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Abstract:

Consider the mixed-effect coefficient semiparametric regression model

Z=Xa+ YR+ g(T)+e,
where X, Y and T are random vectors on R x R? x [0,1], a is a p-dimensional fixed-effect parameter, 3
is a g-dimensional random-effect parameter (E8 = b,Cov(f) = E ), g(.) is an unknown function on [0,

1], e is a random error with mean zero and variance o2, and (X, Y, T) and (8,¢e), 3 and e are mutually
independent. We estimate a, b and g(.) by the nearest neighbor and the least square method. In this pa-

per, we prove that estimations of @, b have asymptotic normality and obtain the best convergence rate n

for the estimation of g(.).
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INTRODUCTION

This paper considers the mixed-effect coeffi-
cient semiparametric regression model

Z=Xa+YB+g(T)+e, (1)

where X, Y and T are random vectors on R’,
R? and [0, 1] respectively, a is a p-dimensional
fixed-effect parameter, S is a q-dimensional ran-
dom-effect parameter (ER = b, Cov(B) =
2 ), g(.) is an unknown function on (0,1],
e is a random error with mean zero and variance
o?,and (X, Y, T) and (B, e), B and e are
mutually independent. We estimate «, b and g
(.) by the nearest neighbor and the least square
method and obtain the asymptotic normality and
the best convergence rate n~' for estimations of
a, band g(.).

Up to now, for model (1) there are no re-
sults which yield the limit properties of the esti-
mators. But for the fixed-effect coefficient semi-
parametric regression model ( Chen, 1988;
Speckman, 1988; Hong, 1991; Gao, et al.,
1992; Hong, et al., 1994; Gao, et al.,
1995), the mixed-effect (Gao, 1993; Zhuang,
et al., 1996) and the random-effect coefficient
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linear regression model ( Rao, 1965; Swamy,
1971; Johansen, 1982), a series of very useful
results had been established. Our investigations
in this respect yielded ideal results under more
general conditions.
Assume that
(X, = (Xiy, - .’Xip),’ Y, = (Y, -, Yiq)”
T,, Z;, l<i<n/ is a sequence of i.i.d. (in-
dependent identically distributed) random vec-
tors from the model (1), i.e.,
Z;i=Xa+YB+g(T)+e,i=1,"",n.
(2)
where {e;,1<i=<n} is a sequence of i.i.d.
random errors and e; ~ (0,5°), 18, 1<i<n}
is a sequence of i.i.d. random parameter vec-
tors, Bi ~ (b,Z) 9 and {(Xis YL’T;)’ISL
<n} and {(,Bi,e,-),lsisn}, {e;,l=i<
n} and {B,,1=i=<n} are mutually indepen-
dent. T,,-"

I TR(lyt) - tlS I TR(Z,:) — tl <<
| Tr(n,0y — 21 -

-, T, are rearranged as follows.

(3)

Let {vy,,l<i<n}| and {k=1Fk,,n>1} be a
set of nonnegative real numbers and positive in-
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tegers respectively, which satisfies

a) kNN nlogn—>w , k/n¥*—>0

b) Zvni = l’k{gta_jgvni = 0(1),

i=1
—_5 Uru' =

i>k

0( n-1/2) .

By (3), we define a nonnegative random vari-
ables sequence { W, (¢) = W, (¢, Ty,-, T, ),
l<i<n!, and have
WnR(i,L)(t) = Uy 15 isn

Equation (2) can be rewritten as
Zi—-Xa—-YVb=g(T)+e+V,(B-b).

(4)
If « and b are known and e; + Y'; (B, — b) is
regarded as an error term, by the nearest neigh-
bor and the least square method, we structure
the nearest neighbor estimation g, (.) of g(.)
as follows.

2.(t) A £1,(t) = g2, (t)a - g3, ()b,

where

gln(t)

2 Wni(t)zi ’
i=1

(D) = S WX,

g3n(t) = ZWmﬁ(t)Yi
. i=1
are the nearest neighbor estimations of g, (t) =
E(Zl l Tl = t),gz(t) = E(X] l T; = t), and
g3(t) = ECY, | Ty = t) respectively. In
Equation (2), g(T;) is used instead of g(T}).
Let
d = (a,yb,)9X - (le'”9in),’
—}'/ = (?19'“9?71),,2 = (21,"',2n)/9

\fhere Xi =Xi _g2n(z’i)9i,i = Y; —g3n(Ti)’
Z,=Z; — 81, (T:;). Then by the least square

method, we have

1 (E)- (D

-1
2 e ) ()

Thus the final estimation of g(¢) is obtained as
follows

gr(t) A 81,(2) = 82,.(2)é, — 83, ()b, .
(5)

By Lemma 2 in Hong(1991), %(5( V)Y (X V)

is a positive definite matrix almost surely under
the conditions listed below. So we may assume

XX g('Y) _ ( Cn Cp
that for ( vx vyl =\e, ¢,
an inverse matrix(when n—>® ). To estimate a
and b, we solve the group of equations

{Clldn + Cl2[;n =&

) there exists

~

Crné, + Cpb, = 7

and get
(&, = A, (¢ - CCH'y)
= Anznl(jfi - CuCRY)Z, (6)
< Bn = Bné_ﬂ - CuCi'Y)
L = annl(?i - CuCi' X)) Z,, )

where A, = (C;; — C;,C»'Cy ) 7Y,
B,=(Cyp-CyCi'Cp)".

Remark : For A, and B, there exist inverse matri-
ces, since

Ch - CpCHCy = X'[I, - V(YY)'V]X
Cp - CuCilCy = Y[I - X(X’X)'X']Y
and I, - Y(Y’Y) 'Y is a symmetric matrix
with equal power. The rank of the matrix equals
to (n — q) and its characteristic roots are 0 or

1. Thus we may find an orthogonal square matrix
I, which satisfies

VYV In— 0

Cii ~ CaCd Gy = (15 0

Because of the invertibility of (j( i’)’ (3( i/) , we

may get n=p + q, Rank(I'X) = p and Rank

(Cyy - CCRCy) = p. Thus for A, there ex-

ists an inverse matrix. Similarly, for B, , there

)Fi(.

also exists an inverse matrix.

THE MAIN RESULTS AND PROOFS

In what follows, we assume that
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1. T, has the density function r(¢) and0 <
Jnf r(¢) < supr(t) < =

2. The functions g(t),gl(t),g2j(t)(ls
j=p) and g3j(t)(lsjs q) satisfy the Lips-
chitz condition of order 1, where g,; (¢) and
g3j(t) are the j-th components of g,(t) and g;

(e),
3. E(Z}I T, =t) is a bounded function of
t. X and Y are two bounded vectors.

+ 2y = oo () - #3171

_(Cov(Xl—E(XllTl)) Cov(X,—E(X,ITl),Y,-—E(YllTl)))
“\Cov(Y, - E(Y,IT), X, - E(X,1T})) Cov(Y, - E(Y,/T}))

A [le 212]
- E21 222

is a positive definite matrix,

5. E(Y\ DY) =

The main results of the paper are as follows.
Theorem 1: In the conditions (1) ~ (5) and a),
b), we have

Vn(a, - a)ﬁ N(0,(c? + o%)

: (211 - 21222—21221)_1) (8)

o7 exists.

and
. o .
Vn(b, — b) —— N(0,(c? + o%)

-1 _

: (222 - 221211 212) . 9)
Theorem 2: In the conditions (1) ~ (5), a),
b,ad EIl X, I’< +,E|l Y, |*< +
w,Ele 1> < + o, we have for k = [ Cn**](0
<C< + ),

g.(t) —g(t) = 0,(n™) 0<t =<1

(10)
Let
G(T) = (g(Ty) - g,(Ty),,g(T,)
- 8.(T)) e = (er, e,

h = (Y, (B - b),, Y, (B, — b)) ,then
Z =Xa+Yb+G(T) +e+ h. (11)
The proof of Theorem 1:From (6), (11) and

the definition of A, , we have

«/;(o?n - a)

= «/—T_l(AnZ(Xi - CuCRY)Z - a)
i=1

= /—,;Ani(jfi - Clzcizli/i)(zi - S(,ia)

= «/;A,IZH(X' - 01262_21ifi)(?’ib + g(T;)
— 2.(T;) + ¢ + Y (B - b))

= /a3 (K - CaCR T (g(T)

- 8.(T;)) +“/;Ani(ii — CpChY)e;

+V 4, D) (X - CoCRYD YL - b)
(12)

é Inl + In2 + In3'
By Lemma 2 of Hong(1991),

1., =, ~ ~ . a.s.
;(X Y(XY)— Eo’ then

13,5 15,5
XX~ 2, XY—> 3]

n

Ly o %3(’(1,, - Y(Y V'YX
1., ~

XX = () () (R

- 211 - 21222_21212

i.e.,

nA, — ( 211 - 21222_21221)-1

then

Iy = Vn4,(X'G(T) - CLCHY'G(T))

Gy

(13)

ﬁi«&m _
1<,=
Yt G(T)).

Similar to Hong(1991) , we may get

"

(14)

1 =,~ P
—X'G(T)—0
/_.X()

n

(15)

and

I (16)



74 PAN Jianmin

CIZ

Since — =
n

X'y Cn YY
T 2e T, =T T 2w

n
and substituting them in (14), we have

(17)

I
Inl —_—> O.
Now we discuss
InZ = GA,; E (Xl - CIZ Cz_zl ifi ) €;
i=1
= R(Xvoio)_lxloe,
where Xo=[1, - Y(Y'Y) 'Y ]X.
The following result was obtained by a method

similar to that for getting Equation(54)of
Hong( 1991),

(18)

= = ~ @z
(X"0Xo) "X’ ge —>N(0,06°1,) (19)
By (13),
V(X0 Xo)? = VA2 —~

DINED YIS b YN

(20)
then
2
In2 N(O,G2(le

- 21222_21221)_1)'

Therefore Equation (8) is equivalent to
2
]n3 - N<O,0—%)( 2“
~1 _
- 2'12222 221) D

(21)

(22)

since
Ly = Vn4, > (X; - CLCR Y)Y (B - b)
i=1

= V(X 0Xo) ' X' oh. (23)

From (20) ,we need only to prove that
S - &
(X,QXO)_LQX'O}Z - N(O, O'% Ip ) . (2/4)

Obviously, it is sufficient for every p-dimension
vector a = (a;, " ,ap) that we have

~ o~ ~ i
S, = @’ (X' 6Xo) X oh—> N(0,0%a’a).
(25)
Putting
- - 1 ~
AnO = (X/OXO)_EX,O = (am'j)pxn’
a; = A;/Z(X; - Clzcizli/;),

Z= %(XIQYIQT1)7...’(Xn9Yn’Tn)}9 then

a’Aph = Z(i}anijai)(Y’j(ﬁj - b))

=1
S 6y (7,8 — 8))
j=1
: bnj = a'ja,
It holds by independence of 8 and (X, Y, T)
and the following Lemma 2 that,
E(ban'j(ﬁj -b)IFE) = b Y E(B-b)=0

S,

(26)

>

S EL(by¥;(f - 5)7] 1 ]

= 2, {85Y,E(B — b)(B - b)Y}
= a'{A}FE(Y'jZ Y,)(X, - CIZCZ_ZIS}I')
j=1
. (Xj - Clzcz_zli/j)'AL/Z}a
= ;(bin’jz Yj)—>0'%a’a.
For every ¢ >0 and M > 0, it follows from (27)
j=1
gE[(bn,-Y,-(@ — B))I byY; (B - b) |
=>e) | Z]
n , e
< S E{Cbyv;(8 - )2[1(1 8y 1= 37)
+ 10 Y8 - 8) 1= W] 1 &£}

(27)

a’a , that

By condition 3, we may assume that every com-
ponent of Y is dominated by C, then

i}E[(ban'j(ﬁj ~ 5)) 11 byY (B - b) |
=e) | %]

< Zbij(Y'jE Yi)l(l by I?—ﬂ%)
+ Cza'aE{(i [ Bi; — b ')2
I(Ii: |181f‘bj|2%)}

< Ca%a’al(lnsljzix" | by 1 = ]‘%)
9
+ Ca'aE((Z I ﬁlj - bj |)2
j=1

l(lqu) | Bij - b 12%4)), (28)

where $y; is the j-th component of B3;. Letting
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M— = , then the second term of (28) can be
made arbitrarily small. To get (25), we need
only to prove the following result from Dvoretzky
(1972),

—>0. (29)

max | b

l<j<n
Equation (29) can be obtained by the same
method for getting Equation ( 57 ) of Hong
(1991). So that (22) is obtained.

o= N(0,63(3, - 2,22 3,)7).

Hence from(17).(21).(22), the first part of
the theorem is proved.
Next we consider the second part of the theo-

(b, - 8) 2 N0,(c* + o?)
'(222 - 22121_1 212)_1)

Noting

Vn(b, - b,) = «/;ann‘l(?i - Cu Ci'X;)
(&(T) - 2,(T)) +
ﬁBni;(E ~ CuCilX)e;

+ﬁBnE(~YL — C21 Cﬁlil)
i=1
V(B - b)

é Jnl + ]n2 + Jn3' (30)

Similarly, the following results are obtained,
Ji 20, (31)

@z -1 -1
Jn2_>N(O’62(222_ 221211212) )’
(32)

@ - -1
Jn3—>N(O’G%(222 - 2212111212) )’
(33)

Consequently the second assertion holds.
The proof of Theorem 2: From Wei and Su
(1986), it follows under the conditions of the

theorem,
E(81.(2) - g1(£))? =
E(22,(t) — g3;(t))* =
l<=j=p

o(n™ ),
0(n2),

E(83,5(t) — g3;(2))* = 0(n™?).
l=j=<gq

where gz,,j(t) and g3nj(t) are the j-th compo-
nents of g,,(t) and 23, (t) respectively. Then

£1.(¢) — g1(2) = 0,(n3), (34)

82,(1t) = g5;(1)) = 0,(n"3), (35)
l<j=<p

23;(2) — g (1) = 0,(n3), (36)

l=j=<gqg

To calculate the conditional expectation about T
= ¢ in the model(1), we have

g(t) = g1(2) — g2(t)a - g/3(t)b.

O<t<l1 (37)

therefore

£:(2) - g(t) = (8. (1) - &1 ()

- Zl(anj(t) - g2j(t))(&nj - aj)

- i(gi*nf(t) — g5 () (by - b))

- 2 (825 (1) — £2;(2))a;

- Zq:(g:&n,(t) - g3}(t))b

S (@ — a) — Dy () (By — b))
- "~ (38)

Theorem 1 and (34). (35).(36) are used to
complete the proof of the theorem.

THE TWO LEMMAS

Lemma 1(Tao et al., 1981):If {(Vi,1<i
<n} is a sequence of random variables with
mean zero, and {a;,l<i< n} is a sequence of

constants satisfying Z a? = 1 ,then

i=1

l<ixn

E(Z"ai )2; < 3°(2s — 1)!! maxEV*
i=1

where s is a positive integer.
Lemma 2:If X, Y are two bounded random

vectors, then
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%Z(Ylizyi - 6%)(ii - Clchzli/i)
(X; - CpCRY;)) =0 a.s
IS Xy~ @ - cacilx)
(Y; - C4Ci'X,)) —0 a.s

i.e.,
%{AL”Z( Y2 Y:) (Xi - CoCR )
i=1
(Xi - Clzcz_zlyi),A% —_ O'%} — {0 a.s.
%{B%@(Y&ZK)(K - Cy Cil X))
i=1
(Y, - Cy CﬁlXi)'Bi - G%} —0 a.s.
Proof : It follows under the conditions that
Hy = (X; - CCHY) (X, - CpCRY,),
H, = (?z - Cy Cfllii)(i’i - Cy Cﬁlj(i)’
are two bounded matrices and {( Y, 2 Y;

o‘%) <1< n} is a sequence of i.1.d. bound-

ed random vectors with mean zero. Then we only
need to prove that

%ngﬁo,. a.s.

where f{i,lsisn} is a sequence of i.i.d.

(39)

bounded random variables with mean zero and
{17,- ,Jl<=i<n!isa sequence of bounded ran-
dom variables. Assume that

1 ¢ 1< Cy, l 7 < C,.
Let
Ta = \/2_/'5§i/61,77i1 = */2—/5775/62,
and

1 n
T, = — i1 i1 -
G; §1771

Then, it follows by Lemma 1 that if, for every €
>0, 71,°*, 7, are known

P( i Z_n: giﬂi
n =1

2e /;)

>s)=P(ITnI>SCIC2

exp(— Cn)Eef» =

IA

exp(- Cn) >, S—I,ET,Z,S
s=0 *

exp(~ Cn)[ 1+ > 137 (25 — 1!

s=1

IA

ffﬁi)f.E( i1 i )25]

< exp(— Cr)[ 1 + > 5—1!35(23 _ 1)!!(%)25]
> (24)']

s=1

< exp(- Cn)[l +

= 25exp(- Cn). (40)

Such that

ZP(‘%Z:; 43/

By Borel-Cantelli lemma and the arbitrariness of
€, it holds that

%‘Z:; ti‘r]i_>0 a.s.

AP
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