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Abstract :  Consider the mixed-effect coefficient semiparametrie regression model 

Z = X'a + Y ' f l+ g ( T )  + e ,  

where X,  Y and T are random vectors on R p x R q x [ 0 , l ] ,  a is a p-dimensional fixed-effect parameter, fl 

is a q-dimensional random-effect parameter (JEff = b, Cov(fl)  = ~ ) ,  g ( .  ) is an unknown function on [0 ,  

1 ] ,  e is a random error with mean zero and variance a 2 , and ( X ,  Y, T) and (f l ,  e ) ,  /3 and e are mutually 
independent. We estimate a ,  b and g ( .  ) by the nearest neighbor and the least square method. In this pa- 

per, we prove that estimations of a ,  b have asymptotic normality and obtain the best convergence rate n - 1/3 
for the estimation of g ( . ) .  
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INTRODUCTION 

This paper considers the mixed-effect coeffi- 
cient semiparametric regression model 

Z = X ' a  + }1't3 + g ( T )  + e ,  (1)  

where X,  Y and T are random vectors on R p , 

R q and [0 ,  1 ] respectively, a is a p-dimensional 
fixed-effect parameter,  t3 is a q-dimensional ran- 
dom-effect parameter ( E f t  = b ,  Cov(/3) = 

) ,  g ( .  ) is an unknown function on [0 ,  1 ] ,  

e is a random error with mean zero and variance 

0 .2 , and ( X ,  Y, T) and (/3, e ) ,  /3 and e are 
mutually independent.  We estimate a ,  b and g 
( . )  by the nearest neighbor and the least square 
method and obtain the asymptotic normality and 
the best convergence rate n -  1/3 for estimations of 
a ,  b a n d g ( . ) .  

Up to now, for model ( 1 )  there are no re- 
suhs which yield the limit properties of the esti- 
mators. But for the fixed-effect coefficient semi- 
parametric regression model ( C h e n ,  1988 ; 
Speckman, 1988; Hong, 1991; Gao, et a l . ,  
1992; Hong, et a l . ,  1994; Gao, et a l . ,  
1995),  the mixed-effect (Gao,  1993; Zhuang, 
et a l . ,  1996) and the random-effect coefficient 

linear regression model ( Rao, 1965; Swamy, 
1971; Johansen, 1982),  a series of very useful 
results had been established. Our investigations 
in this respect yielded ideal results under more 
general conditions. 
Assume that 

{ X i  = ( X i l  , " ' ' ,  Xip ) , , Yi = ( Y / l ,  " ' ' ,  Y / q ) ' ,  

Ti ,  Z i ,  l < i _ _ _ n }  i s a s e q u e n c e o f i . i . d .  ( in-  
dependent identically distributed) random vec- 
tors from the model ( 1 ) ,  i . e .  , 

Z i = XtioL 4" Y'ifl  + g (  Ti ) + e i ,  i = 1, " " ,  f t .  

(2) 

where { ei , 1 < i ~ n } is a sequence of i. i. d.  

random errors and ei ~ ( 0 ,  cr 2 ) ,  { fli , 1 < i < n } 

is a sequence of i. i . d .  random parameter vec- 

tors, /3i ~ ( b , ~ - ~ , ) ,  and { ( X i , y / , T i ) , l < _ i  

<_~nl and { ( / 3 i , e i ) , l < ~ i ~ r t } ,  { e i , l < ~ i ~  

n } and {/3i, 1 ~ i _< n } are mutually indepen- 
dent.  TI , ' " ,  Tn are rearranged as follows. 

ITml,t ) -  t l _ < l T R ( 2 , t ) - t l < _ " "  
I TR(n,t) - t l .  ( 3 )  

Let { v , ~ , l ~ i < n }  and { k =  k , , n ~ l l  be a 

set of nonnegative real numbers and positive in- 
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tegers respectively, which satisfies 

a) k / v~n logn  --~ ~ , k/n3/4--~O 

b)  ~-]v.~ = 1 , k  maxvnl = 0 ( 1 ) ,  
i=1 l<i<_k 
~ n i  "~ O(/'L-l/2) . 
i>k 

By ( 3 ) ,  we define a nonnegative random vari- 
ables sequence { W,i ( t )  = Wni ( t ,  T1,  " "  , Tn ) ,  

l _ i _ < n } ,  and have 

WnR(i,t)( t )  = Vni 1 < i < n 

Equation (2 )  can be rewritten as 

Zi - X ' i a  - Y'ib = g (  T i )  + ei + ~ ' i ( f l i  - b ) .  
(4) 

f f  a and b are known and e i + l i t  i ( ~ i  -- b ) is 

regarded as an error term, by the nearest neigh- 
bor and the least square method, we structure 
the nearest neighbor estimation Rn ( - )  of g ( . )  

as fo l lows .  

$ . ( t )  & g , n ( t )  - 

where  

~Oln ( t )  = 

g2n ( t )  = 

g 3 n ( t )  = 

~ 0 ' 2 n ( t ) a  - ~ ' 3 n ( t ) b ,  

Wni ( t ) Z i ,  
i=l 

Wni( t ) X i ,  
i=1 

lYCrni ( t ) rl 
i=l 

are the nearest neighbor estimations of gl ( t )  = 

E ( Z l l  Tt = t ) , g 2 ( t )  = E ( X l  I T1 = t ) ,  and 

g 3 ( t )  = E ( Y1 I T1 = t )  respeetively. In 

Equation ( 2 ) ,  ~ ( Ti ) is used instead of g ( T i ) .  

Let 

d = = 

= = ( 2 , , " ' , 2 n ) ' ,  

where 2 i = X i - g2n ( ri ) ,  Y, = Yi - ~3n ( Ti ) ,  

Zi  = Zi  - ~~ ( Ti ) .  Then by the least square 

method, we have 

2 ' -  
_ -  

~212"ii=1 ~ - - - - I  ] / i = l  x i Y  i ~i=1 2i~i 

2 Y i X t i  ~ - - t  Y i r  i YiZi 
i=l i=1 i=1 

( CI1 C12] -1(~)  
A C21 C22 ] 7] . 

Thus the final estimation of g ( t )  is obtained as 
follows 

~2 ( t )  A g l n ( t )  -- ~O'2n(t)~ n - g ' 3 n ( t ) D a .  
(5) 

By I.emma 2 in H o n g ( 1 9 9 1 ) ,  1 ( 2  Y ) ' ( X  Y) 
n 

is a positive definite matrix almost surely under 
the conditions listed below. So we may assume 

(x'x x'Y / ( c,, c, t 
that for Y ' X  Y ' Y I  = . C21 C22 ] there exists 

an inverse matrix(when n ---~ 00 ) .  To estimate a 
and b ,  we solve the group of equations 

{ Cl l~ ,  + C12/,. = 

C21an + C22bn = 7] 

and get 

" d .  = A .  ( g - C~2 CSt rl ) 

= Ao (2i- C,2C lri)zi (6) 
i=1 

[~. = B .  ( r I -  C21Ch l g ) 

= B n 2  ( Y  i -- C21C( l l x i )g i ,  (7) 
i=1 

where A. = ( Cll - C12 C~2' CE1 ) - 1, 

gn = (C22 - C21 C1]I C12)-1 

Remark :For  An and B~ there exist inverse matri- 
ces ,  since 

Cll - C12C221C21 = X ' [ I n  - Y ( Y ' Y ) - I y ' ] x  

C22 - C21C?11C12 = Y ' ~ I  n - X ( X ' X ) - I x ' ] y  

and I~ - Y ( Y' Y)  - 1 ~, is a syrmnetric matrix 

with equal power. The rank of the matrix equals 
to ( n  - q ) and its characteristic roots are 0 or 
1. Thus we may find an orthogonal square matrix 
/-', which satisfies 

C,i - CI2C~2' C2I = X ' r ' , (  In-q 0) 1-" ~ 
0 0 " 

Beeause of the invertibility of ( X  Y) '  ( X  Y ) ,  we 
may get n___p + q ,  R a n k ( r X )  = p  and Rank 

( Cll - Cl2 C22 1 C21 ) = p .  Thus for A~ there ex- 
ists an inverse matrix. Similarly, for Bn,  there 
also exists an inverse matrix. 

THE MMN RESULTS AND PROOFS 

In what fol lows,  we assume that 
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1. T 1 has the density function r ( t ) and 0 < 
inf r(  t ) < sup r(  t ) < o~ 

0_<t<_l - -0<_ t<_ l  

2. The functions g ( t ) ,  gl ( t ) ,  gzj ( t ) ( 1 < 
j _ p ) and g3j ( t ) ( 1 _ j _ q ) satisfy the Lips- 

chitz condition of order 1, where g2j ( t )  and 
g3j ( t ) are the j - th  components of g2 ( t ) and g 3  

( t ) ,  
3. E (Z~I  T1 = t ) is a bounded function of 

t .  X and Y are two bounded vectors. 

4 :cov(( 
{Cov(Xt-E(X, IT,)) Cov(X,-E(Xt T,) ,Y , -E(I"I lT , ) )~  

= \Cov( Yl - E( Yt I Tt ), Xl - E(XI I Tt )) Cov( YI - E( YIITI )) ] 

/ ~11 2 ~ /  

is a positive definite matrix, 

5. E ( Y' 1 ~ Y1 ) = al 2 exists. 

The main results of the paper are as follows. 
Theorem 1: In the conditions (1)  - (5 )  and a ) ,  
b ) ,  we have 

",/nn(dn - a )  " N ( 0 , ( a  2 + a 2) 

" (~11 212 2 - 1  ~ '  )-1 ) 
and 

( 8 )  

- b )  " N ( 0 , ( a  2 + a 2) 

�9 ( ~ 2 2 -  221 2111~12 )-1)" (9)  

Theorem 2: In the conditions ( 1 )  - ( 5 ) ,  a ) ,  

b ) ,  and E II X1 II 3 < + = ,  E I1 Y1 II 3 < + 
o, , E l e t  13 < + oo , we have for k = [ C n 2 / 3 ] ( O  
< C <  + w ) ,  

gn  ( t )  -- g ( t )  ~- O p ( n  -1/3 ) 0 < t < 1 
( l O )  

Let 

G ( T )  = ( g ( T 1 )  - ~ , n ( T 1 ) , ' " , g ( T n )  

- ~ , ( T n ) ) ' , e  = ( e l , ' " , e n ) ' ,  

h = (Y ' I (P l  - b ) , - ' - , Y ' . ( p n  - b ) ) ' , t h e n  

= ~'a + iZb + ( ; ( T )  + e + h .  (11)  

The proof of Theorem 1: From ( 6 ) ,  ( 11 ) and 
the definition of A n , we have 

, /-n(,s. - ~)  

= 4 ~ n ( A n ~ ( X ~ -  C l 2 C 2 1 y i ) z i -  or) 
i=1 

= ~ A n ~ - ~ j ( X  i - C , 2 C ~ i z i ) ( Z i -  - ,  X iOt) 
i=1 

= ~ A n ~ ( 2  i - C , 2 C f ? ] / ' i ) ( Y ' i  b + g ( r i )  
i=1 

- ~ O n ( T  i) + e, + Y t i ( ~ i  - b ) )  

= , / - n n A , ~ ( X i -  C12Cf.21}zl)(g(Ti) 
i=1 

-- •n ( Ti ) ) + 4~nAn ~ ( 21 - C12 C;ff Yi ) e i 
i=1 

+ 4"~nAn ~ (Xi  - C12C27 ~Z i ) Y'ti(l~i - b )  
i=1 

A____ Inl + 1,,2 + In3. (12)  

By Lemma 2 of Hong( 1991 ) ,  

I ( X  Y ' ) ( X  i z) a.s;. ~-~o' then 
n 

12t Ir , 212 1X'Xn " 2 1 1 '  n., 

I y ,  y " ~-~22 a . s .  n 
Thereby 

1 a : l  
n 

i . e .  , 

_ 1_~.,(i,, _ y ( y ,  y ) _ l y p )  X 
n 

-'--'~ "~Jll 2 1 2 ~  -1 --  22 ~ / 1 2  

tlAn----~ ( 2 1 1 -  

then 

/nl 

2 , 2  ~ 2-21 ~], 2, ) -1 (13)  

= , , /~nAn(X'G(T)  - C 1 2 C ~ i Z @ ( T ) )  
-1 

and 

~n i ~ ' ~ ( r )  ~ -  0. (16) 

Similar to Hong( 1991 ) , w e  may get 

1 ~ . @ ( T )  "~" 0 (15)  
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Since - -  C12 - -  ----~X'Y ~ C22 _ ----~Y'Y 
n n 1 2 '  n n 22' 

and substituting them in (14 ) ,  we have 

Inl )) O. 

Now we discuss 

(17) 

I,,2 = ~ n A , ~ ( ) [ i  - C12C~]Yi)ei 
i=t 

= ~ n ( X ' o X o ) - 1 2 ' o e ,  (18) 

where -~0 = [ I ,  - Y ( Y ' Y ) - t Y ' ] 2 .  

The following result was obtained by a method 
similar to that for getting Equation(54)of 
Hong(1991) ,  

(X'oXo)-XnX'o e -~" N(O,a2Ip) (19) 

By (13 ) ,  

~ r - n n ( X t o X o ) - l / 2  = / - -  A 1/2 V n ~  n 

( ~],1 - E , 2 E 2  E2,) -�89 (20) 
then 

In2 " N(O, a 2 ( ~ 11 

- E12E-2 E2,)- ')- (21) 
Therefore Equation (8)  is equivalent to 

- -  E . 1 2 E 2  E 2 1 ) - l ) ,  ( 2 2 )  

since 

In3 = 4/-~nAn ~-] ( X i  - C12C221~ri) Y t i ( ~ i  - b) 
i=1 

= v/--nn(X'oXo)-lX'o h . (23) 
From ( 2 0 ) ,  we need only to prove that 

(X'oXo)-l/2X'o h ~ N(O,a21Ip). (24) 

Obviously, it is sufficient for every p-dimension 
vector a = ( e l , ' " ,  ap) that we have 

Sn = a ' ( X ' o X o ) - m X ' o h  ~ N(O,a~a 'a) .  
(25) 

Putting 

A.o = (X'oXo)-�89 = ( a n i j ) p x n ,  

- %) a] = A" (Xj C12 , 

~ "  = t ( X l ,  Y], T 1 ) , ' " , ( X , ,  Y,, T ' )  I ,  then 

sn = atAno h = ~ ( ~ a n i j a i ) ( Y j ( [ ~  j - b ) )  
j=] i=1 

A ~ b , , j ( Y ' j ( ~ . -  b ) )  (26) 
j= l  

bnj ---- a t ja  , 

It holds by independence of fl and ( X ,  Y, T) 
and the following Lemma 2 that, 

E( b'jYj(t3 j - b)t~Z'n) = bnjY'jE(flj - b) = 0 

~ E [ ( b . j Y ' j ( f l j  - b ) )  2] I ~ ]  
j= l  

= ~] {;~.Y'jE(~j - b)(13 j - b)'Yj} 
j = l  

n 
1/2 

= a'IAn E ( r j E E . ) ( 5 : j  - c,2c~'%) 
j= l  

( X j  _ C12C~21-  t 1/2 �9 r j )  A .  t,~ 
= 2 t ( b,qFi ~ YJ) ~ a~a'a. (27) 

j = l  

For every r > 0 and M > 0,  it follows from (27) 

and ~-] b~. = a'a , that 
j = l  

~ E [ ( b n j Y j ( f l j  -- b ) ) 2 1 ( I  bnjYf j ( f l j  -- b )  i 
j=l 

< ff~= E { ( b . j Y ' j ( ~ . -  b))211(1 b'j I > M )  

+ I ( I  Y'i(fli - b) I >  M)] I ~n}-  

By condition 3, we may assume that every com- 
ponent of Y is dominated by C, then 

~-~JE[(bnjY'Pj(~j- b ) ) 2 I ( I  bnjYj(~j-  b )  I 
j = l  

_>~) I ~  

2 ( < b ~ . ( Y ' j E Y j ) I  I b,j l > M  
j= l  

q 

+ 
j=l 

�9 1 ( 2  ' f l l j -  bj 1>~-~)} 
j= l  

( ;,) < Ca~a'aI max l b'j I> 
l<j<n 

q 

+ b j l )  
j = l  

j= l  

where fllj is the j - th  component of t31 . Letting 
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M --~ w ,  then the second term of ( 2 8 )  can be 
made arbiu'arily small .  To get ( 2 5 ) ,  we need 
only to prove the following result from Dvoretzky 
( 1972) ,  

P 
max I b.j I " O. (29)  
l<j<n 

Equation ( 2 9 )  can be obtained by the same 
method for getting Equation ( 5 7 )  of Hong 
( 1 9 9 1 ) .  So that ( 2 2 )  is obtained. 

In3 ~ N ( O , ~ ( ~ , , , , -  ~-],,2~-~,~'~-~,2,)-'). 

Hence from ( 17 ) ,  ( 21 ) ,  ( 22 ) ,  the first part of 
the theorem is proved.  

Next we consider the second part of the theo- 
rem,  i. e . ,  

V-fin - -  

Noting 

b)  ~ "  N ( 0 , ( a  2 + a21) 

v~n ( t). - bn ) = v~nBn ~ ( Yi - C2, CI]I Xi ) 
i=1 

- g . ( T i ) )  + 

~nnBn~(Y  i - C21c{llXi)ei 
i=l 

+ vF~Bn ~ (~'r i __ C21CI-, 12  i )  
i=1 

r,(A - b )  

A J n l  + Jn2 + J n 3 .  (30) 
Similarly, the following results are obtained,  

Jn ,  " O ,  

Jn2 "~" N ( 0 ,  o'2 ( 2 22 

Ja3 ~ N ( O , a ~ ( ~ =  

(31)  

- 1 ~ 1 2 ) - 1  
-- ~ 2 1 ~ / / 1 1  ) ,  

(32)  

(33 )  

Consequently the second assertion holds.  
The proof of Theorem 2: From Wei and Su 
( 1 9 8 6 ) ,  it follows under  the conditions of the 
theorem, 

E ( g l , ( t )  - g l ( t ) )  2 = O ( n - 2 / 3 ) ,  

E ( ~ 2 n j ( t )  - g v ( t ) )  2 = O ( n - 2 / 3 ) ,  

l < j < p  

E(g3.i(t) - g 3 j ( t ) )  2 = 0 ( n - 2 / 3 ) .  

l < _ j < q  

where $2n j ( t )  and g 3 , i ( t )  are the j - th  compo- 
nents of gzn ( t )  and $3, ( t ) respectively. Then 

g l n ( t )  -- g ~ ( t )  = O p ( n - � 8 9  (34)  

1 
g 2 , i ( t )  - g z i ( t ) )  = O p ( n - ~ ) ,  (35)  

l < j < p  

~ 3 n j ( t )  -- g 3 j ( t )  = O p ( r t - 1 ) ,  (36)  

l < _ j < q  

To calculate the conditional expectation about T 
= t in the m o d e l ( I ) ,  we have 

g ( t )  = g l ( t )  - g ' 2 ( t ) a  - g ' 3 ( t ) b .  

0 < t < 1 (37)  

therefore 

~ ( t )  - g ( t )  = ( ~ l n ( t )  -- g l ( t ) )  
p 

-- ~ - ~ j ( ~ 2 n j ( t )  -- g 2 j ( t ) ) ( t ~ n ]  -- Ctj)  
j=l 

q 

- ~--] ($3~1(t)  - g a j ( t ) ) ( [ ~ = j  - bj) 
j=l 

P 
- ~ ( ~ a 2 a j ( t )  - g 2 j ( t ) ) a j  

j=l 
q 

- ~ ( ~ 3 n / ( t )  - g a i ( t ) ) b j  
j=l 

p q 

- ~ , g 2 j ( t ) ( d ~ j  - aj) - ~ g 3 j ( t ) ( b ~ j  - b j ) .  
j=l j=l 

(38)  

Theorem 1 and ( 34 ) ,  ( 35 ) ,  ( 36 ) are used to 
complete the proof of the theorem. 

THE TWO LEMMAS 

Lemma l ( T a o  et a l . ,  1981) : I f  { Vi, 1 <  i 
_< n l is a sequence of random variables with 
mean zero, and / ai , 1 < i < n } is a sequence of 

1 then constants satisfying a i2 = , 
i=1 

E (  ~ aiVi) 2s <_ 3 ' ( 2 s  - 1).t. t maxEV/2' 
i=1 

where s is a positive integer. 
Lemma 2:  ff X ,  Y are two bounded random 

vectors, then 
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n 

n,.~ (Y'i ~-] Y/ - (~2)(~g~ i -- CI2C221yi) 

( X i  - C 1 2 C ~ } 7 i )  t --'~0 a . s  

1 " ._E ( r ' ,  E r, - 

(E l  - C21C?ll Xi  ) t ---~ 0 a . s  

i . e .  ~ 

l IA' /2~(  y ' i~,Yil(x  i - C 1 2 C ~ l } , ~ i )  
n t  rt i = l  

( L  - - 4 } - - , - 0  a . s .  

l ( B l n l 2 ~ (  Y t i ~  Yi)  (}Ii - C 2 1 C l l l X i )  
i=1 

( Y i  - C 2 1 C i - , ' X i ) t B i  - o"12} ~ 0 a . s .  

Proof: It follows under  the conditions that 

Hi, = ( Xi -- Cl2 C~l yi ) ( Xi -- C12 C221Yi ) t ,  

Hi2 = ( Yi - C2, C[]' 2 i ) ( }r i -- C2I Ci-11Xi )t 

are two bounded matrices and {( Yt i ~ Yi -- 

al 2) , 1 < i < n} is a sequence of i. i . d .  bound- 

ed random vectors with mean zero. Then we only 
need to prove that 

1 
.i~=l ~i~i ~ 0 ,  a.s. ( 3 9 )  

where { ~ i , l _ _ _ i _ _ _ n }  is a sequence o f i . i . d .  
bounded random variables with mean zero and 
{ r/i, 1 _< i ~ n } is a sequence of bounded ran- 
dom variables. Assume that 

I ~i I ~  C1, I q~ I_< C2. 

Let 

and 
~il ~- ~ i / C 1  , ~il = ~ r ~ q i ] C 2 ,  

n 

Tn - V ~  i~=l ~il ~ i l .  

Then,  it follows by Lemma 1 that if, for every e 
> 0 ,  r/1 , - - ' ,  7/, are known 

p (  L ~ ~i~i > E) -- e(lTnl> 25--~,eC v~n ) 
It i f t  1 2 

< e x p ( -  Cn)Ee~ = e x p ( -  Cn)~= ~.ET 2s 
o a  

__< e x p ( -  C n ) [ 1  + ~ ~ . t 3 ' ( 2 s -  1).t. t 
s = l  

lm< a__. axe ( ~'il/]i1 )2s ] 

e x p ( -  Cn) 1 + s.' (2s  - 1).q 
s = l  

[ - 
__< e x p ( -  Cn) 1 + ~ 

s= l  

= 2 5 e x p ( -  Cn). (40) 
Such that 

X~ p( 1 ~iT~i > E  < + O0 
n=l  I t  i=1 

By Borel-Cantelli lemma and the arbitrariness of 
e ,  it holds that 

__1 ~ ~i~Ti ~ 0 a. s 
i=1 
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