in-
creasingly deployed in complex dynamic environ-
ments, including precision assembly, minimally inva-
sive surgery, and human-robot collaboration. These
applications expose manipulators to significant en-
vironmental interaction forces (e.g., contact forces
during assembly and reaction forces from surgical
instruments) and inherent nonlinearities (e.g., joint
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friction and transmission backlash). Such time-
varying disturbances substantially modify the sys-
tem’s dynamic behavior (Phong et al., 2015). Con-
ventional physics-based modeling methods (e.g., La-
grangian and Newton—Euler formulations) (Caccav-
ale et al., 2003; Shah et al., 2012) often fail to capture
these nonlinear dynamics due to their inherent sim-
plifying assumptions and linearization approxima-
tions, resulting in notable discrepancies between pre-
dicted and actual system responses that degrade con-
trol precision and robustness (Sousa and Cortesao,
2014). Therefore, high-fidelity dynamic modeling
under complex operating conditions is essential for
precise manipulator control.

In recent years, purely data-driven methods
have been widely applied in the field of dynamics
modeling (Laddach et al., 2022; Akbari et al., 2023;
Chen et al., 2025; Cheng et al., 2025; Pikuliniski et al.,
2025; Tao et al., 2025). These methods learn sys-
tem dynamics directly from observed data, eliminat-
ing the dependence on system parameters inherent
in traditional physics-based modeling, and demon-
strate significant advantages when handling highly
nonlinear, complex systems. However, their intrinsic
black-box nature makes it difficult to reveal the un-
derlying physical mechanisms of the system, which
not only severely limits the understanding of sys-
tem fundamentals and result interpretability (Duong
et al., 2024), but also tends to cause overfitting issues
due to the failure to capture the system’s underlying
structure. This may lead to predictions that violate
actual physical behaviors in practical applications,
thereby restricting their engineering applicability.

In recent years, physics-informed neural net-
works (PINNSs) incorporating physical priors with
deep learning have demonstrated remarkable advan-
tages in robotic dynamics modeling (Roehrl et al.,
2020; Djeumou et al., 2022; Xu et al., 2022; Lut-
ter and Peters, 2023; Chrosniak et al., 2024; Gu
et al., 2024; Li ZL et al., 2024; Trinh et al., 2025).
PINNs integrate physical priors in deep learning
frameworks using two approaches: first, by hard-
coding physical laws directly into the network ar-
chitecture to ensure outputs strictly satisfy physical
constraints; second, by constructing physics-based
regularization loss functions that guide the model
to learn physically consistent behaviors through soft
constraints. Compared to traditional purely data-
driven methods, this physics—data fusion paradigm
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significantly enhances model generalization under
data-scarce conditions while guaranteeing physical
consistency in dynamics predictions.

A representative example is the deep La-
grangian networks (DeLaNs) proposed by Lutter
et al. (2019), which encoded the Lagrangian me-
chanics framework into the neural network architec-
ture while strictly preserving the symmetry and pos-
itive definiteness of the inertia matrix during learn-
ing. This approach achieved high-accuracy dynam-
ics modeling while ensuring physical interpretabil-
ity. Experimental results demonstrated that DeLaNs
could precisely characterize the dynamics of conser-
However, due to the conservative
assumptions inherent in the Lagrangian framework,

vative systems.

they fail to accurately represent dynamics dominated
by non-conservative forces (e.g., nonlinear friction
and time-varying environmental disturbances), re-
sulting in significantly degraded modeling accuracy
when applied to practical complex dynamic engineer-
ing scenarios.

To address DeLaN’s limitations in modeling
non-conservative forces, Lutter et al. (2019) and Lut-
ter and Peters (2023) integrated parameterized fric-
tion coefficients as trainable network weights into the
architecture, achieving an organic fusion of frictional
dynamics with the Lagrangian framework. Gupta
et al. (2020) proposed combining the DeLaN archi-
tecture with a black-box dissipative force network,
where DelLaN models conservative system dynamics
while the dissipative network learns non-conservative
Lahoud et al. (2024) enhanced the mod-
eling of complex friction phenomena by integrat-
ing the DeLaN framework with a linear asymmet-
ric Coulomb friction model. Hu et al. (2025) devel-
oped an innovative hybrid learning framework that
structurally combines Lagrangian dynamics with the
Stribeck friction model and introduces a residual

forces.

compensation module to capture unmodeled nonlin-
ear dynamics. Liu et al. (2024) extended DeLaN
by employing a black-box network to learn damping
matrices for dissipative force modeling and proposed
a method that incorporates dissipation while allow-
ing non-collocated control actions. Wu et al. (2024)
and Li ZM et al. (2024, 2025) effectively modeled
non-conservative dynamics (including nonlinear fric-
tion, external disturbances, and elastic effects) that
are difficult to characterize within traditional La-
grangian frameworks by fusing DeLaN with standard
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deep networks.

Although these models demonstrate superior
performance in handling complex friction phenom-
ena, they lack effective external force modeling mech-
anisms and exhibit insufficient capability in charac-
terizing interactive forces. This limitation leads to
non-negligible dynamics modeling errors in practi-
cal force-sensitive applications (e.g., high-precision
assembly and surgical instrument manipulation), ul-
timately compromising the accuracy and robustness
of the control system. Furthermore, cost-constrained
industrial manipulators are typically not equipped
with joint torque sensors, making traditional dy-
namics learning methods that rely on joint torque
measurements difficult to implement.

To address these challenges, this paper proposes
two novel PINN-based dynamics models that in-
corporate motor dynamics and external force cou-
pling for manipulators without joint torque sensors.
First, we innovatively develop two data-driven Ja-
cobian matrix estimation methods to integrate ex-
plicit external force representation mechanisms into
the DeLaN architecture, enabling accurate model-
ing of nonlinear external forces in complex interac-
tion scenarios: (1) the direct Jacobian method learns
the mapping between end-effector velocity and joint
velocity to estimate the Jacobian matrix; (2) the
kinematic differentiation method first learns the sys-
tem’s kinematic behavior, and then analytically de-
rives the Jacobian matrix through differentiation of
the learned forward kinematics model.

Second, we encode motor dynamics into the De-
LaN framework by incorporating current-to-torque
mapping as a physical prior, establishing an ex-
plicit dynamic relationship between system motion
states and motor currents for high-precision mod-
eling without torque sensors, while simultaneously
learning physically consistent friction model param-
eters end-to-end. Consequently, we develop two en-
hanced PINN-based dynamics models by integrat-
ing motor dynamics and external force modeling
into the DeLaN framework: DeLaN with motor dy-
namics and kinematic differentiation force modeling
(DeLaN-MKF) and DeLaN with motor dynamics
and direct Jacobian force modeling (DeLaN-MJF).
Extensive experiments conducted on various manip-
ulators in both simulation and real-world environ-
ments demonstrate the effectiveness of our models
compared to state-of-the-art approaches. The main
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contributions of this work are as follows:

1. Propose two novel PINN-based dynamics
models that incorporate motor dynamics and exter-
nal force coupling, which significantly improve dy-
namics modeling in complex interaction scenarios.

2. Develop two neural network-based Jacobian
matrix estimation methods, where the kinematic
differentiation method implicitly satisfies kinematic
geometric constraints during training and exhibits
stronger physical consistency and interpretability.

3. Embed motor dynamics into DeLaN to elim-
inate dependence on joint torque measurements
while parameterizing friction coefficients as train-
able network weights for end-to-end system dynam-
ics learning.

4. Conduct extensive experiments on UR5 and
UR10e manipulators across various complex inter-
action scenarios, demonstrating superior modeling
accuracy, generalization capability, and control per-
formance compared to state-of-the-art methods.

5. The DeLaN-MKF model implicitly satisfies
geometric constraints during training and shows the
best performance in multiple experiments, indicating
that this method of improving physical interpretabil-
ity by satisfying geometric constraints can further
enhance model performance.

2 Preliminaries
2.1 Lagrangian mechanics

The core of Lagrangian mechanics lies in de-
riving dynamic equations using the Lagrangian, de-
fined as L(q,q) = T(q.4) — V(q), where T'(q, q) =
%qTH (q)q represents the kinetic energy with g and
g denoting the generalized coordinates and the gen-
eralized velocities, respectively. H(q) is a symmet-
ric positive-definite mass matrix ensuring positive
kinetic energy for all nonzero velocities. V'(q) rep-
resents the potential energy determined by the sys-
tem’s configuration. The Euler-Lagrange equation
describing system dynamics derived using the calcu-
lus of variations is as follows:

d <6L<q,q>> ~ 0L(q,4)
dt oq

=T 1
ek SO
where 7T denotes the generalized force acting on
the generalized coordinates q of the system. Sub-
stituting the kinetic energy T'(q,q) = %qTH(q)q
and potential energy V'(q) into the Euler-Lagrange
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equation yields the second-order ordinary differential
equation that describes any holonomic multi-particle
mechanical system:

H(q)i+H (q)d — ~ <~T‘9H(‘1) q) L V(a)

2\ oq dq -
——
c(q,4) g(q)

(2)
where ¢ denotes the generalized accelerations,
¢(q, q) represents the Coriolis and centrifugal force
matrix, and g(q) denotes the gravity vector. The
equation simplifies to the standard rigid-body dy-
namics formulation for robotic systems:

H(q)d+c(q,q) +g(q) =T. (3)
2.2 DeLaN

The DeLaN is a neural network architecture
based on Lagrangian mechanics (Lutter et al., 2019),
incorporating Lagrangian mechanics as physical pri-
ors into the network structure to ensure that the
learned dynamical models rigorously comply with
physical constraints.

The network architecture of DeLaN is illus-
trated in Fig. 1. The framework independently pa-
rameterizes the mass matrix H(q) and potential en-
ergy V(q) to learn system dynamics. Given the sym-
metric positive-definite property of H(q), the kinetic
energy remains positive for all nonzero velocities.
To preserve this physical constraint, DeLaN employs
Cholesky decomposition to represent the mass ma-
trix as a product of lower triangular matrices:

H(q;0) = L(q;0)L" (q;9), (4)

2607

where f/(q; 0) is a lower triangular matrix with pos-
itive diagonal elements. The off-diagonal elements
io(q; ) use linear activation functions, while the di-
agonal elements id(q;G) employ non-negative acti-
vation functions plus an additional positive scalar b
This
decomposition strictly enforces the symmetry and

to ensure the diagonal positivity of j)(q;@).

positive definiteness of the mass matrix.

The optimization problem for DeLaN is for-
mulated as the minimization of the residual of the
Euler-Lagrange equation, as presented in Eq. (1):

d (M)

0*, 9" = argmin

6,¢ ||dt aq 5)
0L(q,q) ’
4 7
dq W,

where 6 and ¢ are the trainable weight parameters
for learning the mass matrix H(q) and potenial en-
ergy V(q), respectively; their optimal counterparts,
0* and ¢*, are the values obtained from the optimiza-
tion process. The norm || - ||, represents the diag-
onal covariance matrix of joint torques 7, account-
ing for residual magnitude variations across joints
through gradient-based optimization. DeLaN com-
bines data-driven learning with physical priors, pro-
viding enhanced physical interpretability over con-
ventional neural networks.

3 Methodology

To overcome the limitations of DeLaN in model-
ing non-conservative forces (e.g., friction and exter-
nal contact forces) that cannot be directly described

o |

( )=6V(q) @ o) @
@ aq vy vy \lJ
® [5 0 8] 09", | aH(a) .
®©—+|0 %0 T aq, @) | —5 H(q)
A A 4

|

|

| il

H(q)=L(q)L™(q) - —— ! |
|

|

Fig. 1 Network architecture of DeLalN. The DeLalN architecture learns system dynamics through two dedicated
neural networks that approximate the mass matrix H(q) and the potential energy V (q), respectively. DeLaN:

deep Lagrangian network
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by traditional Lagrangian frameworks, and to ad-
dress the absence of joint torque measurements, this
paper incorporates both the motor dynamics mod-
eling and the external force modeling into DeLaN,
proposing two PINN-based dynamics models.

To apply the general Lagrangian framework in-
troduced in Section 2 to our specific robotic manip-
ulator, we instantiate the generalized variables with
their physical counterparts: the generalized coordi-
nates q correspond to the joint angles, while their
derivatives ¢ and ¢ represent the joint velocities and
accelerations, respectively. The generalized forces T
are identified with the torques applied at each joint.

3.1 Motor dynamics modeling

Industrial manipulators are typically not
equipped with joint torque sensors due to cost con-
straints. However, learning-based dynamics model-
ing methods rely on accurate joint torque data, thus
motivating the proposed joint motor dynamics mod-
eling approach for manipulators. The dynamics of
direct current motors with harmonic reducers are

generally described by the following equation:
T = rkyi, (6)

where ¢ represents the motor current, k; denotes the
motor torque constant, and r is the gear ratio. The
joint torque is calculated from the motor current to
establish a direct mapping relationship between the
system’s motion states and motor current. Due to
the high-gear-ratio harmonic drives employed in the
UR10e robot, which significantly amplify friction ef-
fects, it is essential to incorporate an accurate fric-
tion model to compensate for the nonlinear influ-
ences introduced by the harmonic drive.

In the UR10e robot, the friction in well-designed
and maintained brushless motors is negligible, mak-
ing harmonic drives the primary source of system
friction. This study adopts the friction model from
Clochiatti et al. (2024), originally developed for the
URbe robot, as both robots share similar motor con-
figurations. The model assumes that the friction
torque consists of a standard friction component and
an asymmetric smoothed Coulomb friction compo-
nent. The friction torque for the j*™ motor is de-
scribed by

€

. 0.,
Tiric,j = kyvOm + tanh (—) T., (7)
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where the smoothing parameter € is empirically set
to 1073, @, denotes the motor angular velocity, and
k, represents the friction coefficient. The Coulomb
friction term T, equals T2 for motor-to-load power
flow and TV for reversed flow. Here, tanh(-) serves
as a smooth transition function to approximate the
discontinuous Coulomb friction, ensuring model dif-
ferentiability across all velocities.

Because friction in the UR10e robot originates
predominantly from harmonic drives, with the motor

angular velocity 6, = rq, the joint friction torque

becomes

=" (rkvq + tanh (ﬂ) TC) ) (8)
€

1"di1r7

TC = {TCI‘CV

c )

The motor actuator model is incorporated into
DelLaN, where the gear ratio r, motor torque con-

ifg-7m; >0,
if(j-Tj<0.

(9)

stant k¢, Coulomb term T, and friction coefficient
k, are learned as network weights. Through end-to-
end training, we achieve joint optimization of both
the model and its parameters, ultimately establish-
ing the dynamic mapping relationship between the
system’s motion states and motor currents. Unlike
traditional parameter identification, these parame-
ters are not calibrated through offline experiments
but rather adapt dynamically as part of the model-
ing framework.

3.2 External force modeling

During grasping, assembly, and surgical opera-
tions, the robot end-effector inevitably contacts ob-
jects, generating external contact forces. Accurate
modeling of these forces is essential for enhancing
robotic performance and safety. The external torque
formulation follows (Khatib, 1987):

Text = JT <Q)Fexta

where 7.y denotes the external joint torque acting

(10)

on each manipulator joint, Foy represents the end-
effector external force/torque (measured by a six-
axis force/torque sensor with components F, Fy,
F., My, My, M), and J(q) is the Jacobian matrix
mapping Fext to the joint-space torque Texs. Due
to undisclosed manufacturer parameters, obtaining
an accurate J(q) proves challenging. This study de-
velops two data-driven methods for Jacobian matrix
approximation.
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3.2.1 Direct Jacobian

The robot configuration is determined by its
rigid links and joint angles q. Through forward kine-
matics, the joint angles g are transformed into the
end-effector pose x via @ = f(g). The end-effector
pose is defined as = [pg,py,ps,,B,7]T, where
Dz, Py, and p, denote the Cartesian position coor-
dinates and «, 3, and 7 represent the orientation
parameterized by ZYX Euler angles (roll-pitch—yaw
sequence) (Crane IIT and Duffy, 1998). The function
f(q) is obtained through chained multiplication of
homogeneous transformation matrices, representing
the coordinate transformation from the base frame
to the end-effector frame.

To analyze the relationship between end-effector
velocity and joint velocity, the Jacobian matrix J(q)

is introduced and defined as

(11)

where & represents the end-effector velocity, de-
fined as # = [v,w]?, with v = [vs,vy,v:]T being

& = J(q)q,

the linear velocity vector (translational motion) and
w = [wg,wy,w,]T the angular velocity vector (ro-
tational motion). The Jacobian matrix establishes
a differential mapping between joint space and task
space. The direct Jacobian method directly learns
the mapping between end-effector velocity and joint
velocity. The network takes joint angles g as input

and outputs the Jacobian matrix J(q). The loss
function is designed as follows:
N
1 B 12

where N denotes the number of training samples and
& indicates the predicted end-effector velocity from
the model, computed as

@ =J(q)d, (13)

where J(q) denotes the Jacobian matrix predicted
by the network. This approach essentially performs
data-driven local linearization of the chain structure.
However, this approach cannot globally model non-
linear kinematics. When training data only cover a
local region of the workspace, significant prediction
errors may occur in untrained areas. Moreover, kine-
matic geometric constraints may be violated due to
data noise and overfitting.
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3.2.2 Kinematic differentiation

The
learns the system’s kinematic behavior by fitting the
forward kinematics model © = f(q), which captures
the global nonlinear characteristics of the kinematics

kinematic differentiation method first

across the entire workspace. The Jacobian matrix is
then obtained by computing the partial derivatives
of the forward kinematics model f(q) with respect
to q:

or | L B
J(Q)Za—qz . . . (14)

Ofn Ofw ... Ofn

oq1 0q2 Oqn

The network takes joint angles q as input and
outputs end-effector pose x, trained through super-
vised learning. The loss function is designed to min-
imize the mean squared error between the predicted
end-effector pose & and the ground truth pose x

1N
p— A. — . 2
L=— 2_1 |&: — "

The forward kinematics model fundamentally

(15)

represents the chain rule of coordinate transforma-
tions for manipulator links. During the learning pro-
cess, the network implicitly satisfies these geometric
constraints imposed by the manipulator’s structure
(e.g., orthogonality of rotation matrices and invari-
ance of link lengths) through training. As an ana-
lytical derivative of f(q), each partial derivative g(];;
in the Jacobian matrix inherits these geometric con-

straints, resulting in learned Jacobian matrices with

strong physical consistency.

The Jacobian matrix J(q) = 8’(;51‘1) derived by

this method maintains clear kinematic interpreta-

Ofi
qu

understanding of how variations in joint angles affect

tions for each element . This provides an intuitive
the end-effector’s position and orientation, directly
revealing the spatial coupling relationships among
the manipulator configuration parameters. The re-
sulting Jacobian matrix exhibits high physical con-
sistency and interpretability, enabling seamless inte-
gration of external force modeling into PINNs.

3.3 Design of the overall network architecture

Building upon Eq. (3) and considering fric-
tion effects and external disturbances, the system’s
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dynamic equation can be expressed as

T=H(q)G+c(q,q9) +9(q) + TF + Texs,  (16)

where the joint output torque 7 includes conservative
force terms (inertial, Coriolis, centrifugal, and grav-
itational forces) and non-conservative force terms
(friction torque and external torque). After incor-
porating the motor dynamics model from Eq. (6),
we obtain the final inverse dynamics equation for
the manipulator:

( (H(q)d +c(q,q) +9(q) + T + Text) -

T

:m

(17)

Fig. 2 shows the network architectures of both
models (DeLaN-MJF and DeLaN-MKF). The mod-
els receive multiple inputs: the joint angles q, an-
gular velocities g, angular accelerations ¢, and the
six-dimensional end-effector external force Fo;. The
network output is the motor current 2.

The orange portion represents the DeLalN
framework, where we leverage DeLaN’s advantages
in conservative force modeling by using two separate
networks to parameterize the mass matrix H(g) and
potential energy V' (q), thereby learning the system’s
conservative force terms, including inertial, Coriolis,
centrifugal, and gravitational forces. The mass ma-
trix H(q) is decomposed into a lower triangular ma-
trix to ensure its symmetry and positive definiteness.

The blue portion represents the external force
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modeling, where two neural network methods are
employed to fit the system’s Jacobian matrix for
mapping task-space forces to joint space, thus in-
troducing an explicit external force modeling mech-
anism. The DeLaN-MKF model is based on kine-
matic differentiation:
kinematic behavior through a neural network that
maps joint angles to end-effector pose (x = f(q)),
thereby obtaining the forward kinematics model
f(g). The Jacobian matrix is then derived by com-

it first learns the system’s

puting the partial derivatives of f(q) with respect
to q. The DeLaN-MJF model adopts the direct
Jacobian method, where a neural network directly
learns the mapping from joint angular velocities to
end-effector velocities to obtain the Jacobian matrix
J(q). Through the learned Jacobian matrix, the ex-
ternal torque term 7oy is incorporated.

The purple portion represents the motor dynam-
ics modeling. First, a friction model is embedded
in the network: 7w = r (Tk‘VQ—i—tanh (%) TC) to
learn the system’s nonlinear friction effects. Sec-
ond, the mapping relationship between motor cur-
rent and joint output torque is incorporated as physi-
cal prior knowledge, establishing a dynamic mapping
between system motion states and motor currents,
thereby eliminating dependence on joint torque mea-
surements and achieving accurate modeling with-
out torque sensors. Simultaneously, friction coeffi-
cients and motor dynamics parameters are learned

F

ext

Forward kinematics model

DeLaN-MJF |

—=Jacobian matrix
______ S

J(q)F,

ext

T
gl

=H(q)d+¢(q,9)*§(q)*7,+,,

Tex Loss function

C) Deep Lagrangian network (DeLaN) B $
5995 ® &4 *

o139

o(a.0)-H@a4{a R )

°8 §]} -6-Ha)»L@L (@)

i DelLaN-MKF |
1 _II_:1? - 2 |

| |H(q)¢'.1 Ll Al e
1 [
=" DelaN-MiF |}

I |
i wellill Al i

| H(rk g+tanh [2—"] T)

Fig. 2 Network architectures of two hybrid PINN-based models that incorporate motor dynamics and external
force modeling into the DeLalN network. The orange components represent the DeLalN network, the blue
components represent the external force modeling, the purple components represent the motor dynamics
modeling, and the green components represent the loss function. DeLaN-MJF: DeLalN with motor dynamics
and direct Jacobian force modeling; DeLaN-MKF: DeLaN with motor dynamics and kinematic differentiation
force modeling; PINN: physics-informed neural network. References to color refer to the online version of this

figure
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as network weights through end-to-end training for
joint optimization of the model and parameters.

The green portion shows the loss functions for
both models. For DeLaN-MKF, the loss function

R 2
is defined as L = Hz—zH + A& — x|, where
Wi

1 represents the measured motor current, i is the
predicted motor current, including both dynamics
loss (mean squared error between predicted current
i and measured current 4) and kinematics loss (mean
squared error between predicted end-effector pose &
and actual pose x) when fitting the Jacobian ma-
trix. For DeLaN-MJF, the loss function is defined as

N 2
j zsz A
Wi

prises dynamics loss and Jacobian fitting loss (mean

. 2
T — mH , which similarly com-

squared error between predicted end-effector veloc-
ity & and actual measured velocity @). The penalty
term A\ balances the relative weighting of these com-
ponents in the total loss.

Overall, both models use the DeLaN architec-
ture to learn the conservative force terms of the sys-
tem. They establish explicit external force models
by fitting the Jacobian matrix with different neu-
ral networks to learn the system’s external torque.
They introduce a friction model by parameterizing
the friction coeflicient as a trainable network weight
integrated into the architecture, learning the fric-
tion torque. Therefore, the predicted joint output
torque consists of three components: conservative
force terms, friction torque, and external torque. Ad-
ditionally, by embedding the mapping between mo-
tor current and joint output torque, a dynamic map-
ping between the system’s motion state and motor
current is ultimately established. The training pro-
cess not only learns the system dynamics but also the
Jacobian matrix. Hence, the loss functions of both
models include two parts: the dynamics loss and the
Jacobian matrix fitting loss.

DeLaN-MKF introduces the motor dynamics
modeling and the external force modeling based on
the kinematic differential method into the DeLaN ar-
chitecture, while DeLaN-MJF introduces the motor
dynamics modeling and the external force model-
ing based on the direct Jacobian method into the
DelLaN architecture.
posed dynamic models, which simultaneously con-

In addition to the two pro-

sider the coupling between motor dynamics and
external forces, three other PINN-based dynamics
models are constructed: (1) DeLaN-motor, which

introduces only the motor dynamics modeling into
the DeLaN architecture; (2) DeLaN-KF, which intro-
duces only the external force modeling based on the
kinematic differential method; (3) DeLaN-JF, which
introduces only the external force modeling based
on the direct Jacobian method. These five mod-
els are compared with the baseline model DeLaN
to validate the effectiveness of the proposed motor
dynamics method and the two external force model-
ing methods based on the learning of the Jacobian
matrix.

3.4 Construction of the parametric network

The specific network parameterization of the
models is described as follows:

’2 = f_l(qvqaqueXt;97¢aw’k)v

where 1 denotes the trainable weight parameter for

(18)

learning the Jacobian matrix J(q). The parameter
set k encompasses motor dynamics modeling param-
eters: reduction ratio r, torque constant k;, Coulomb
friction Tt., and friction coefficient k,. The manipu-
lator’s inverse dynamics model is as follows:

F7Ha, G, G, Fuxi; 0, 6,0, k) = L (ﬁ(q;ﬁ)d

’f‘kt
OV (q: ) 1 L0H(g:0) .\
q; g . .T q; .
DY L H(q:0)g — = i A4
+ 94 + H(q;0)q 2((1 9 q)
9lai?) é(a.d:0)

+ +F(q7 kv, Tc) + +ext(q7 Fext; ¢)> .
(19)

The training process learns both the system dy-
namics and the Jacobian matrix. To prevent the Ja-
cobian matrix learning from dominating the training
process at the expense of system dynamics learning,
an additional penalty term is introduced. The opti-
mization objective for DeLaN-MKF is defined as

(9*7 " ", k*) = argmin( Hf_l((LQa q, Fox;
0,0,9,k

0.0.00) =i +Al(an) -zl ). (20

The optimization objective for DeLaN-MJF is
defined as

(9*7 ", Y, k*) = argmin( Hfil((LQa q, Fox;
6,0,9,k

2 N 2
9,¢,w,k)—z’HWi+)\ :b(q;w)—d:H ) (21)
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The primary learning objective focuses on sys-
tem dynamics, requiring balanced optimization be-
tween dynamics loss and Jacobian matrix loss. This
approach maximizes system dynamics learning while
preserving essential Jacobian matrix accuracy.

4 Experiments

Multiple experiments are conducted on six-
degree-of-freedom (6-DOF) UR5 and UR10e robots
to validate the effectiveness of the proposed model.
These two types of 6-DOF manipulators have joints
numbered sequentially from the base (Joint 0) to the
end-effector (Joint 5). Joint 5 is the joint that drives
the end-effector.

4.1 Experimental setup
4.1.1 Experimental design

1. Motor dynamics modeling experiment

To verify the effectiveness of the proposed motor
dynamics modeling method, inverse dynamics mod-
eling experiments are conducted on the UR10e robot
(without joint torque sensors) in both an ideal sim-
ulation platform and a real-world environment.

2. External force modeling experiment

To comprehensively evaluate the effectiveness of
the two external force modeling methods based on
learning the Jacobian matrix, multiple external force
scenarios commonly encountered in actual manipu-
lator interaction tasks are constructed in simulation.
A thorough dynamics modeling and generalization
experiment is conducted on the URS5 robot.

3. Modeling

conditions

experiment under practical

To assess the performance of the two models
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that consider the coupling between motor dynam-
ics and external forces, DeLaN-MJF and DeLaN-
MKF, in real-world interaction tasks, inverse dynam-
ics modeling experiments are performed while the
URI10e robot carries out material transport tasks.
An incremental training strategy (10%—100% data)
is applied to evaluate the model’s learning efficiency.

4. Model-based control experiment

To evaluate the control performance of the mod-
els, model-based inverse dynamics control exper-
iments are conducted in the simulation, compar-
ing the trajectory tracking capabilities of different
models.

4.1.2 Models

The abbreviations and full names of the different
dynamic models are listed in Table 1.

The component-specific models DeLaN-motor,
DelLaN-JF, and DeL.aN-KF are compared against the
baseline DeLaN model (Lutter et al., 2019) to vali-
date the effectiveness of motor dynamics and the two
external force modeling methods based on learning
the Jacobian matrix, respectively.

A purely data-driven feedforward neural net-
work (FFENN) (Lutter et al., 2019) is used as a base-
line to validate the impact of embedding physical pri-
ors on the model performance and learning efficiency.

Three PINN-based models, the
Lagrangian-based learned model (LNN) (Liu et al.,
2024), the structured mechanical model of a control-
affine system (SMM-C) (Gupta et al., 2020), and
the deep Lagrangian network with feedforward neu-
ral network (DeLaN-FFNN) (Wu et al., 2024), are
used as baselines to validate the model’s ability to
describe nonlinear features in complex interaction

namely

Table 1 Abbreviations and full names of the different dynamic models

Model Type Full name of the model
FFNN Feedforward neural network
DeLaN Deep Lagrangian network
DeLaN-FFNN Baseline Deep Lagrangian network with feedforward neural network
LNN Lagrangian-based learned model
SMM-C Structured mechanical model of a control-affine system
DeLaN-motor Deep Lagrangian network with motor dynamics modeling
DeLaN-JF Deep Lagrangian network with direct Jacobian force modeling
DeLaN-KF Proposed Deep Lagrangian network with kinematic differentiation force modeling
DeLaN-MJF Deep Lagrangian network with motor dynamics and direct Jacobian force modeling
DeLaN-MKF Deep Lagrangian network with motor dynamics and kinematic differentiation force modeling
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LNN is a method based on PINNs
that includes dissipation and allows non-isometric
control actions. SMM-C introduces a black-box dis-
sipative force network in the DeLalN architecture
to learn non-conservative forces. DeLaN-FFNN in-

environments.

tegrates DeLaN with a standard deep network to
model non-conservative dynamics (including nonlin-
ear friction, external disturbances, and elastic ef-
fects) that are difficult to represent within the tradi-
tional Lagrangian framework.

4.1.3 Evaluation metrics

To comprehensively assess the performance of
the proposed models, three metrics are employed:
the normalized mean squared error (NMSE), the root
mean squared error (RMSE), and the coefficient of
determination (R?). The R? metric is defined as

S (g — 9i)
Z?:1 (yz - g)2 7

where y; and 9; denote the actual and predicted mo-

R*=1- (22)

tor currents (or joint torques), respectively, and y
represents the mean value of the dataset. To ensure
balanced learning of the system’s overall dynamics
and prevent joints with larger torque magnitudes
from dominating the prediction, equal weighting is
applied to the R? score across all six joints.

4.1.4 Dataset construction

1. UR5S

The robot (Fig. 3a) is simulated using the Py-
Bullet physics engine. To fully excite the system’s
dynamic characteristics while minimizing abrupt
motions and impacts that could cause vibration or
jerk, a sinusoidal-based reference trajectory is de-
signed for the URb robot as follows:

; i qi—qi T . 2mt
qt:q0+ fTO( S )

(23)

The trajectory ensures continuity and smooth-
ness of the robotic motion by combining the initial
position ¢, and final position g} with a smooth tran-
sition function of time ¢ and total duration 7. A
total of 200 distinct excitation trajectories are ran-
domly generated, each lasting 8 s, with a sampling
frequency of 50 Hz. The collected data include
joint angles, velocities, torques, end-effector poses,
end-effector velocities, and external forces for all six
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Fig. 3 (a) URS robot in the simulation environment,
demonstrating a trajectory of the end-effector from
the test set; (b) real UR10e robot; (c) UR10e robot
in the URsim simulation platform

joints. Joint accelerations are computed using the
central difference method.

2. UR10e

A communication link is established between
the robot and the personal computer (PC) using the
TCP/IP socket protocol to ensure command trans-
mission to the robot and real-time data reception
on the PC. Following the same procedure as for the
URb, 200 trajectories are randomly generated on
the physical robot (Fig. 3b) and the URsim simula-
tion platform (Fig. 3¢), with a sampling frequency of
500 Hz. Joint angles, velocities, motor currents, end-
effector poses, end-effector velocities, and external
forces measured by the six-dimensional force/torque
sensor at the end-effector are recorded. Joint accel-
erations are calculated using the central difference
method.

Full-dimensional dynamic data from a typical
material transport task are collected on the real
robot. The transport task covers the following op-
erating conditions: transient collision events during
the transportation process (including 5-16 N impulse
impacts in the F,/F,/F. directions), dynamically
changing load masses (0-1.5 kg stepwise variation),
continuous pushing and pulling transportation in the
horizontal plane (3-11 N continuous forces in the
F,/F, directions), vertical lifting operations (5-36 N
varying loads in the F, direction), and spatially
varying loads during continuous multi-target point
transportation (3—27 N combined forcesin F,,/F, / F,
directions).

An ATI F/T Gamma six-dimensional force sen-
sor is used to measure the external forces on the end-
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effector in real time, with the following measurement
resolutions in 6-DOF: 0.0125 N for F,/F,, 0.025 N
for F,, and 0.001 N-m for M, /M, /M, (M, M,, and
M, represent the components of the applied torque
around the z-, y-, and z-axis of the sensor, respec-
To re-
duce the model training time, the collected data are
downsampled to 50 Hz.

tively). The sampling frequency is 500 Hz.

4.2 Inverse dynamics modeling experiment
4.2.1 Motor dynamics modeling experiment

First, modeling experiments are conducted on
the UR10e robot in the ideal URsim simulation en-
vironment. All models are trained using the same
dataset. Table 2 presents the inverse dynamics mod-
eling results for the UR10e robot in this simulated
environment, with corresponding visualizations pro-
vided in Fig. 4a. Bold values denote the optimal
performance metrics across all evaluated models. A
comparative analysis reveals that the DeLaN-motor
model exhibits substantially reduced NMSE values

for individual joints. It also shows a superior over-
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all coefficient of determination (R? = 0.9972) com-
pared to the FFNN baseline. This performance dis-
parity arises from the FFNN’s lack of physical con-
straints. In contrast, the DeL.aN-motor architecture
incorporates fundamental physical principles, result-
ing in enhanced predictive accuracy as evidenced by
its near-unity R? value.

The results of the UR10e modeling experiments
in real-world environments are presented in Table 2
and Fig. 4b. Both DeLaN-motor and FFNN demon-
strate competent predictive performance with trends
similar to those observed in the ideal simulation
environment. The DeLaN-motor model achieves
lower NMSE values for nearly all joints compared to
FFNN. It also has an overall R? of 0.9857, confirming
its ability to effectively learn the fundamental dy-
namics of the manipulator in physical deployments.
These results collectively validate that the DeLaN-
motor model, with integrated motor dynamics, ex-
hibits superior modeling performance in both ideal
simulation and real-world conditions. This demon-
strates the efficacy of incorporating motor dynamics

modeling.

Table 2 NMSE of motor currents and overall coefficient of determination (R?) for each joint of the UR10e
robot in both ideal simulation and real-world environments

NMSE
Type Model R?
Joint 0 Joint 1 Joint 2 Joint 3 Joint 4 Joint 5
Ideal FFNN 3.614e—1 2.008e—2 1.669e—2 7.832e—2 8.076e—2 1.689e—1 8.790e—1
simulation DeLaN-motor 4.839e¢—3 2.077e—4 3.706e—4 6.979e—3 2.831e—3 1.280e—3 9.972e—1
Real-world FFNN 2.886e—2 2.485e—2 2.116e—2 1.335e—2 1.605e—2 2.509e—1 9.408e—1
- Wi

DeLaN-motor 2.085e—2 1.068e—2 1.507e—2 1.176e—2 1.708e—2 1.029e—2 9.857e—1

DeLaN: deep Lagrangian network; FFNN: feedforward neural network; NMSE: normalized mean squared error. Bold values indicate

the better performance for each metric and joint
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Fig. 4 Inverse dynamics learning performance of different models for the UR10e robot under zero external
force: (a) modeling performance on the UR10e robot in an ideal simulation environment; (b) modeling
performance on the real UR10e robot. The horizontal axis denotes the number of sample points. The black
curve denotes ground truth, the red curve represents predictions of the DeLaN-motor model, and the blue
curve corresponds to the FFNN model. DeLalN: deep Lagrangian network; FFNN: feedforward neural network.
References to color refer to the online version of this figure
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4.2.2 External force modeling experiment

1. Optimal parameter selection

In the PyBullet simulation platform, modeling
experiments are conducted on the URS robot. First,
the influence of the weight parameter A\ on overall
optimization is investigated to identify the optimal
value. The DeLaN-KF model is tested under fixed
external forces with a series of A values. The exper-
imental results are shown in Fig. 5. It is observed
that when A is small, the optimization objective is
primarily dominated by dynamics. This results in
lower accuracy of the learned Jacobian matrix and
imprecise external force terms, which degrade over-
all model performance. As A increases, kinematic
optimization gains prominence, leading to a balance
between system dynamics and kinematic optimiza-
tion. Although some fluctuations occur, the over-
all performance shows an upward trend. However,
when A becomes excessively large, the optimization
objective shifts to kinematic dominance. Although
this results in precise Jacobian matrices, it adversely
affects the learning of overall dynamics, thereby re-
ducing modeling accuracy. Therefore, selecting an
appropriate A\ during model training is crucial for
achieving optimal performance.

0.901 2
—e— R“ score

085] @ BestR?

Overall R? score
o
~
o

107 10-5 10- 10! 10! 103
Weight parameter A

Fig. 5 Variation trend of the coefficient of determi-
nation (R?) for the DeLaN-KF model with respect to
the weight parameter A. The purple data point indi-
cates the X\ value yielding the maximum overall R2.
References to color refer to the online version of this
figure

2. Variable external force

Fig. 6 illustrates the performance evolution
trends of different modeling methods in the UR5
robot system as a function of external force mag-
nitude. Under smaller external forces, all mod-
els exhibit good learning capability, with R? val-
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Comparison of model performance
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Fig. 6 Variation in the coefficient of determination
(R?) for each model’s prediction of total joint torque
across different magnitudes of applied external force,
where omitted data points indicate R? values out-
side the [0,1] range. DeLalN: deep Lagrangian net-
work; DeLaN-FFNN: deep Lagrangian network with
feedforward neural network; LNN: Lagrangian-based
learned model; SMIM-C: structured mechanical model
of a control-affine system

ues close to the ideal level.
ternal force magnitude increases, the performance
of the DeL.aN and LNN models significantly deterio-
rates, especially when the external force exceeds 8 N,
where their R? values fall outside the valid range of
0-1, indicating a complete loss of prediction reliabil-
ity. Although the DeLaN-FFNN and SMM-C mod-
els show some improvement over the baseline De-

However, as the ex-

LaN, their modeling accuracy remains limited, with
noticeable performance degradation as the external
force continues to increase. In contrast, the DeL.aN-
JF and DeLaN-KF models demonstrate excellent ro-
bustness, with their R? values remaining stable dur-
ing the increase in external force without significant
decline. Among them, the DeL.aN-KF model consis-
tently maintains the highest R? value across all test
conditions.

3. Multi-scenario force

To accurately simulate complex operating con-
ditions of the real robot, this study systematically de-
signs seven typical external force scenarios (as shown
in Table 3). The modeling performance comparison
results, as shown in Fig. 7, indicate that the Del.aN
model maintains relatively high R? values only in two
specific scenarios: high-frequency, low-amplitude vi-
brations and transient pulse impacts. However, in
other operating conditions, the performance signif-
icantly deteriorates, with R? values generally be-
low 0.6 or even exceeding the reasonable range of
[0, 1]. The LNN model exhibits similar limitations



2616 Sun et al. / Front Inform Technol Electron Eng 2025 26(12):2604-2622
Table 3 Taxonomy of manipulator external force test scenarios

Scenario Test case name Force characteristic Application context
1 Random disturbance Randomly oriented forces Collaborative robot dynamic contact
2 High-frequency vibration Low-amplitude perturbations Precision tasks under micro-vibration
3 Horizontal push/pull Constant /varying horizontal forces Assembly insertion, sliding motions
4 Vertical load/unload Bidirectional vertical forces Load lifting, press-fit operations
5 Cyclic force Periodic forces Spray painting, synchronized rotation
6 Sudden impact Short-duration impulses Emergency stops, accidental impacts
7 Gradual force increase Quasi-static ramp force Compliant assembly operation

Comparison of model performance
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Fig. 7 R?2 performance of each model in predicting the resultant joint torque under different external force
scenarios, where missing bars indicate R? values outside the [0,1] range. DeLaN: deep Lagrangian network;
DeLaN-FFNN: deep Lagrangian network with feedforward neural network; LNN: Lagrangian-based learned
model; SMM-C: structured mechanical model of a control-affine system

to the DeLaN model, with R? values generally low
across the test scenarios, making it difficult to effec-
tively capture the system dynamics under complex
external forces. In contrast, the DeLaN-FFNN and
SMM-C models show significant performance im-
provement, though their accuracy remains less than
ideal in some scenarios. The DeLaN-JF and DeLaN-
KF models consistently maintain excellent modeling
performance across all test scenarios, with R? val-
ues stably above 0.85, confirming that the proposed
methods exhibit superior adaptability to various op-
erating conditions.

4. Generalization performance

To evaluate the generalization ability of the
models under new external forces, all models are
trained on an original small external force train-
ing set (1x) and tested on the same trajectories
with the external force multiplied by a factor. The
experimental results are shown in Fig. 8. Under
the initial small external force condition, all mod-
As the exter-
nal force magnitude increases, the performance of

els exhibit high modeling accuracy.

the models shows a differentiated degradation trend.
Among them, the DeLLaN model exhibits the most

significant performance degradation, with R? drop-
ping below 0.5 when the external force is increased

20 times. Although the LNN, DeLaN-FFNN, and
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Fig. 8 Generalization performance evaluation: R?
comparison across models under increasing external
forces. DeLalN: deep Lagrangian network; DeLalN-
FFNN: deep Lagrangian network with feedforward
neural network; LNN: Lagrangian-based learned
model; SMM-C: structured mechanical model of a
control-affine system
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SMM-C models experience relatively slow perfor-
mance decline, noticeable degradation still occurs.
In contrast, the DeLaN-JF and DeLaN-KF mod-
els demonstrate superior generalization, with the
DeLaN-KF model maintaining the highest model-
ing accuracy across all test conditions. Even when
the external force is increased 20 times, the R? value
of the DeLaN-KF model remains above 0.8. This re-
sult verifies the strong adaptability of the proposed
methods to new external force conditions.

The results of multiple external force modeling
experiments indicate that the DeLaN model, due to
the lack of an explicit non-conservative force mod-
eling mechanism, has significant limitations in rep-
resenting nonlinear external force characteristics, re-
sulting in a considerable reduction in its modeling
accuracy and generalization performance under ex-
ternal forces. In contrast, improved models such
as LNN, SMM-C, and DeLaN-FFNN enhance the
model performance to some extent by introducing
neural network-based non-conservative force model-
ing methods. However, they still lack the ability
to effectively represent complex nonlinear external
forces.

Experimental data show that the DeLaN-JF and
DeLaN-KF models, with their explicit external force
modeling mechanisms achieved through Jacobian
matrix fitting, demonstrate superior modeling per-
formance and generalization ability in complex ex-
ternal force scenarios. In particular, the DeLaN-KF
model, through the external force modeling method
introduced via system kinematics, strictly follows
the geometric constraints and physical laws of the
manipulator. This not only ensures better physical
consistency and interpretability but also exhibits op-
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timal learning performance across all test scenarios,
thoroughly validating the effectiveness of the pro-
posed explicit external force modeling methods.

4.2.3 Modeling experiment under practical condi-
tions

To evaluate the performance of the proposed
models, DeLaN-MJF and DeLaN-MKF, in real-
world robotic tasks, dynamic performance tests are
conducted under a material transport scenario. The
experimental results are shown in Table 4. The re-
sults indicate that the traditional purely data-driven
black-box model, FFNN, exhibits good modeling
performance but does not achieve ideal prediction
accuracy. The PINN-based models, including LNN,
SMM-C, and DeLaN-FFNN, do not show signifi-
cant improvements in prediction accuracy compared
to FFNN, and in some cases, even exhibit a cer-
tain degree of degradation. Among them, the LNN
model performs particularly poorly. The analysis
suggests that these models, by introducing black-
box networks on top of DeLaN to fit unmodeled
non-conservative force features, experience signifi-
cant performance degradation in real-world task sce-
narios with prominent non-conservative forces due to
insufficient fitting of the black-box components.

In contrast, the DeLaN-MJF and DeLaN-MKF
models, which embed explicit prior modeling of fric-
tion and external forces, demonstrate superior pre-
diction accuracy, especially on joints of the end-
effector (Joint 5) that are significantly affected by ex-
ternal forces. The prediction error for these joints is
notably lower than that of other comparative models.
This advantage arises from the embedded structured

Table 4 NMSE of the current in the motors of each joint and overall coefficient of determination (R?) of the

UR10e under actual material transport conditions

NMSE

Model R?
Joint 0 Joint 1 Joint 2 Joint 3 Joint 4 Joint 5

FFNN 9.660e—2 1.042e—1 3.603e—2 1.188e—1 8.947e—2 1.537e—1 9.002e—1
LNN 2.572e—1 2.127e—1 4.128e—1 1.768e—1 3.019e—1 2.770e—1 7.269e—1
SMM-C 4.397e—2 3.898e—1 7.540e—2 7.337e—2 3.922e—2 1.685e—1 8.683e—1
DeLaN-FFNN 1.084e—1 1.209—-1 3.449e—2 5.199e—2 2.558e—2 1.557e—1 9.172e—1
DeLaN-MJF 2.398e—2 2.814e—2 4.810e—2 1.530e—2 2.294e—2 1.045e—2 9.752e—1
DeLaN-MKF 2.212e—2 2.340e—2 2.315e—2 1.329e—2 1.746e—2 1.132e—2 9.815e—1

DeLaN-FFNN: deep Lagrangian network with feedforward neural network; DeLaN-MJF: DeLaN with motor dynamics and direct
Jacobian force modeling; DeLaN-MKF: DeLaN with motor dynamics and kinematic differentiation force modeling; FFNN: feedforward
neural network; LNN: Lagrangian-based learned model; NMSE: normalized mean squared error; SMM-C: structured mechanical model
of a control-affine system. Bold values indicate the best performance for each metric and joint
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physical knowledge in the model architecture, en-
suring that the predicted results are consistent with
physical laws.

It is noteworthy that the DeLaN-MKF model
demonstrates remarkably superior predictive per-
formance across nearly all tested joints, indicating
that enhancing physical interpretability and consis-
tency through learning system kinematics can fur-
ther improve modeling performance. However, for
certain rigid robotic systems with complex struc-
tures, such as highly redundant manipulators or
those with complex parallel architectures, the kine-
matic relationships are often highly nonlinear and
difficult to accurately describe using conventional
analytical methods like Denavit—Hartenberg (DH)
parameters. The kinematic differentiation approach
used in DeLaN-MKF is often inadequate for effec-
tively learning the complex kinematic models of such
systems. In comparison, although DeLLaN-MJF ex-
hibits slightly lower performance than DeLaN-MKF,
it treats the velocity mapping between joint and task
space as a locally linearized problem. This method
directly learns the differential relationship in a data-
driven manner without requiring an explicit kine-
matic model, thereby showing stronger applicability
in scenarios involving complex system structures or
modeling challenges. Additionally, DeLaN-MJF re-
quires end-effector velocity data for training, which
in many applications can be acquired more directly
and cost-effectively. This ease of data acquisition fur-
ther enhances the practical adaptability of DeLaN-
MJF in real-world systems.

All inference time tests are performed on the
same computer equipped with an NVIDIA RTX
3060 GPU (6 GB). The purely data-driven black-
box model FFNN obtains the fastest inference
time of 6.754 78e—4 s due to its simple network
DeLaN-MJF directly learns the map-
ping from joint velocities to end-effector velocities

structure.

and outputs the Jacobian matrix through a sin-
gle forward propagation, with an inference time of
8.361 98e—4 s. Although slightly slower than FFNN,
it performs better than other compared models.
The baseline models LNN, SMM-C, and DeLaN-
FFNN show similar inference speeds, with times of
9.383 96e—4 s, 1.025 81le—3 s, and 8.928 28e—4 s, re-
spectively, all slightly slower than DeLaN-MJF. In
contrast, DeLaN-MKF requires additional learning
of the system kinematic model and analytical differ-
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entiation, leading to a more complex computational
process, and therefore achieves the longest inference
time of 1.206 93e—3 s. Although significantly slower
than DeLaN-MJF, its inference speed still meets the
real-time requirements of most industrial manipula-
tor applications.

To evaluate the efficiency of dynamic learning
in the model and verify the advantages of model-
ing based on the PINN approach with limited data,
the model is trained 10 times using 10%, 20%, 30%,
40%, 50%, 60%, 70%, 80%, 90%, and 100% of the
training dataset, as shown in Fig. 9. When the
training data reaches 90%, the purely data-driven
model FFNN achieves stable accuracy. Without the
guidance of physical priors, the black-box model re-
quires a large amount of data to learn the complex
nonlinear mapping relationship of the system and
is highly dependent on the data. The PINN-based
models (LNN, SMM-C, and DeLaN-FFNN) achieve
stable performance with 50%-70% of the training
data, demonstrating better learning efficiency than
the purely data-driven method. The proposed mod-
els, DeLaN-MJF and DeLaN-MKF, by embedding
friction and external force models as physical priors
into the network, achieve stable performance with
only 40%—50% of the training data. More impor-
tantly, both models under the condition of low data
volume exhibit high prediction capabilities even with
limited data.

4.3 Model-based control experiments

In this experiment, to systematically evaluate
the control performance of different models, we em-
ploy the trained neural network as a feedforward dy-
namical model within the computed torque control
framework. The control law is formulated as follows:

T = H(q)u+c(q,9) +9(q), (24)
where u is the reference acceleration input, com-
posed of the desired acceleration and a proportional-
derivative (PD) compensation term:

u:dd#‘Kp(qd*q)‘i’Kv(qd*q)v (25>

where qq4, q4, and ¢q represent the desired joint an-
gle, velocity, and acceleration of the manipulator,
respectively. K, and K, are the feedback gains. To
highlight the role of dynamic model prediction in
control, the feedback gains K, and K, are set to



Sun et al. / Front Inform Technol Electron Eng 2025 26(12):2604-2622 2619
1.0
o—
/-—_'
/A
0.8 1 —— —
=—*
e
. ./

® 0.6 /
8 ®
2]
& /

0.4 /o

0.24

o
0.0 T T T T T T T T T T
10% 20% 30% 40% 50% 60% 70% 80% 90% 100%
Training data percentage
=®= FFNN SMM-C DelaN-MJF
LNN DelLaN-FFNN =o= DelaN-MKF

Fig. 9 Comparison of modeling accuracy R? of different models under varying dataset sizes. DeLaN-FFNN:
deep Lagrangian network with feedforward neural network; DeLaN-MJF: DeLalN with motor dynamics and
direct Jacobian force modeling; DeLaN-MKF: DeLaN with motor dynamics and kinematic differentiation force
modeling; FFNN: feedforward neural network; LNN: Lagrangian-based learned model; SMM-C: structured

mechanical model of a control-affine system

relatively low values in the experiments, making the
tracking error more sensitive to model accuracy.

Using the same desired trajectory as the training
data, real-time trajectory tracking tests under exter-
nal disturbances are conducted on a 6-DOF URS5 ma-
nipulator in the PyBullet simulation environment.
Fig. 10 presents the tracking performance of different
models over one cycle, while Table 5 details the track-
ing errors for each joint. The results demonstrate
that compared to the baseline DeLaN-based con-
troller without non-conservative force modeling, the
controllers incorporating DeLaN-FFNN, DeLaN-JF,
and DeLaN-KF models achieve significantly higher
tracking accuracy. This improvement is particularly

pronounced at Joint 5, which exhibits strong non-
linear characteristics, where the DelLalN controller
shows a substantially higher RMSE of 1.576. Al-
though the DeLaN-FFNN controller demonstrates
notable performance enhancement over the base-
line DeLaN controller—achieving the lowest RMSE
at Joint 4 among all controllers—its overall track-
ing precision remains limited. Both the DeLaN-
JF and DeLaN-KF controllers demonstrate favorable
tracking performance, with the RMSE of DeLaN-
JF being comparable to that of DeLaN-FFNN. No-
tably, the DeLaN-KF controller achieves the low-
est RMSE in nearly every joint, with particularly
superior performance at Joint 5, demonstrating the

Table 5 RMSE of trajectory tracking for different control models across the UR5 robot joints

Control model RMSE
Joint 0 Joint 1 Joint 2 Joint 3 Joint 4 Joint 5
DeLaN 0.242 0.753 0.838 0.794 0.282 1.576
DeLaN-FFNN 0.100 0.431 0.377 0.550 0.096 1.046
DeLaN-JF 0.058 0.216 0.259 0.580 0.102 1.374
DeLaN-KF 0.039 0.208 0.157 0.532 0.143 0.664

DeLaN: deep Lagrangian network; DeLaN-JF: deep Lagrangian network with direct Jacobian force modeling; DeLaN-FFNN:
deep Lagrangian network with feedforward neural network; DeLaN-KF: deep Lagrangian network with kinematic differentiation

force modeling; RMSE: root mean squared error. Bold values indicate the best performance for each joint
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most robust control capabilities overall.

It is observed that the tracking error of Joint
5 is significantly higher than that of other joints.
This occurs because, in the simulation environment,
all external forces are set to directly act on the end-
effector (Joint 5). To better compare the control per-
formance between models, a model with significant
external forces is used, which significantly affects the
dynamics of Joint 5 and reduces the accuracy of its
dynamic modeling. Taking the optimally performing
DeLaN-KF model as an example, its NMSE is 3.08
times higher than the average of the other joints.
This insufficient dynamic modeling accuracy lowers
the accuracy of feedforward compensation in torque
control, directly affecting control performance. Ad-
ditionally, the error accumulation effect along the
kinematic chain propagates to the end-effector, re-
sulting in a cumulative effect with the modeling error
of Joint 5, which collectively affects the final control
accuracy. The poor control performance of Joint 5
can lead to risks such as decreased manipulator po-
sitioning accuracy, delayed dynamic response, and
force control instability. This is used only to com-
pare the control performance between different mod-
els. In practical tasks, more precise control strate-
gies are required to meet the high-precision control
demands of the end-effector.

5 Conclusions

This paper proposes two PINN frameworks,
DeLaN-MKF and DelLaN-MJF, which integrate mo-
Both
frameworks incorporate explicit external force mod-
eling through two distinct Jacobian matrix estima-

tor dynamics and external force modeling.

tion methods, along with motor dynamics priors,
effectively addressing the challenge of modeling in
the absence of joint torque sensors. FExperiments
conducted on simulated and physical manipulators
demonstrate that the proposed models achieve out-
standing modeling accuracy, generalization capabil-
ity, and control performance across various dynamic
In particular, DeLaN-MKF

achieves optimal performance in most scenarios by

interaction scenarios.

implicitly embedding geometric constraints through
learning system kinematics, highlighting the positive
impact of physical interpretability on performance
improvement. Although slightly inferior in absolute
accuracy, DeLaN-MJF directly learns the velocity
mapping from the joint space to task space without
complex differentiation processes, resulting in higher
computational efficiency and making it more suit-
able for systems with higher real-time requirements.
Moreover, it exhibits stronger adaptability to robotic
systems with complex kinematic structures, such as
parallel mechanisms and redundant manipulators.
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Future work will focus on developing optimiza-
tion strategies for hybrid models and intelligent
control methods to further enhance the trajectory
tracking accuracy and dynamic response perfor-
mance of manipulators, as well as to validate the
generalizability of the approach across a wider range
of robot configurations and complex manipulation
tasks.
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