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Abstract;

The dual formulation of the discrete-time mixed [,/ control design problem was achieved by us-

ing the duality theory of Lagrange multipliers. For some special dual mixed /,/1; problems, an approximation
method for the optimal value is introduced. A suboptimal value of the infinite-dimensional dual problem can
be obtained by solving a sequence of truncated problems. The convergence property of the solution scheme is
investigated. This paper gives a low approximation method for the primal problem.
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INTRODUCTION

The I, optimal control theory for linear dis-
crete-time control systems where the maximum
amplitude of system signals is constrainted to be
bounded, was studied in recent years( McDonald
et al., 1991; Dullerud et al., 1992; Staffans,
1993; Dahleh et al., 1993). In H, optimal

control theory, the system signals are constrained
to have finite energy. However, inputs in prac-
tice such as steps, sinusoids of known frequen-
cy, do not satisfy this condition. [, optimal con-
trol problems are of considerable practical value
for treating the above signals. The mixed [,/1,
control problem is formulated on the minimiza-
tion of the /,-norm of one part of the impulse re-
sponse of a system, under a constraint on the [,-
norm of another part of the impulse response( Wu
et al., 1996). This problem was shown to have
a unique solution when the feasible region is
close. An upper approximation method of this
solution is devised. The difficulty with this pro-
cedure is that it is not clear how far the subopti-
mal solution is from the optimal solution. This
paper considers the dual formulation of the mixed
l,/1, optimization problem, and explores another
solution method for some special problems that
approximates the optimal value from below.
Combined with the upper approximation method,
this lower approximation method can give both an

mixed [,/1; control, approximate analysis, lagrange multiplier theory
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upper bound and a lower bound on the optima.

PRELIMINARIES

R denotes the field of real numbers, R the
set of IV x 1 vectors with elements in R. A caus-
al LTI (Linear Time Invariant) transfer function
G=6(0)+G(1)A+ G(2)A*+ -+ is BIBO
(Bounded Input Bounded Output) stable if and

only ifz | G(k) | < o . I; denotes the real
k=0
normed linear space of all BIBO stable causal
LTI transfer functions. For any G € [, the [;
norm of G is given by IGl, = Z | GCk) | .
k=0

Rl = f@lééll, G is a rational function of A } .

Real linear normed space

(6 < =},

G can be represented uniquely by its im-
pulse response sequence (G(0), G(1), G(2),
=)T. So G and its impulse response sequence
are not differentiated in notation.

l . denotes the set of all real sequences d =
(d (0), d(1), d(2), ---)T such that
sgpld(k)| <o, For any d € [,, the [,
norm of d is given by | dl - = s%p| d(k)]|. co

L =1{G 116, =

denotes the subspace of /. of sequences conve-
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rging to zero.

Let X be a normed linear space. The space
of all bounded linear functionals on X is denoted
X", equiped with the natural induced norm.
For any x € X and y€ X", (x, y) denotes
the value of the bounded linear functional y at
It is convenient to put on X* a
** = X. This is
the weak ™ -topology. I =1le, c¢g =1;, I} =
Land Rly,cliclhccycl. . For any x € [;
and y€ [ (or for any x€ I, and y € 1,),

(x, y) = §§<x<k>y<k>>.

ILet X be a vector space. Given a convex
cone S, it is possible to define an ordering re-
xy = %, if and only if
Then it is natural to define a con-

the point x .
weaker topology which makes X

lation on X as follows:
X1 — X3 6 S] .

vex cone S, inside X~

={ye x*[{x, ) =20, Vx € S}.

in the following way:

This in turn defines an ordering relation on X*
For any vector space in this paper, the positive
cone which defines an ordering relation is the set
consisting of elements with nonnegative pointwise
components .

Let f be a convex function from X to R and
G a convex map from X to another normed space
Z . Also, let 2 be a convex subset of X. As-
sume that there exists x; € X such that G(x,)
< 0 (the inequality with respect to some cone in
Z). This is generally known as the regularity
assumption . Define the minimization problem:

v = inff(x) subjectto x € Q, G(x) < 0.
(1)

Then the dual problem is
sup 1nf§f(x) +(G(x), z" )}
z >0"‘

e Z7

In the case where the infinization problem con-
tains equality constraints, we will replace them
by two inequality constraints. Care should be
taken in this case since the assumption that the
constraint set has an interior point will be violat-
ed; however under mild assumptions, if the
equality constraints are given in terms of linear
operators, the result will still hold without the
regularity conditions( Dahleh, 1993).

(2)

y =

PROBLEM DEFINITION

Given an admissible plant P as
Y ——P11u+P12w1 +P13w2
F41 P21u+P22w1+P23w2
2y = P31u+P32w1 +P33W2
where i)U(L =1,2,3; j=1, 2, 3) are rational

causal LTI transfer functions, w; and w, are sin-

(3)

gle exogenous inputs, z; and z, are single regu-
lated outputs, u is the single control input, and
y is the single measured output. P is assumed
to be stabilizable, and P“ is assumed to be
strictly causal. The compensator is u = Cy .

Let & denote the closed-loop transfer func-
tion between w, and z, ¥ denote the closed-
loop transfer function between w, and z,. Given
a constant Y, the objective is to find a rational
causal LTI compensator C which stabilizes P
and minimizes | & ||2 subject to [ ‘ff”l <7.

Incorporating the Youla parametrization of all
stabilizing compensators( Francis, 1987) yields

® = Py + PyCQ+ P, O) Py

=T, - QV (4)
Y = Py + PyC(1+ PyC) Py
=T, - QU (5)
0 € RI,.
Hence the mixed [,/l; control problem can be

stated as: Given T, U, T,, VERI, and a
constant ¥, where U, V0, find @ € Rl such
that || Tz - @f/”z is minimized and | T - (?17 ”1
< 7. Without loss of generality ( McDonald et

al. 1991), it is assumed that
= (v(0), -+, V(m))" € R™!,
= (U0, -+, U(n))" € R
For Q € Rl,, define
_ G b= T OF,
I, - 001, < 7.

The mixed /,/1; problem is described as

i = ol &, (6)
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Throughout this paper, it is assumed that & is
nonempty. Obviously, § is nonempty when

y > jntl ) - 001,

Notice that € [0, ) when £ is nonempty.
Let W= (1, 1, :--). Define two operators
%: l1_>ll and % ll'_’ll as fOHOWS:

U(_O) 0
% - U(n) U(:O)
U(n)
0 .
V(.O') 0
o V(m) V(:O)
V(im)
0

Then (6) can be posed as

é +% = i’z
‘P‘+—¢"_+ %A = Tl
s.t W(‘?++‘p_)57
& c R, ¥.€ R, ¥_€ R,
O€c Ry, ¥,, ¥ >o0.
(7)
DUAL PROBLEM

IﬁtX=l1Xll>(llel, Z=ll><l1><ll
XlIXRa

. 7,
v, | (&
x=|t =%, b=| T, |,
0 Q - T
4

Q=lxlx=(P7, ¥, 0")7, DE R, ¥,
€Rl;xRl,, QERL,, ¥,=0!,
F=(E 0 0 0): X—~{,

1 0
ol
0

Define the operator

where E = [

E 0 0o

-E; O 0 | -
A=|0 | E _-E %
0  -E E | -%

O W W i 0

= [A, A, A;]: X— Z.

With these definitions, (7) becomes
po= inf{ Fx, Fx)
s.t. Ax - b <0, x € .

It is easy to see that; {Fx, Fx) is a convex
function from X to R, Ax — b is a convex map
from X to Z, (2 is a convex subset. Let
Z¥ =cgXxcyxecgXcyXR. Here Z 1s
equipped with the weak ™ -topology, not the norm
topology (Dahleh et al., 1993) . From the theory
of Lagrange multipliers, the minimum solution of
(8) can be obtained by performing an uncon-
strained minimization of its Lagrangian, 1.e.

n =§upig£{<Fx, Fx)+{Ax - b, z* )}

z =0 %
a

= sup igﬁ{(@,

(8)

=s~u>p0 :gﬁ{(@, D + Al*z*> + <‘j’o,

Az*z*>+<@9 A3*2*>—<b, Z*>}

(9)
s.t.z"&€Z",
where A =lE —~-E 0 0 O0l; Z*—
le
. _[00 E -E W) . __
2=l 0 -E E W*]' z be
X Lo
Ay =l -2+ -2 ol: z"—1,
W* =(19 19 "')T
U(0) U(n) 0
w = u(o) U(n)
0 . ]
v(0) V(m) 0
7 = V(0) V(m)
0

are the adjoint operators of A;, A,, Az, W,
%, Zrespectively. This result is true despite
the fact that the constraints do not satisfy the
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regularity conditions( Luenberger, 1969) . In the
case where A3 z° %0, Q can be chosen such
that 2 < 0. However 2 € [0, % ], it is evident

that A5 z* = 0. Similarly, it can be obtained
that A, z° = O and the above infinization is
achieved for ‘i’():(). Let Az = (h(0), &
(1), )T KA 2" ¢ b, i.e. D, (h(k))?
k=0

= o . For any positive integer M, construct
2 -1
(_DM = —M—l————(h(o)’ ’ h(M_ 1)’

[ > (h(K))?

k=0

09 “')T 6 ll-

Then

(B, g+ A7) = 1= | (0P

and lim(®y, Oy + A z") = — @ . It follows

that A z* € I,, moreover

(D, D+A 2" )=AD+ (A} 2" 2), D+
(A} z*72)) - (Al z* /2,
Al z*/2).

Forany ¢ >0 and A z" = (A (0),

-)YT€1,, 8 can be found such that

= — 2 (h(0), ~)TE R
and
0<(D+ (A} z*/2), D+(A] 2" /2)) <e.

This means

h(l)’

’ h(8)7 0,

* * 1 * *
d,lel'lf<¢ @ + Al z > = - Z<A1 zZ
Al z >.

Consequenily ,
1 * * * * *
/,zzs_u;g{—z<A1z , A z" ) = (b, 2" )}
AI*Z* e iz
Ay z" =0
.t - 10
® A3*Z* =0 ( )

Z* 6 Z*

ay
Qs

Let 2z be given by z* =| B; |. By direct substi-
B

7

tution, (10) is converted to

1 R
p:sup%—z<oq—012, (11_(12>_<T29 ay —
012>—<T1, Bl—ﬁz>—<7, 77>}
Bi—B+ W =0
"51+.32+W*7720
Wal—Wa2+%*Bl—%*Bz=O
ai, azs By <o, NER
al—a2€l2’ Ay QAns Bly BZ, 7720
(11)
Finally, substituting @ = 2y — a; and 8 = f3;
- B, , the dual formulation of (7) is

1 R R
Z<a, ay =Ty, ay -1y, B

M= sup{—
-y}
-w" s[o’s
{Wa + W B = (12)
0612, BE Co» 7]€R9 7720
LOWER APPROXIMATION
Assumption # : For U = (u(o), -, U
(n))T, there is e € 10, -+, n} such that U

(p)#O and U(k) =0 when ksp.

Under this assumption,

0 U(p) 0
2 = |t e Up)
: 0
=l2g 2]
1
T(p) 0
and (24 )~ ' = 1 . Let
U(p)
0 .
T1e = (T (), Ty (p+1), =)T. (12) can
be writen
Hm = sup{—%(a, a) - <T2, a)

+ ﬂi' Ty (k)| = (T, »
_ (24 )"\ %) - 7y

{— W*vs—(%)"%sW*n( )
st la€ L, 7€R, 20 13

The N-th truncated problem of (13) can be con-
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structed as follows.
MUN = maxf— i‘<a, a> - <i12, a> - <T1a,
— (@) 7w + (ST -yl

ot {—-FV*n:s-—(%%?)“96 = W'y
o QGRN+1977€R,7720

Obviously, the N-th truncated problem is a fi-
nite-dimensional optimization problem which can
be successfully solved with many numerical opti-
mization techniques. The following results are
due to the fact that R¥*' x 0c R"*? and finite
sequences are dense in [, .

(14)

Proposition: Given assumption # , then p,
<pi=<- and [lvijg/lzv =

CONCLUSION

The dual formulation sheds a new light on
the mixed [,/1; control problem. It may provide
an important approximation to the optima of a

general mixed /,/l; problem from below. Using

both upper approximation and lower approxima-
tion is a convenient and valid way for computing
the minimum performance to any prescribed ac-
curacy.
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