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Abstract: Information-theoretic principles provide a rigorous foundation for adaptive radar waveform design in
contested and dynamically varying environments. This paper addresses the joint optimization of constant modulus
waveforms to enhance both target detection and parameter estimation concurrently. A unified design framework is
developed by maximizing a mutual information upper bound (MIUB), which intrinsically reconciles the tradeoff be-
tween detection sensitivity and estimation accuracy without heuristic weighting. Realistic, potentially non-Gaussian
statistics of target and clutter returns are modeled using Gaussian mixture distributions (GMDs), enabling tractable
closed-form approximations of the MIUB’s Kullback–Leibler divergence and mutual information components. To
tackle the ensuing non-convex optimization, a tailored metaheuristic phase-coded dream optimization algorithm
(PC-DOA) is proposed, incorporating hybrid initialization and adaptive exploration–exploitation mechanisms for ef-
ficient phase-space search. Numerical results substantiate the proposed approach’s superiority in achieving favorable
detection estimation trade-offs over existing benchmarks.
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1 Introduction

Modern radar systems are fundamental to
defense, autonomous navigation, and environmental
monitoring (Skolnik, 2008). Their performance,
quantified by detection probability, estimation accu-
racy, and spatiotemporal resolution, is dictated by
the transmitted waveform (Levanon and Mozeson,
2004). The advent of cognitive radar has shifted
waveform design from static libraries to adaptive,
context-aware strategies (Haykin, 2006), a capability
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essential for multifunction radars operating in con-
gested and contested spectra (Guerci et al., 2014).

Waveform design for detection has tradition-
ally followed the Neyman–Pearson (NP) criterion,
though its direct implementation is hindered by the
complexity of the likelihood ratio test (LRT). Surro-
gate measures, including signal-to-clutter-plus-noise
ratio (SCNR) (Xu et al., 2022, 2025a), deflection
coefficients (Zhu et al., 2017), and entropy-based
divergences (Tang et al., 2015; Xu et al., 2025b),
have therefore been widely adopted in advanced ar-
chitectures such as frequency diverse array (FDA)
(Gui et al., 2018) and multiple-input multiple-output
(MIMO) radars (Tang et al., 2018). For parame-
ter estimation (range, Doppler, and direction of ar-
rival), classical analyses have shown that waveform
properties determine accuracy through the Fisher
information matrix (FIM) (DeLong and Hofstetter,
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1970). Accordingly, designs often minimize Cramér–
Rao lower bounds (CRLB) (van der Werf et al., 2023)
or maximize mutual information (MI) (Bell, 1993;
Idriss et al., 2021).

In practice, detection and estimation are inter-
dependent, motivating joint optimization. Multi-
objective formulations (Jiu et al., 2015; Hao et al.,
2019; Shen et al., 2024; Yu et al., 2024) provide
partial solutions, while learning-based approaches
(Thornton et al., 2020) suffer from complexity and
generalization issues. Information-theoretic designs
have been explored, e.g., a two-stage scheme using
MI and Kullback–Leibler (KL) divergence (Xiao and
Hu, 2022), yet a unified foundation remains lacking.
To address this gap, a variational framework based
on the MI upper bound (MIUB) is established. The
MIUB decomposes into an MI term that captures
estimation fidelity and a KL divergence term char-
acterizing detection separability, thus balancing the
two objectives without requiring heuristic weighting.
The main contributions are as follows:

1. Unified variational framework: Joint
detection-estimation waveform design is formulated
via MIUB maximization, unifying MI- and KL-based
criteria.

2. Flexible statistical modeling: Gaussian mix-
ture distributions (GMDs) are adopted for tar-
get and clutter, combining fidelity with analytical
tractability.

3. Phase-coded dream optimization algorithm
(PC-DOA): A constant modulus synthesis algorithm
with hybrid initialization and adaptive dynamics
is developed to enhance convergence and solution
quality.

2 Signal model and problem formula-
tion

This section establishes the mathematical
framework for the radar system. Specifically, it intro-
duces the signal model and formulates the waveform
optimization problem for the joint enhancement of
target detection and parameter estimation.

2.1 Signal model

We consider a monostatic radar transmit-
ting a discrete-time baseband waveform s =

[s1, s2, . . . , sN ]T ∈ CN , where N denotes the wave-
form length. The received signal y ∈ CN+NT−1 is

modeled by the following binary hypothesis test:{
H0 : y = w,

H1 : y = Sx+w,
(1)

where x ∈ CNT represents the stochastic target
impulse response (TIR) with length NT, w rep-
resents the clutter-plus-noise process, and S ∈
C(N+NT−1)×NT is the Toeplitz convolution matrix
generated by s, whose elements are

[S]i,j =

⎧⎪⎪⎨
⎪⎪⎩
si−j+1, 1 ≤ j ≤ NT,

j ≤ i ≤ j +N − 1,

0, otherwise.

(2)

To capture the non-Gaussian and heavy-tailed
statistics commonly observed in high-resolution
radar returns, the target response x and the clutter-
plus-noise vector w are modeled as zero-mean
GMDs, obtained by

p(x) =

M∑
m=1

βmCN (x;0,Qm), (3)

p(w) =
K∑

k=1

αkCN (w;0,Rk), (4)

where M and K represent the numbers of mixture
components associated with the target and clutter
models, respectively. CN (·;μ,Σ) is the complex
Gaussian probability density function (PDF) and
{βm,Qm} and {αk,Rk} are the mixture parame-
ters, subject to

∑M
m=1 βm = 1 and

∑K
k=1 αk = 1.

The corresponding likelihoods of y under H0 and H1

are also GMDs, obtained by

p0(y) � p(y|H0) =

K∑
k=1

αkCN (y;0,Rk), (5)

p1(y) � p(y|H1) =
L∑

�=1

γ�CN (y;0,Σ�), (6)

with L = MK, γ� = αkβm for the mapping � ↔
(k,m), and

Σ� = SQmSH +Rk. (7)

Clearly, the covariance matrices Σ� depend ex-
plicitly on the waveform s, establishing a direct link
between waveform design and radar performance.
Remark 1 Gaussian mixture models provide a
flexible yet analytically tractable framework, serv-
ing as universal approximators that can accurately
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represent heavy-tailed clutter and compound tar-
get statistics. Their adoption is well supported in
radar waveform design, where they have demon-
strated strong modeling fidelity and robustness for
both measured and simulated data (Blacknell, 2000;
Gu and Goodman, 2019; Chen et al., 2023).

2.2 Problem formulation

The objective is to design the waveform s under
the constant modulus constraint as follows:

|sn| = c =
√
Es/N, n = 1, 2, . . . , N, (8)

where Es denotes the total transmitted energy.
Instead of employing heuristic scalarizations

of detection and estimation criteria, we adopt the
MIUB as a unified design metric (Poole et al., 2019).
The MIUB is defined as

MIUB(s) � Ep(x) [DKL(p1(y | x) ‖ p0(y))] , (9)

where p1(y | x) denotes the conditional PDF under
H1 hypothesis.
Lemma 1 (MIUB decomposition) The MIUB ad-
mits the decomposition as follows:

MIUB(s) = I(x;y)︸ ︷︷ ︸
E(s)

+DKL(p1(y) ‖ p0(y))︸ ︷︷ ︸
D(s)

, (10)

where I(x;y) measures estimation fidelity, while the
KL divergence quantifies detection separability.

Maximizing the MIUB provides a rigorous
framework for the joint optimization of detection,
D(s), and estimation, E(s), within an information-
theoretic setting. This formulation naturally encap-
sulates the trade-off between discriminative capa-
bility and estimation accuracy. However, the ex-
act evaluation of Eq. (10) under GMD likelihoods
is generally intractable due to the non-analytic na-
ture of the differential entropy terms and the high-
dimensional integrals involved. To circumvent this
computational challenge, we adopt the following
tractable approximation strategies.
Lemma 2 (MI approximation (Gu and Goodman,
2019)) The MI term can be approximated as

E(s) = Ξ
({αk,Rk}Kk=1

)− Ξ
({γ�,Σ�}L�=1

)
, (11)

where the function Ξ is defined as

Ξ
({πi,Ci}Ii=1

)
� ln

(
I∑

i=1

πi(det(Ci))
−1

)
, (12)

with weights πi > 0,
∑I

i=1 πi = 1, and Ci denoting
covariance matrices.
Lemma 3 (KL divergence approximation (Gold-
berger et al., 2003)) The KL divergence term ad-
mits the following approximation as

D(s) =

L∑
�=1

γ�

[
ln

γ�
αk�(�)

+ L(Σ�,Rk�(�))
]
, (13)

where
k�(�) = argmin

k
L(Σ�,Rk) (14)

is the best-matching component in p0 and the func-
tion L is defined as

L(A,B) � DKL

(CN (0,A) ‖ CN (0,B)
)

= tr
(
B−1A

)− ln det
(
B−1A

)− n′, (15)

where tr(·) and det(·) denote the trace and deter-
minant of a matrix, respectively. A and B denote
generic covariance matrices and n′ = N +NT − 1.
Remark 2 A concise error analysis of the approx-
imations in Lemmas 2 and 3 is presented in Ap-
pendix A. The results demonstrate that the proposed
surrogate formulations are theoretically sound and
yield controllable approximation errors under spe-
cific assumptions, such as low variance in MI and
well-separated components in the KL divergence.

By combining these approximations, the final
optimization problem is formulated as

(P1) :
maxs F (s) � E(s) +D(s)

s.t. |sn| = c, n = 1, 2, . . . , N,
(16)

where

F (s) =

L∑
�=1

γ�

[
ln

γ�
αk�(�)

+ tr
(
R−1

k�(�)Σ�

)

− ln
(
R−1

k�(�)Σ�

)
− (N +NT − 1)

]

+ ln

[
K∑

k=1

αkR
−1
k

]
− ln

[
L∑

�=1

γ�Σ
−1
�

]
.

It should be noted that the objective function
F (s) defined in (P1) is Lipschitz continuous accord-
ing to the following proposition.
Proposition 1 Assume that all component covari-
ance matrices {Rk}Kk=1 and {Qm}Mm=1 have eigen-
values contained in [λmin, λmax] with 0 < λmin ≤
λmax < ∞, and that the mixture weights satisfy
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min{αk, βm, γ�} > 0. Under the constant mod-
ulus constraint |sn| = c (n = 1, 2, . . . , N), the
objective F (s) is globally Lipschitz continuous on
M = {s ∈ C

N : |sn| = c, ∀n}. That is, there exists
a constant LF < ∞ such that

|F (s1)−F (s2)| ≤ LF‖s1−s2‖2, ∀s1, s2 ∈ M, (17)

where the constant LF depends only on λmin, λmax,
N , the mixture weights, the modulus c (equivalently
the total energy Es), and the structural dimensions
NT, K, and M .
Proof See Appendix B for details.

The resulting problem (P1) is inherently non-
convex due to both the objective function F (s)

and the constant modulus feasible set, necessitating
the development of specialized global optimization
strategies, as detailed in Section 3.

3 Proposed PC-DOA

The optimization problem (P1) in Eq. (16) is
inherently challenging due to two primary sources
of non-convexity: (1) the objective function F (s),
which involves logarithmic determinant terms in
D(s) and E(s), and (2) the feasible set M, imposed
by the constant modulus constraint. These factors
yield a highly intricate landscape with numerous lo-
cal extrema. Conventional gradient-based methods
are unsuitable in this setting, as gradients are compu-
tationally expensive to obtain and offer no guarantee
against poor local solutions.

To overcome these difficulties, we propose the
PC-DOA, a metaheuristic specifically designed for
MIUB-based waveform design under constant mod-
ulus constraints. PC-DOA circumvents the need for
gradient information by employing a population-
based search enhanced with problem-specific mech-
anisms, including hybrid initialization and adaptive
phase updates.

3.1 Phase-coded representation

The constant modulus condition |sn| = c is en-
forced by parameterizing the feasible set as the com-
plex circle manifold:

M =
{
s ∈ C

N : |sn| = c, ∀n} . (18)

Any s ∈ M can be uniquely expressed via a
phase vector θ = [θ1, θ2, . . . , θN ]T ∈ [−π,π)N as

s(θ) = c · [ejθ1 , ejθ2, . . . , ejθN ]T
. (19)

This representation inherently satisfies the mod-
ulus constraint and reduces the search space to θ.
To ensure θ remains within [−π,π) during updates,
we define a periodic wrapping operator Ψ : RN →
[−π,π)N as

[Ψ(θ)]n = mod(θn + π, 2π)− π, (20)

where mod(a, b) returns values in [0, b). Each update
is passed through Ψ(·), embedding the constraint di-
rectly into the representation and eliminating the
need for explicit projection steps.

3.2 Hybrid initialization strategy

The effectiveness of population-based meta-
heuristics critically depends on the quality and diver-
sity of the initial population. To accelerate conver-
gence while mitigating premature stagnation, PC-
DOA adopts a hybrid initialization scheme. For a
population size of Np, we generate {θ0

i }Np

i=1 through
three complementary mechanisms.

3.2.1 LFM-inspired initialization

To exploit the favorable structure of linear fre-
quency modulation (LFM) signals, NLFM = 	ηNp

individuals are seeded with LFM-like phase patterns
with η ∈ (0, 1). The nth component of the ith such
individual is defined as

[θ0
LFM,i]n = Ψ

(
βiπ

(n− 1)2

N − 1
+ Δi,n

)
, (21)

with βi ∼ U(−1, 1) denoting a random chirp-rate
parameter and Δi,n ∼ U(−Δ,Δ) a small perturba-
tion (Δ � π), where U(a, b) denotes the continuous
uniform distribution over [a, b).

3.2.2 Chaotic initialization

To promote broad exploration, Nchaos = 	(Np−
NLFM)/2
 individuals are generated using the Logis-
tic map. Starting from ρ0 ∈ (0, 1)N , the dynamics
evolve as

ρkn = 4ρk−1
n (1− ρk−1

n ), (22)

where k = 1, 2, . . . ,Kchaos.
The resulting sequence is mapped to phases via

[θ0
chaos,i]n = Ψ

(−π+ 2πρKchaos
n

)
. (23)
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3.2.3 Random initialization

The remaining Nrand = Np − NLFM − Nchaos

individuals are initialized uniformly at random:

[θ0
rand,i]n ∼ U(−π,π). (24)

This tripartite strategy combines structural pri-
ors, chaotic diversity, and uniform randomness,
yielding a well-balanced initialization that supports
rapid convergence and robust exploration.

3.3 Exploration and exploitation

The optimization in PC-DOA proceeds as an
iterative refinement process that balances global
exploration and local exploitation. Let Pt =

{θt
1, θ

t
2, . . . , θ

t
Np

} denote the population at iteration
t. The fitness of each candidate θt

i is evaluated as

f(θt
i) = F (s(θt

i)) = D(s(θt
i)) + E(s(θt

i)), (25)

where D(·) and E(·) are defined in Eqs. (13) and (11),
respectively, and s(θ) is parameterized in Eq. (19).
The search process is divided into two stages, deter-
mined by the iteration index t relative to the maxi-
mum budget T .

3.3.1 Exploration phase

In the early stage (t ≤ αT , with α ≈ 0.9),
the algorithm emphasizes broad exploration. The
population Pt−1 is partitioned into G subgroups
G1,G2, . . . ,GG. Within each subgroup Gg, the local
elite is identified as

θbest
g = argmax

θ∈Gg

f(θ). (26)

Candidate solutions are updated via stochastic
perturbations on a random subset of dimensions. For
θold ∈ Gg, the number of perturbed entries is

k ∼ Uint

(⌈
N

8G

⌉
,

⌈
N

7G

⌉
, . . . ,

⌈
N

3G

⌉)
, (27)

where Uint denotes the discrete uniform distribution,
and �t� denotes the ceiling function, i.e., the smallest
integer greater than or equal to t. For n ∈ I, the
update rule is expressed as

[θnew]n = Ψ ([θold]n + ζ(t) ·Δn) , (28)

with Δn ∼ U(−π,π) and a time-decaying step-size
factor

ζ(t) =
1

2

(
cos

(
πt

T

)
+ 1

)
. (29)

Unperturbed entries remain unchanged. This
subgroup-based mechanism preserves diversity while
mitigating premature convergence.

3.3.2 Exploitation phase

In the later stage (t > αT ), the focus shifts to
local exploitation around the global best solution.
Let θglobal denote the best solution obtained thus
far. For each θold, a random subset I of at most
kmax = max(2, �N/3�) dimensions is selected, and
the update is performed as

[θnew]n = Ψ
(
[θglobal]n + η(t) ·Δn

)
, n ∈ I, (30)

where Δn ∼ U(−π,π) and η(t) is an annealed step-
size factor defined as

η(t) =
1

2

(
cos

(
πt

T

)
+ 1

)
. (31)

This exploitation phase concentrates the search
around promising regions, while the residual stochas-
ticity in Eq. (30) prevents entrapment in shallow lo-
cal optima.

The complete PC-DOA alternates between ex-
ploration and exploitation phases, with elitism em-
ployed to retain the best solutions across iterations.
The overall procedure is summarized in Algorithm 1.

3.4 Computational complexity and conver-
gence analysis

3.4.1 Computational complexity

The per-iteration cost of PC-DOA is dominated
by fitness evaluation in Eq. (25). Each evaluation of
F (s(θ)) requires computing D and E, involving op-
erations on covariance matrices of dimensions n′×n′,
where n′ = N +NT − 1. The determinant, inverse,
and trace computations in Eqs. (11)–(13) scale as
O((n′)3). Since L = MK independent components
must be evaluated for each candidate, the overall
complexity per candidate is O(L(n′)3). For a popu-
lation of Np individuals, the per-iteration complexity
is O(NpL(n

′)3).
The update operations in Eqs. (28) and (30)

require only O(NpN) computations, which is negli-
gible compared to the fitness evaluation. Therefore,
the total computational complexity over T iterations
is defined as follows:

O (
TNpL(n

′)3
)
. (32)
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Algorithm 1 Phase-coded dream optimization
algorithm
Input: Objective function F : M → R, wave-

form parameters {N, c}, and algorithm parameters
{Np, T,G, η, α}

Output: Optimal phase vector θ∗ and waveform s∗

1: Initialize population P0 = {θ0
1 ,θ

0
2 , . . . , θ

0
Np
} via hy-

brid strategy Eqs. (21)–(24), fitness f(θ)← F (s(θ))

for all θ ∈ P0, global best θ∗ ← argmaxθ∈P0
f(θ),

and f∗ ← f(θ∗)
2: for t = 1 to T do
3: Initialize Pcandidate ← ∅

// Pcandidate denotes the candidate population
4: if t ≤ αT then
5: Partition Pt−1 into G subgroups
6: for each θold ∈ Pt−1 do
7: Generate θnew from θold via Eq. (28)
8: Pcandidate ← Pcandidate ∪ {θnew}
9: end for

10: else
11: for each θold ∈ Pt−1 do
12: Generate θnew guided by θ∗ via Eq. (30)
13: Pcandidate ← Pcandidate ∪ {θnew}
14: end for
15: end if
16: Evaluate fitness f(θ) for all θ ∈ Pcandidate

17: Select next-generation population Pt from Pt−1 ∪
Pcandidate

18: if maxθ∈Pt f(θ) > f∗ then
19: θ∗ ← argmaxθ∈Pt

f(θ)

20: f∗ ← f(θ∗)
21: end if
22: end for
23: Compute optimal waveform s∗ ← c · exp(jθ∗)
24: Return θ∗ and s∗

3.4.2 Convergence analysis

The proposed PC-DOA algorithm is a meta-
heuristic designed to operate over a finite iteration
budget T . Its search dynamics are characterized by a
deterministic, irreversible transition from an explo-
ration phase to an exploitation phase at t = αT .
Consequently, its convergence properties are ana-
lyzed not in terms of asymptotic global optimality,
but through the stability of the solution sequence
and the characterization of its limit.
Proposition 2 Let {F ∗

t }Tt=0 be the sequence of the
best-found objective values recorded by PC-DOA at
iteration t. This sequence is guaranteed to converge
to a finite limit f̄ .

The validity of Proposition 2 is established by

two properties:
1. The elitist strategy guarantees the mono-

tonicity of the sequence. The global-best fitness f∗

is superseded only if a new candidate solution θ ∈ Pt

is found to be strictly superior. This design ensures
that F ∗

t+1 ≥ F ∗
t for all iterations t.

2. The objective space provides a guaranteed
upper bound. The objective function F (s) is Lips-
chitz continuous on the compact set M. Therefore,
a finite constant τ < ∞ exists such that F ∗

t ≤ τ for
all t.

Given that {F ∗
t } is both monotonically non-

decreasing and bounded above, the monotone con-
vergence theorem rigorously ensures that the se-
quence converges to a finite limit. Thus, limt→T F ∗

t =

f̄ is guaranteed.
Remark 3 It must be noted that Proposition 2
guarantees stability, not global optimality. The limit
f̄ is not a fixed theoretical constant but rather the
optimal empirical value attainable by the algorithm
under its finite budget T . This limit f̄ ≤ F ∗, where
F ∗ is the global optimum.

The quality of f̄ fundamentally depends on the
run-specific realization of the stochastic process and
the chosen hyperparameters, chiefly the initializa-
tion strategy, the population size Np, and the phase
transition point α.

4 Numerical results

This section presents numerical simulations to
validate the effectiveness of the proposed PC-DOA
and the associated MIUB objective function F (s) for
constant modulus waveform design.

4.1 Simulation configuration

We consider a complex baseband waveform s ∈
CN of length N = 64, normalized to unit energy
Es = 1 (i.e., c = 1/

√
N). The TIR x and clutter

w follow zero-mean GMDs. Consistent with cogni-
tive radar design (Bell, 1993; Romero et al., 2011),
the mixture parameters {αk, βm,Qm,Rk} are as-
sumed known a priori. Covariance matrices Qm, Rk

are derived from inverse Fourier transforms of the
component power spectral densities (PSDs), with
M = K = 2. The target weights are β = [0.8, 0.2]T,
and clutter weights α = [0.2, 0.8]T. Representative
PSDs are illustrated in Fig. 1 (Yang et al., 2023).
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The signal-to-clutter ratio (SCR) is defined as

SCR = 10 lg

(
tr(Q)

tr(R)

)
, (33)

where Q =
∑2

m=1 βmQm and R =
∑2

k=1 αkRk are
the aggregate covariance matrices of the TIR and the
clutter-plus-noise, respectively.

The other simulation parameters are given in
Table 1.

Table 1 Simulation parameters

Parameter Value

SCR range [−5, 5] dB
Population size (Np) 200

Maximum number of iterations (T ) 2000
Init. proportion (η) 0.3
Phase transition (α) 0.9

Number of subgroups (G) 5

The proposed PC-DOA (Algorithm 1) is com-
pared with (1) MI: direct maximization of MI un-
der constant modulus; (2) relative entropy (RE):
direct maximization of RE under constant modu-
lus; (3) weighted SCR-MI (WSM): a weighted sum
JWSM(s) = 0.5fSCR(s) + 0.5fMI(s) (fSCR(s) =

tr
(
R−1SQSH

)
and fMI(s) = E(s)); (4) random

phases coding (RPC): θn ∼ U [−π,π).
Detection performance is evaluated via receiver

operating characteristic (ROC) curves with 103/PFA

Monte Carlo trials; estimation accuracy is quantified
by the MSE of TIR reconstruction as

MSE = E
[‖x̂− x‖22

]
, (34)

where x̂ is obtained via matched filtering or mini-
mum MSE estimation.

4.2 Performance analysis

4.2.1 Comparison of optimization objectives

Fig. 2 illustrates the detection performance of
waveforms designed according to various optimiza-
tion criteria. Specifically, Fig. 2(a) depicts the de-
tection probability PD as a function of SCR, with a
fixed probability of false alarm PFA = 10−2; Fig. 2(b)
presents the ROC curves, which illustrate the rela-
tionship between detection probability PD and PFA

at an SCR of 0 dB. It is evident that the waveform op-
timized under the MIUB criterion achieves a slightly
higher PD compared to those designed based on the
other four criteria across most SCR levels. Moreover,
in terms of estimation performance (Fig. 3), it out-
performs waveforms designed solely based on MI or
RE. Overall, maximizing MIUB not only enhances
the target information contained in the echo signal
but also enhances the separability between target
echoes and clutter. This indicates that MIUB max-
imization inherently balances detection and param-
eter estimation performance, while simultaneously
improving both.

Beyond detection and estimation, the MIUB-
optimized waveform exhibits structural character-
istics closely resembling the ambiguity function of
LFM. As shown in Fig. 4, the MI-, RE-, and MIUB-
based designs achieve more pronounced sidelobe sup-
pression compared with WSM and RPC. Their inte-
grated sidelobe levels (ISL) and peak sidelobe lev-
els (PSL), summarized in Table 2, demonstrate that
the MIUB-based waveform achieves the most fa-
vorable autocorrelation sidelobe performance, which

c
c

Fig. 1 Simulated PSDs of target and clutter GMDs
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Fig. 2 Detection performance of waveforms using different criteria: (a) detection probability PD vs. SCR
(PFA = 10−2); (b) ROC curves (PD vs. PFA) at SCR = 0 dB
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Fig. 3 MSE of TIR estimation vs. SCR for waveforms
using different criteria

facilitates the resolution of closely spaced targets
while reducing self-induced clutter. Furthermore,
Fig. 5 reveals knife-edge ridge structures in the am-
biguity function, indicating that the MIUB-based
waveform provides high range resolution together
with moderate Doppler tolerance. These properties
are inherited from the LFM-based initialization and
further reinforced during the optimization process.

4.2.2 Comparison of optimization algorithms

Building on the MIUB criterion for waveform
design, we further evaluate the performance of PC-
DOA in comparison with the standard particle
swarm optimization (PSO), whale optimization al-
gorithm (WOA), and grey wolf optimizer (GWO)

in terms of detection and parameter estimation, as
illustrated in Figs. 6 and 7, respectively. For de-
tection performance, under the constraint of a false
alarm probability PFA = 10−2 and an SCR of 0 dB,
PC-DOA consistently outperforms the other three
population-based metaheuristics. A similar trend is
observed for parameter estimation accuracy. More-
over, the convergence curves in Fig. 8 confirm that
PC-DOA not only benefits from superior initializa-
tion but also improves steadily and robustly through-
out the optimization process, reflecting the advan-
tages of its hybrid initialization and two-stage search
strategy.

Table 2 Performance comparison of different wave-
forms in terms of ISL and PSL

Objective ISL (dB) PSL (dB)
MI −13.290 −24.204

RE −13.089 −24.292

MIUB −13.618 −25.279

WSM −2.545 −12.315

RPC −0.548 −15.440

4.3 Discussion

The empirical results substantiate the proposed
MIUB framework, demonstrating that its principled
regularization through the KL divergence term yields
a robust balance between detection and estimation
performance. The success of PC-DOA in navigating
the complex, non-convex search space further under-
scores a key principle: the co-design of the objec-
tive function and a bespoke optimization algorithm
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Fig. 4 Autocorrelation functions of waveforms using different criteria: (a) MI; (b) RE; (c) MIUB; (d) WSM;
(e) RPC
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Fig. 5 Ambiguity functions of waveforms using different criteria: (a) MI; (b) RE; (c) MIUB; (d) WSM; (e)
RPC
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is essential for achieving solutions that approach the-
oretical performance bounds.

While this work provides a robust framework,
its assumptions—namely, the use of GMDs and a
quasi-static environment—highlight critical avenues
for future research. Key challenges include inte-
grating more powerful data-driven generative mod-
els (e.g., variational autoencoders) to capture com-
plex non-Gaussian statistics, extending single-shot
optimization to sequential and adaptive frameworks
for dynamic scenarios (e.g., via Bayesian filtering
loops), and developing computationally efficient sur-
rogate models to enable real-time implementation on
hardware-constrained platforms.

5 Conclusions

This work presents a unified information-
theoretic framework for constant modulus radar
waveform design, jointly optimizing detection and es-
timation via an MIUB under Gaussian mixture mod-
els. To address the ensuing nonconvex optimization,
we propose PC-DOA, which leverages hybrid initial-
ization and adaptive bi-phase search on the complex
circle manifold. Numerical evaluations confirm that
MIUB-based designs outperform conventional base-
lines, offering superior detection–estimation trade-
offs and desirable ambiguity function properties,
thereby establishing a principled foundation for fu-
ture extensions to more complex and dynamic sens-
ing environments.
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Appendix A: Approximation error
bounds for MI and KL divergence

1. Error bound for the MI approximation
The MI is defined as I(x;y) = h(y) − h(y|x),

where h(·) denotes the differential entropy. Our ap-
proximation, E(s), replaces the true entropy term
h(y) = −Ey[ln p1(y)] with the surrogate term
h̃(y) = − ln p1(y0), where y0 = E[y]. For the zero-
mean processes considered, y0 = 0. The approxima-
tion error is therefore defined as

Δh = h(y)− h̃(y). (A1)

To quantify this error, we define the log-
likelihood function φ(y) = ln p1(y) and perform
a second-order Taylor expansion around the mean
y0 = 0 as follows:

φ(y) = φ(0) + (∇φ(0))Hy +
1

2
yHH(0)y +R3(y),

(A2)
where H(0) is the Hessian matrix of φ(y) evaluated
at the origin and R3(y) represents the higher-order
remainder terms. Taking the expectation with re-
spect to y ∼ p1(y) yields

E[φ(y)] =φ(0) + (∇φ(0))HE[y]

+
1

2
E[yHH(0)y] + E[R3(y)]. (A3)

Since E[y] = 0, the first-order term vanishes.
By neglecting the expectation of the remainder,
E[R3(y)], the dominant error term is derived from
h(y) = −E[φ(y)] and h̃(y) = −φ(0).

Δh ≈ −1

2
E[yHH(0)y] = −1

2
E
[
tr
(
H(0)yyH

)]
= −1

2
tr

(
H(0)E[yyH]

)
= −1

2
tr (H(0)Cy) ,

(A4)

where Cy =
∑L

�=1 γ�Σ� is the aggregate covariance
matrix of y under hypothesis H1.

The magnitude of the error can be bounded us-
ing matrix norm inequalities. Applying the Cauchy–
Schwarz inequality for the Hilbert–Schmidt inner
product, |tr(AB)| ≤ ‖A‖F‖B‖F, yields

|Δh| ≤ 1

2
‖H(0)‖F‖Cy‖F, (A5)

where ‖A‖F denotes the Frobenius norm of matrix
A.

If the spectral norm of the Hessian matrix is
bounded by ‖H(0)‖2 ≤ LH, we can use the relation
‖A‖F ≤ √

rank(A)‖A‖2 to obtain

|Δh| ≤
√
n′LH

2
‖Cy‖F, (A6)

where n′ = N +NT − 1.
Furthermore, for a positive semi-definite matrix

Cy, the inequality |tr(AB)| ≤ ‖A‖2tr(B) provides
an alternative bound as follows:

|Δh| ≤ LH

2
tr(Cy). (A7)

These bounds collectively show that the approx-
imation is accurate when the signal’s total variance
is small.

2. Error bound for the KL divergence
approximation

The exact KL divergence is DKL(p1 ‖ p0) =∫
p1(y) ln

p1(y)
p0(y)

dy. The approximation error is de-
fined as

ΔD = DKL(p1 ‖ p0)−D(s), (A8)

which can be decomposed as follows:

ΔD =

L∑
�=1

γ�Ep
(�)
1

[
ln

p1(y)

γ�p
(�)
1 (y)

]
︸ ︷︷ ︸

Δnum

+

L∑
�=1

γ�Ep
(�)
1

[
ln

αk�(�)p
(k�(�))
0 (y)

p0(y)

]
︸ ︷︷ ︸

Δden

. (A9)

This decomposition separates the total approxi-
mation error into two distinct terms: the numerator-
induced discrepancy (Δnum) and the denominator-
induced discrepancy (Δden). The former originates
from inter-component contributions of p1, while the
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latter arises from component-assignment mismatch
and inter-component effects in p0. By construction,
the signs of these error terms are fixed and invariant.

For Δnum, the argument of the logarithm is
∑

m γmp
(m)
1 (y)

γ�p
(�)
1 (y)

= 1 +
∑
m �=�

γmp
(m)
1 (y)

γ�p
(�)
1 (y)

≥ 1, (A10)

which implies Δnum ≥ 0.
For Δden, the argument is

αk�(�)p
(k�(�))
0 (y)∑

k αkp
(k)
0 (y)

∈ (0, 1], (A11)

implying Δden ≤ 0.
The total error is bounded by the magnitudes

of its components. We bound the dominant term,
|Δden|, using the inequality ln(1 + x) ≤ x for x ≥ 0,
which is expressed as

|Δden| = −Δden

=

L∑
�=1

γ�Ep
(�)
1

⎡
⎣ln

⎛
⎝1 +

∑
k �=k�(�)

αkp
(k)
0 (y)

αk�(�)p
(k�(�))
0 (y)

⎞
⎠
⎤
⎦

≤
L∑

�=1

γ�Ep
(�)
1

⎡
⎣ ∑
k �=k�(�)

αkp
(k)
0 (y)

αk�(�)p
(k�(�))
0 (y)

⎤
⎦

=
L∑

�=1

∑
k �=k�(�)

γ�αk

αk�(�)

∫
p
(�)
1 (y)

p
(k)
0 (y)

p
(k�(�))
0 (y)

dy.

(A12)

The integral is governed by the overlap between
the Gaussian densities. When the KL divergence be-
tween components is large, this term is exponentially
suppressed. This leads to the approximate bound de-
fined as

|ΔD| ≤ O

⎛
⎝ L∑

�=1

γ�
∑

k �=k�(�)

αke
−DKL(p

(�)
1 ‖p(k)

0 )

⎞
⎠ ,

(A13)
where O(z) denotes the approximation error |ΔD| is
asymptotically upper bounded by the order of z.

This confirms that the approximation is accu-
rate when the GMD components are well-separated.

Appendix B: Proof of Proposition 1

We prove that the objective function

F (s) = D(s) + E(s) (B1)

is Lipschitz continuous on the feasible set M = {s ∈
C

N : |sn| = c, ∀n}.
Assume that the component covariance matrices

{Rk} and {Qm} are positive definite, with eigenval-
ues bounded in [λmin, λmax], where λmin > 0. This
ensures that for any s ∈ M, the composite covari-
ance matrix Σ�(s) is positive definite, with its eigen-
values bounded in a compact interval [λ′

min, λ
′
max].

1. Lipschitz continuity of the composite covari-
ance matrix

Let s1, s2 ∈ M. The mapping from a vector to
its matrix form, s �→ S(s), is linear. For a Toeplitz
structure, this mapping satisfies

‖S(s1)− S(s2)‖F =
√
NT‖s1 − s2‖2. (B2)

The difference in the composite covariance is
obtained by

Σ�(s1)−Σ�(s2) =(S1 − S2)QmSH
1

+ S2Qm

(
SH
1 − SH

2

)
. (B3)

Applying the triangle and submultiplicative
properties of the Frobenius norm, and noting that
‖S1‖F = ‖S2‖F =

√
NTEs for some constant Es, we

have

‖Σ�(s1)−Σ�(s2)‖F
≤ 2‖S1 − S2‖F‖Qm‖F‖S1‖F
≤

(
2
√
NT(

√
NTλmax)

√
NTEs

)
‖s1 − s2‖2

=
(
2N

3/2
T

√
Esλmax

)
‖s1 − s2‖2. (B4)

Thus, the map s �→ Σ�(s) is Lipschitz continu-
ous with constant

LΣ = 2N
3/2
T

√
Esλmax. (B5)

2. Lipschitz continuity of the objective function
components

The objective F (s) is a sum of functions that are
compositions of Lipschitz continuous functions over
the compact domain M. Standard results from ma-
trix analysis confirm that, for positive definite matri-
ces on a compact set, maps like A �→ det(A), A �→
ln det(A), and A �→ A−1 are Lipschitz continuous.

(1) MI term
The MI approximation is

E(s) = C − lnG(s), (B6)
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where G(s) =
∑

� γ� det(Σ�(s))
−1.

Let Cdet,� be the Lipschitz constant for the map
Σ �→ (det(Σ))−1 over the compact set of attain-
able covariance matrices. The constant for G(s) is
obtained by

LG = LΣ

L∑
�=1

γ�Cdet,�. (B7)

Since M is compact, G(s) is bounded below by
a positive minimum value Gmin > 0. The function
− ln(x) is Lipschitz continuous on [Gmin,∞) with
constant 1/Gmin. By the chain rule for Lipschitz
functions, the Lipschitz constant for E(s) is defined
as

LE =
LG

Gmin
=

LΣ

Gmin

L∑
�=1

γ�Cdet,�. (B8)

(2) KL term
This term is a weighted sum of

J(k�(�), �, s) = min
k

J(k, �, s), (B9)

where

J(k, �, s) =tr(R−1
k Σ�(s))

− ln det(R−1
k Σ�(s)) + Ck,�. (B10)

The trace part is Lipschitz with constant
‖R−1

k ‖FLΣ. For the log-determinant part, the in-
equality | ln det(A)− ln det(B)| ≤ ‖A−1‖2‖A−B‖F
implies that the term − ln det(Σ�(s)) is Lipschitz
with constant (1/λ′

min)LΣ. Thus, each J(k, �, s) is
Lipschitz with constant

Lj,k,� =

(∥∥R−1
k

∥∥
F
+

1

λ′
min

)
LΣ. (B11)

The minimum of a finite set of Lipschitz func-
tions is also Lipschitz, with a constant bounded by
the maximum of the individual constants. Therefore,
the Lipschitz constant for the KL term is defined as

LD =

L∑
�=1

γ�

(
max

k
Lj,k,�

)
. (B12)

Since both E(s) and D(s) are Lipschitz continuous
on the compact set M, their sum F (s) is also Lips-
chitz continuous. An upper bound for its Lipschitz
constant is obtained by the sum of the individual
constants

LF = LE + LD. (B13)
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