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Abstract:    In this study, we report an analysis of cylinder head vibration signals at a steady engine speed using short-time Fourier 
transform (STFT). Three popular time-frequency analysis techniques, i.e., STFT, analytic wavelet transform (AWT) and S 
transform (ST), have been examined. AWT and ST are often applied in engine signal analyses. In particular, an AWT expression in 
terms of the quality factor Q and an analytical relationship between ST and AWT have been derived. The time-frequency resolu-
tion of a Gaussian function windowed STFT was studied via numerical simulation. Based on the simulation, the empirical limits 
for the lowest distinguishable frequency as well as the time and frequency resolutions were determined. These can provide insights 
for window width selection, spectrogram interpretation and artifact identification. Gaussian function windowed STFTs were 
applied to some cylinder head vibration signals. The spectrograms of the same signals from ST and AWT were also determined for 
comparison. The results indicate that the uniform resolution feature of STFT is not necessarily a disadvantage for time-frequency 
analysis of vibration signals when the engine is in stationary state because it can more accurately localize the frequency compo-
nents excited by transient excitations without much loss of time resolution. 
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1  Introduction 
 

Joint time-frequency analysis is a versatile me-
thod by which a signal in time-frequency domain can 
be localized. It has been used in condition monitoring, 
noise source localization and fault diagnosis in in-
ternal combustion (IC) engines. Among all the tech-
niques used in joint time-frequency analysis, the 
continuous wavelet transform (CWT) using complex 
Morlet wavelets, also called the analytic wavelet 
transform (AWT), is probably the most popular (Hao 
and Han, 2004; Peng and Chu, 2004; Zhu and Kim, 
2005; Wu and Chen, 2006; Jing and Hao, 2009). The 
S transform (ST) has recently also become popular 

(Wang et al., 2003; Hao et al., 2008). In contrast, the 
earliest developed technique, the short-time Fourier 
transform (STFT), has not yet received much atten-
tion probably because of its uniform resolution fea-
ture, which has been considered to be its major 
shortcoming compared to the other two methods.  

The advantages and disadvantages of a specific 
signal processing technique are contingent on the 
signals processed. A technique perfect for a specific 
signal type is quite often not applicable to another 
type. In this study, we aimed to find out if AWT and 
ST are better than STFT when applied to time- 
frequency analysis of cylinder head vibration signals 
under steady engine speeds.  

For simplicity, only the Gaussian function was 
used as the STFT window function in this study. Thus, 
the term “STFT” in this paper refers to STFT with 
Gaussian window, unless noted otherwise. 
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2  Gaussian function windowed STFT, ST, 
AWT, and their relationship 
 

The Gaussian function windowed STFT, ST and 
AWT are all closely related to the Gaussian function. 
Both AWT and ST can be expressed in the form of 
STFT. Therefore, the resolutions of all three tech-
niques are limited by the uncertainty principle and the 
spectrograms they generate are all related to the 
window width. 

2.1  Gaussian function  

The Gaussian function is the most localized 
function among all the functions in the time- 
frequency domain, i.e., the product of its time dura-
tion and frequency bandwidth is the smallest among 
all functions. The energy normalized form (Qian, 
2002) is given by 
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where t is time and α is a constant. Both the time and 
frequency centers of g(t) are 0. Its time and frequency 
domain standard deviations σt and σf are determined 
by Eqs. (2) and (3) below, respectively. σt and σf are 
usually employed to measure the time duration and 
frequency bandwidth, respectively, of a signal. In the 
following, we will refer to σt as the “window width”. 
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From Eqs. (2) and (3), we can obtain 
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A distinctive feature of the Gaussian function is 

that the function value is less than 1% of its peak 
value when t| | 3 2 .t σ>  The discrete form of the 
Gaussian function g(t) can be written as 
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where it=−Nt, −Nt+1,…, Nt−1; fs represents the sam-
pling frequency; 2Nt denotes the number of the points 
in the time domain; and it is the index of the discrete 
window series. 

Discrete Gaussian windows for several specific 
parameters are shown in Fig. 1. The most significant 
advantage of Gaussian windows over the commonly 
used Cosine windows such as Hanning, Hamming or 
Blackman, is that they have an intuitive and physi-
cally meaningful parameter σt that is independent of 
the number of points (Fig. 1a). In particular, if the 
number of the points is large enough, the time- 
frequency resolution of a Gaussian function can be 
fixed well by keeping σt constant while increasing the 
number of points. In this way, the Fourier transform 
(FT) lines can be increased, which helps improve the 
smoothness of the spectrogram without sacrificing the 
resolution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1  Plots of discrete Gaussian windows of different 
parameters  
(a) fs=2 kHz, σt=30 ms; (b) fs=2 kHz, 1024 points 
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2.2  Gaussian function windowed STFT 

The Gaussian function windowed STFT of a 
signal s(t) can be written as 
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where * denotes the complex conjugate operator. The 
second expression is correct because g(t) is real. 

2.3  AWT 

AWT is a special form of CWT (Zhu and Kim, 
2005), whose mother wavelet is a complex Morlet 
wavelet, also known as the Gabor wavelet. Because 
all the wavelets in the Gabor wavelet family are 
analytic, that is, they have no negative frequency 
component, this specific CWT is also referred to as 
the AWT. 

2.3.1 Gabor wavelet family in terms of the quality 
factor Q 

The energy normalized mother Gabor wavelet is 
defined by 
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where f0 and α0 are the center frequency and a con-
stant related to the time duration and frequency 
bandwidth of the mother wavelet, respectively. A 
family of Gabor wavelets can be obtained by trans-
lating and dilating the mother wavelet. The quality 
factor Q of each wavelet, which is defined as the ratio 
of σf, a half of the frequency bandwidth (i.e., fre-
quency domain standard deviation), to f, the center 
frequency, is always the same 
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The Gabor wavelet with center frequency, f, and 

time translation, τ, can be written as 
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is the envelope of ψf,0(t). It is also a normalized 
Gaussian function. Clearly, the whole Gabor wavelet 
family can be described by a single parameter Q. The 
frequency bandwidth increases and the time width of 
a Gabor wavelet with a given center frequency de-
creases with Q.  

2.3.2  AWT in terms of quality factor Q 

The AWT of a signal s(t) can be rewritten as a 
function of Q 
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2.3.3  Amplitude normalized AWT (AWTm) 

The wavelets of the AWT defined by Eq. (11) 
have the same energy at different frequencies/scales. 
The AWT transform of a signal, by Eq. (11), that is 
composed of two single tones of the same amplitude 
but with different frequencies shows a large magni-
tude at the low frequency and small amplitude at the 
high frequency. More precisely, the magnitude is 
inversely proportional to the square root of the fre-
quency. However, in some real-world applications, 
such as IC engine signals, the amplitude of the signal 
components also need to be measured (Yang and Hao, 
2006). The amplitude normalized AWT is given in 
Eq. (12): 
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2.4  ST 

2.4.1  ST 

The window function in STFT does not change at 
each point in time-frequency domain. In contrast, an 
essential feature of ST (Stockwell, 1996; Wang, 2010) 
is that the window width of window functions wS(t,f) 
is inversely proportional to the frequency 
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Although wS(t,f) is a Gaussian function, it is not 

energy normalized. The window function of ST at 
frequency f (Eq. (13)) can be related to 

,0 =1/(2 2π)
( )f Q

g t  (Eq. (10)), which is the envelope of a 

member of center frequency f in the Gabor wavelet 
family with Q=1/(2 2 π), by 
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Consequently, s(t)’s ST can be expressed as 
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which indicates that ST is no more than an amplitude 
and phase modulated version of a specific AWTm with 

=1/(2 2π)Q . 

2.4.2  Modified S transform (STm) 

A modified ST can be defined as 
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In this way, the numerical implementation of 

STm(τ, f) and AWTm(τ, f) can be unified. Moreover, 
STm(τ, f) can be obtained by a simple phase shift of 

m

=1/(2 2π)
AWT ( , )s Q

fτ . In addition, the magnitudes of 

STm(τ, f) and m

=1/(2 2π)
AWT ( , )s Q

fτ  are always  

identical. 

3  Simulation tests of STFT 

3.1  The lowest distinguishable frequency 

It is possible that only a few periods of a single 
tone signal are inside the time window due to its lim-
ited time width. So, an STFT spectrogram may not be 
able to show a single tone clearly. A synthetic signal 
Sig1 was designed to help determine the lowest dis-
tinguishable frequency of STFT: 

 

0Sig1( ) 7sin(2π ),t f t=  
 

where f0 is a constant. The STFTs with a given σt were 
performed on Sig1 with different f0 to find out the 
critical value 

t

minfσ  for f0, at which the STFT spec-

trogram can show the signal clearly. A series of si-
mulations showed that 

t

minfσ  is about 2.5σf. Two 

STFT spectrograms with σt=66.5 ms are shown in 
Fig. 2. L indicates the length of the Gaussian window, 
which is also the fast Fourier transform (FFT) frame 
size because no zero padding is applied; TS indicates 
the time step of the window, in number of sample 
points, in STFT implementation. The equivalent 
overlap will be (L−TS)/L×100%. 

In Fig. 2a, 2.5σf is 3 Hz, which is smaller than 
7 Hz. Clearly, the time window was sufficient to show 
the frequency of the signal. However, as the fre-
quency of Sig1 is reduced to 3 Hz and equal to 2.5σf 
(Fig. 2b), the corresponding STFT spectrogram 
shows artifacts at low frequencies. It became more 
and more difficult to distinguish spectrograms as the 
frequency of Sig1 diminished. 

3.2  Time-frequency resolution limits 

IC engine vibration signals have two essential 
features. First, there are different frequency response 
components during the occurrence of excitation 
events. Second, some excitations are very close in the 
time domain, even simultaneous. These may cause 
response components of the same frequency. The 
STFT can be used to identify these excitation events if 
these response components can be differentiated from 
each other via STFT spectrograms (Vulli et al., 2009). 
Therefore, a study of the ability of STFT to distin-
guish between small frequencies spaced response 
components at the same instant and components of 
the same frequency but of small time interval, is 
highly desirable. 
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The spectrograms from CWT, ST and STFT are 
all approximate descriptions or decompositions of the 
original signal. The time width σt and frequency 
bandwidth σf of a Gaussian window, which are indi-
rect and qualitative descriptions of the time-frequency 
resolution of STFT, are inversely proportional to each 
other. The better is the time resolution, the worse is 
the frequency resolution and vice versa. For a given 
window width σt, what is the minimum time/ 
frequency spacing between the two components that 
can be clearly differentiated using the STFT spectro-
gram? To help answer this question and to quantita-
tively determine the STFT’s time-frequency resolu-

tion limits, we defined a synthetic signal Sig2 as  
follows: 

 
Sig2( ) S1( ) S2( ) S3( )

S4( ) S5( ) S6( ),
t t t t

t t t
= + +
+ + +

 

where 
2S1( ) sin(2π(200 5 )), [0,10],t t t t= + ∈  
2S2( ) sin(2π(300 5 )), [0,10],t t t t= − ∈  

S3( ) sin(2π 150 ) sin(2π 700 ),t t t= × + ×
[4.05,4.1] [4.35,4.4] [4.65,4.7],t∈ ∪ ∪  

S4( ) sin(2π 700 ) sin(2π 740 ),t t t= × + ×  
[5.05,5.1] [5.15,5.2] [5.25,5.3],t∈ ∪ ∪   

S5( ) sin(2π 150 ),t t= ×  
[5.05,5.1] [5.13,5.18] [5.21,5.26],t∈ ∪ ∪   

S6( ) 8,t = [6,6].t∈  
 
Sig2 contains short-time components occurring 

simultaneously and with close frequencies, such as 
the two short-time single tone components in S4, 
which have a frequency of 700 and 740 Hz, respec-
tively. Sig2 also contains short-time components of 
the same frequency which are very close in the time 
domain, such as the components in S3 with a time 
interval 250 ms, S4 with a time interval 50 ms, and S5 
with a time interval 30 ms. Similarly, Sig2 also has 
long-time evolving components such as S1 and S2, 
and a spike component such as S6. The frequency 
range of the components in Sig2 is broad.  

The intuitive interpretation of the theoretical 
components of Sig2 can be inferred from Fig. 3. It is 
probably the best STFT spectrogram among many of 
different σt, whose window width σt is 10 ms. Fig. 3 
shows clearly almost all the theoretical components 
of Sig2, except the portions between 3.5–6.5 s of S1 
and S2. Sig2 was analyzed by STFT with different σt 
values. Three typical spectrograms are shown in 
Figs. 3–5 for comparison. 

It can be inferred from Fig. 3 that: 
1. During the period of 3.5–6.5 s, the frequency 

difference between S1 and S2 at the same time instant 
is less than 1/(3σt)=33.3 Hz. 

2. During the period from 3.5–6.5 s, as the fre-
quency difference between S1 and S2 at the same 
time instant becomes smaller, it is harder to distin-
guish the two components S1 and S2. In the time 
domain, this phenomenon can be explained by the 
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TS=2. The color represents square of the STFT magnitude in
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fact that, as the frequencies of S1 and S2 become 
closer, the modulation frequency of the amplitude 
modulated wave formed by the superposition of S1 
and S2 becomes smaller. The carrier frequency is the 
average of the instantaneous frequencies of S1 and S2 
while the modulation frequency is one half of the 
difference between these two frequencies. Accord-
ingly, the time distance between the nodes and anti-
nodes becomes larger in time domain. This can be 
seen clearly from the detailed waveform in Fig. 5. The 
dark and bright bands along the vertical direction in 
the spectrogram correspond to the nodes and anti-
nodes in the time waveform, respectively. 

3. Fig. 3 clearly shows the two short-time single 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

tones in S4. In particular, the frequency difference 
between the single tones is 40 Hz, being larger than 
1/(3σt)=33.3 Hz. 

4. Although the spike occurring at 6 s has a large 
value of 8, its corresponding spectrogram values in 
Fig. 3 are much smaller than those of S1 and S2, 
which have an amplitude of 1. 

Fig. 4 shows the result of σt=5 ms. The following 
observations can be made: 

1. Artifacts between S1 and S2 are observed 
from 2–8 s, where the frequency difference between 
S1 and S2 at the same time instant is not larger than 
60 Hz, being smaller than 1/(3σt)=66.7 Hz. 

2. In S4, a vertical artifact appears between the 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3  STFT spectrogram with σt=10 ms (a) and time waveforms (b) of Sig2  
fs=1500 Hz, L=1024, TS=8. 3σt=30 ms, 1/(3σt)=33.3 Hz, 2.5σf=2.5/(4πσt)=19.9 Hz. The color represents square of the STFT 
magnitude in linear mode 
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short-time single tones of frequencies 700 and 740 Hz.  
Note that the two regions mentioned above in 

Fig. 4 can be easily misinterpreted as a single com-
ponent with a larger bandwidth. 

A few points can be made from Fig. 5 in which σt 
is 20 ms: 

1. The artifact region between S1 and S2 is re-
duced to 4.2–5.8 s. In this interval, the S1 and S2 
frequency difference at the same time point is not 
larger than 16 Hz.  

2. Artifacts can be observed in both S4 and S5. In 
particular, the artifact in S5 is more pronounced than 
that in S4. The time spacings between components of 
the same frequency in S5 and S4 are 30 and 50 ms, 
respectively. 

3. The spike component S6 cannot be identified. 
We can conclude from Figs. 3–5 that for an 

STFT spectrogram with a window width of σt:  
1. To be able to differentiate two components in 

the STFT spectrogram, the low limit of the frequency 
spacing between these two components at the same 
time instant is 

t

i
t

m n 1 3/ ( ).fσ σΔ ≈   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

        2. To be able to identify two components of the 
same frequency in the STFT spectrogram (compo-
nents which do not overlap in the time domain), the 
low limit of their time spacing is 

t

min
t3 .tσ σΔ ≈  

 
 
4  Discussion 
 

1. The ability to differentiate the components in a 
signal from STFT spectrograms is critically depend-
ent on the selection of window width. Specifically, to 
be able to clearly differentiate the components with a 
slowly varying frequency, the stationary components, 
and the short-time single tones in a signal from the 
STFT spectrograms, the lowest distinguishable 
component frequency should be about 2.5σf, while 
the time and frequency resolution limits should be 
around 3σt and 1/(3σt), respectively. 

2. These three limits have to be met simultane-
ously. For instance, as shown in Fig. 4, although the 
frequencies of both S1 and S2 are larger than 2.5σf, it 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4  STFT spectrogram with σt=5 ms (a) and time waveforms (b) of Sig2  
fs=1500 Hz, L=1024, TS=8. 3σt=15 ms, 1/(3σt)=66.7 Hz, 2.5σf=2.5/(4πσt)=39.8 Hz. The color represents square of the STFT 
magnitude in linear mode 
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is still impossible to clearly differentiate them in the 
period from 2–8 s, for the frequency resolution limit 
1/(3σt) is not satisfied. 

3. By varying σt, the STFT spectrograms can 
also be used to identify the short-period components 
and the transient spike components that are mixed 
with pseudo-stationary components as in Sig2. 
However, those small-energy and short-period com-
ponents may be hard to differentiate in the spectro-
gram due to their small energy. By comparing the 
results shown in Figs. 3–5, we can conclude that small 
window widths are good for highlighting short-period 
small-energy components. This is particularly true for 
a spike. 

4. It is usually difficult to find a suitable window 
width that can resolve all the components in a signal. 
Discrimination depends upon the detailed composi-
tion of the signal. In practical applications, compro-
mises are usually needed to realize a specific concern. 
Although the three limits proposed in this section are 
based on simulation results using harmonic waves 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
and seem to be empirical, they can be used to interpret 
the spectrograms correctly and to identify the  
artifacts.  

 
 

5  Characterizing the excitations in an IC en-
gine under stationary state and engine body 
vibration signals 
 

The excitations arousing vibration in an IC en-
gine in a stationary state can be categorized into two 
types: long-term continuous and transient.  

Continuous excitations are smooth. Their fre-
quencies are very low and are usually an integral or 
fractional multiples of the engine’s turning frequency, 
i.e., harmonics. Continuous excitations include 
mainly the reciprocating, centrifugal inertial force/ 
moment, and overturning moment. They usually 
cause the stationary rigid body vibration of the entire 
engine, which is also continuous.  

Intermittent and transient excitations may result 

Fig. 5  STFT spectrogram with σt=20 ms (a) and time waveforms (b) of Sig2  
fs=1500 Hz, L=1024, TS=8. 3σt=60 ms, 1/(3σt)=16.7 Hz, 2.5σf=2.5/(4πσt)=9.9 Hz. The color represents square of the STFT 
magnitude in linear mode 
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from fuel injection, cylinder pressure fluctuation due 
to combustion, impacts between matching parts of 
clearance, and gas pressure pulsation during the in-
take and exhaust strokes. Among all the impacts be-
tween parts, slapping of the cylinder bore by the pis-
ton and impacts on the valve train are prominent. Both 
are transient, and consequently, the corresponding 
responses are damped and intermittent. The con-
stituent frequencies of these responses involve the 
frequency spectrum of excitation and the frequency 
response function (FRF) between the excitation point 
and the response point. Because the natural frequen-
cies of the engine structural components, such as 
cylinder head and cylinder block, are usually very 
high, so are their responses to transient events. The 
response frequencies do not change a lot at a steady 
engine speed.  

Therefore, the vibration responses to the excita-
tions in an IC engine at a steady engine speed are the 
superposition of cyclic and continuous waves as well 
as the short-time damping waves corresponding to a 
variety of transient excitations. These signals can be 
analyzed well using Gaussian function windowed 
STFT. 

 
 

6  Applications of Gaussian function win-
dowed STFT 

6.1  Signal collection 

Vibration signals were collected at an idle speed 
of 800 r/min in a 4-cylinder 4-stroke common-rail 
diesel engine, whose firing order was 1-3-4-2. Two 
single-axial accelerometers were located at positions 
A1 and A4 on the side of the cylinder head (Fig. 6). 
They were aligned with the central axis of cylinders 1 
and 4, respectively. Lateral vibration signals that were 
perpendicular to the longitudinal axis of the crank-
shaft were measured. 

The signals collected were called A01 and A04 
according to their respective locations. A photoelec-
tric tachometer was used to indicate the top dead 
center (TDC) position as the event reference, which 
generated one pulse per crankshaft revolution. All 
three signals were measured simultaneously. The 
sampling frequency was 12.76 kHz and the lowpass 
cutting frequency was 4 kHz. 
 

 
 
 
 
 
 
 
 
 
 
 
 

6.2  Time-frequency analysis of the signals 

6.2.1  Initial window width σt 

As mentioned above, an STFT spectrogram de-
pends greatly on the window width. The window 
width selection here was guided by the conclusions 
drawn in Section 3. We take a specific signal as an 
example: a major source of mechanical noise in an IC 
engine is the impacts between the parts as the valves 
are opening or closing. A schematic valve diagram for 
the test engine is shown in Fig. 7. It can also be 
viewed as the sequence of major excitation events on 
the cylinder head. The exhaust valves are open regu-
larly at a 26° crankshaft angle (CA) (5.417 ms at 
800 r/min) after each power stroke TDC. The intake 
valves are closed regularly at 55° CA (11.5 ms at 
800 r/min) after each power stroke TDC. Each such 
event may excite vibrations of components at the 
same frequency. As shown in Section 3, an STFT 
spectrogram with a window width σt has a time res-
olution of about 3σt. Accordingly, to be able to dif-
ferentiate between the vibration responses due to 
combustion and those due to exhaust valve closing 
(providing that there is sufficient corresponding en-
ergy in the vibration signal), and 5.417/3=1.81 ms 
should be selected as the initial value of σt. In Section 
3, the time resolution limit is referred to as the time 
spacing between the end of one signal component 
and the start of another, while here 5.417 ms is actu-
ally the time interval between the start points of the 
excitation events. We use σt=5.417/3=1.81 ms as an 
initial value of σt because impulse responses on 
typical engine structures last for a few milliseconds 
(Vulli et al., 2009). 

 

Fig. 6  Test engine and locations of accelerometers 
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The STFT spectrograms with σt=1.81 ms of the 

measured signals are shown in Figs. 8 and 9. 

6.2.2  Discussion 

The vibration signals in Figs. 8 and 9 are com-
prised of continuous and transient, intermittent 
responses. In the idle state, both the combustion and 
valve train mechanical excitations are small and, as a 
result, the measured response signals to the vibrations 
are also small. The FT of the two signals revealed that 
their energies were almost completely concentrated at 
the frequencies of 53 and 80 Hz, being the 4th and 6th 
order turning frequencies, respectively, at 800 r/min. 
These are the predominant excitation frequencies of 
the stationary reciprocating inertia force and over-
turning moment in this 4-cylinder 4-stroke engine. 
However, the transient responses to the transient ex-
cites were hard to identify from FT. The lowest dis-
tinguishable frequency of a single tone from an STFT 
spectrogram with a window width of 1.81 ms is 110 
Hz according to Section 3. Therefore, to identify the 
continuous and low-frequency components as well as 
the intermittent high-frequency response components, 
a different window width should be used. In the fol-
lowing part of this section, the focus will be on the 
responses to transient excitations, which are believed 
to be the major noise sources. 

A careful examination of Figs. 8 and 9 indicates 
that the STFT spectrograms with σt=1.81 ms are not 
bad despite having some regions that cannot be iden-
tified clearly. 

In Figs. 8 and 9, the crankshaft angle positions at 
which the tachometer indicated the occurrence of a 
TDC are represented by the dashed line L1, while the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
instants of exhaust and intake valve closing are indi-
cated by the dashed lines L2 and L3, respectively. The 
dashed line L1 is spaced at 26° CA from L2 and 55° 
CA from L3. The dashed lines L4 and L1 are sepa-
rated from each other by one cycle—720° CA. The 
differences in vibration responses to the excitations at 
different crankshaft angles are obvious. The varia-
tions over the combustion process can also be re-
vealed by comparing the spectrograms at L1 and L4. 
The following observations can be made: 

1. In Fig. 8, the responses to exhaust valve 
closing are hard to identify from A01’s spectrogram. 
This may be due to the low response energy. However, 
in Fig. 9, the weak components near the frequencies 
of 900 Hz and 3.5 kHz at L2 are very likely caused by 
exhaust valve closing. 

2. In Fig. 8, the components of the frequencies 
2.84 and 3.07 kHz at L3 in A01 are probably the re-
sponses to the intake valve closing, whereas they are 
hard to distinguish from A04 in Figs. 4 and 5. 

3. In Fig. 9, the four components at L1 around 
the frequencies 1.4, 1.9, 2.3 and 2.8 kHz are very 
likely due to combustion excitations as well as piston 
slapping. The part highlighted by a smaller circle in 
Fig. 9 looks like a component but its frequency band 
exceeds the frequency resolution limit 184 Hz (the 
window width σt=1.81 ms). It is reasonable to con-
clude that this pseudo-component may be composed 
of several real components with close frequencies. 
This can be verified by doing STFT with increased 
window widths. The STFT spectrogram with σt=4 ms 
of this pseudo-component is shown in Fig. 9 high-
lighted by a bigger circle, in which four components 
are clearly evident. 

 

Fig. 7  Valve diagram of the test engine 
PTDC: TDC of power stroke; ITDC: TDC of intake stroke; EO: exhaust valve opening; EC; exhaust valve closing; IO: intake 
valve opening; IC: intake valve closing. The number before the symbols denotes the cylinder number 
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Fig. 9  A04’s STFT spectrogram with σt=1.81 ms (a) and time waveforms (b)  
fs=12.76 kHz, L=4096, TS=4. 1/(3σt)=184 Hz, 2.5σf=2.5/(4πσt)=110 Hz. The color represents square of the STFT magnitude 
in linear mode 

Fig. 8  A01’s STFT spectrogram with σt=1.81 ms (a) and time waveforms (b)  
fs=12.76 kHz, L=4096, TS=4. 1/(3σt)=184 Hz, 2.5σf=2.5/(4πσt)=110 Hz. The color represents square of the STFT magnitude in 
linear mode 
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The A01’s STm and AWTm spectrograms with 
Q=0.025 are shown in Figs. 10 and 11, respectively. 
The ST/STm and AWTm/AWT employ different 
window widths at different frequencies, a wider 
window at lower frequencies and a narrower window 
at higher frequencies. 

Specifically, ST/STm always uses a window 
width of 0.707 ms at a frequency of 1 kHz (frequency 
resolution=471 Hz) and a window width of 0.202 ms 
at 3.5 kHz (frequency resolution=1.65 kHz). Ac-
cordingly, it cannot differentiate the components of 
frequency difference 471 Hz in the frequency range 
from 1 to 3.5 kHz. The response frequencies cannot 
be identified accurately from Fig. 10. In particular, 
without knowledge of the effects of window width on 
the spectrogram, the circled region in Fig. 10 could be 
easily interpreted as a single component of a wide 
frequency band from 1.8 to 4 kHz. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
The AWTm spectrogram of A01’ with Q=0.025 

is shown in Fig. 11. The window width at 1 kHz is 
3.183 ms (the frequency resolution limit=105 Hz), 
and the window width at 3.5 kHz is 0.909 ms (the 
frequency resolution limit=366.5 Hz). The frequency 
resolution limits at each frequency in Fig. 11 are 
smaller than those in Fig. 10, while the frequency 
resolution limits at the frequencies larger than 
1.76 kHz (where σt=1.81 ms) in Fig. 11 are larger 
than those in Fig. 8. Therefore, the two components of 
2.84 and 3.07 kHz at L3 cannot be identified from 
Fig. 11, whereas they can be clearly seen in Fig. 8. 
Although many Q have been tried, it is hard to find an 
appropriate value due to the multi-resolution feature 
of AWT (Fig. 12). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Crankshaft angle (°)

Fr
eq

ue
nc

y 
(H

z)

 

 

0 100 200 300 400 500 600 700
500

1000

1500

2000

2500

3000

3500

4000

0

5

10

15

20

25
t t3.5 kHz : = 0.909 ms,1/ (3 ) = 366.5 kHzσ σ

t t1 kHz : = 3.183 ms,1/ (3 ) =105  Hzσ σ

L1L2L3 L4

Fig. 11  A01’s AWTm spectrogram with Q=0.025 
The color represents square of the AWTm magnitude in 
linear mode 

Fig. 12  A01’s AWTm spectrogram with (a) Q=0.01, (b) 
Q=0.02 and (c) Q=0.03 
The color represents square of the AWTm magnitude in linear 
mode 
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The results presented in Figs. 8–12 indicate that 
the uniform resolution is not necessarily a disadvan-
tage for the joined time-frequency analysis of sta-
tionary IC engine vibration signals. 
 
 
7  Conclusions 
 

1. The validity and applications of the lowest 
distinguishable frequency limit 2.5σf, the time reso-
lution limit 3σt, and the frequency resolution limit 
1/(3σt) for an STFT spectrogram with Gaussian 
window were confirmed.  

2. The vibration signals in an IC engine at a 
steady speed responding to transient excitations con-
sist of continuous and intermittent parts. The con-
tinuous part is usually at low frequencies, while the 
intermittent part usually has high frequencies. A sin-
gle window width by which both parts can be clearly 
distinguished may not exist. This can be circum-
vented by performing STFT using a few different 
window widths.  

3. The spectrograms of three time-frequency 
transforms, STFT, ST, or AWT, are closely related to 
the window width (for STFT) or the quality factor (for 
ST or AWT). This needs to be borne in mind when 
interpreting the spectrogram to avoid mistaken or 
unconvincing interpretations. In addition, ST has no 
adjustable parameters, while the AWT spectrogram 
varies as a function of Q.  

4. In a vibration signal from an IC engine at a 
steady speed, the appearance of signal components 
with an abrupt frequency change is very rare. There-
fore, STFT is applicable. However, this does not 
mean that rational judgments are no longer needed. 
The resolution of STFT is limited, and artifacts al-
ways exist. 

5. For cylinder head vibration signals, STFT 
spectrograms with a reasonable window width exhibit 
a better frequency localizing ability in time- 
frequency domain than either ST or AWT without 
greatly sacrificing time resolution. STFT may be use-
ful in several applications including fault diagnosis, 
vibroacoustic source identification, and transfer path 
analysis. 
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