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Abstract: New approaches based on general mixed linear models were presented for analyzing complex 
quantitative traits in animal models, seed models and QTL (quantitative trait locus) mapping models. Vari- 
ances and covariances can be appropriately estimated by MINQUE (minimum norm quadratic unbiased esti- 
mation) approaches. Random genetic effects can be predicted without bias by LUP (linear unbiased predic- 
tion) or AUP (adjusted unbiased prediction) methods. Mixed-model based composite interval mapping 
(MCIM) methods are suitable for efficiently searching QTI_~ along the whole genome. Bayesian methods and 
Markov Chain Monte Carlo (MCMC) methods can be applied in analyzing parmneters of random effects as 
well as their variances. 
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INTRODUCTION 

Many genetic models based on the approach 
of ANOVA (analysis of variance) were devel- 
oped by Fisher(1925).  Some of these models, 
e . g .  NC design I and II (Comstock et a l . ,  
1952; Hallauer et a l . ,  1981 ) ,  diallel models 
(Yates, 1947; Griffing, 1956; Gardner and 
Eberhart, 1966), are still widely used by plant 
and animal breeders. But ANOVA approaches 
have some deficiencies in analyzing complex ge- 
netic models for quantitative traits. Many genetic 
models cannot be appropriately analyzed by the 
ANOVA approach if they have more complicated 
effects other than additive and dominance ef- 
fects, e .g .  Eisen's animal model with sex-link- 
age and maternal effects (Eisen et a l . ,  1966) 
and a bio-model including maternal and paternal 
effects (Cockerham and Weir, 1977). 

In the 1970's, statisticians developed some 
methods for analyzing mixed linear models which 
can be applied in quantitative genetics. Mixed 
linear model approaches can overcome the short- 
comings of ANOVA methods for handling unbal- 
anced data and complicated models. Develop- 
ment of mixed linear model approaches and their 
application in quantitative genetics will create 

enormous challenges for quantitative geneticists 
in dealing with complicated genetic problems. 

In the present paper we will review some of 
our recent works in extending the mixed linear 
model approaches and constructing complicated 
genetic models for analyzing complex quantitative 
traits. Methods recently developed for mixed lin- 
ear models and their applications will be given to 
show the ways for solving the real complicated 
problems in quantitative genetics. 

MIXED LINEAR MODEL APPROACHES 

General mixed linear models 
Many genetic models with biological mean- 

ings for different generations are complicated and 
have no integer coefficients or even correlated ef- 
fects. Parameters in these genetic models are not 
manageable by traditional ANOVA methods, but 
can be analyzed by mixed linear model ap- 
proaches. 

Most genetic models can be expressed by a 
general form of the mixed linear model, 

y = X l b  I + X 2 6 2  + . . .  + Xnbn + U l e l  

+ U2e2  + . . .  + Um_lem_l  + e m  
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= X b  + ~_~U~eu 
u = l  

_ N(Xb, V) (1) 
where y is the vector ( n x 1 ) of phenotype 

value with mean Xb and variance V; b is the 
vector (p  x 1) of fixed effects; X is the known 
incidence matrix ( n x p ) relating to the fixed 
effects; e u ( u =  1 , 2 , ' " ,  m -  1 ) i s  the vector 

( qu x 1) of the u- th  random factor, e ,  - ( O ,  

a~Ru ) ,  R~ is a constant matrix describing the 

relationship of e~ ; Uu is the known coefficient 

matrix relating to the random vector e~,  em is 

the vector ( n x 1 ) of the residual random effects 
with em - ( 0 , o 2 1 )  and Rm = I .  

If random factors are independent with cov 

(e= erv) = O ,  V = ~-] 2 , a . V ~  wi th  V~ = 
u = l  

R r U.  u U u ( u  = 1 , 2 , ' " ,  m - 1)  and Vm = I .  
When random effects of eu are also independent 

( Ru = l ) , then Vu = Uu U r . 

Variance and covariance estimation 

The variances in model (1)  can be analyzed 
by mixed linear model approaches such as maxi- 
mum likelihood ( ML ) method ( Hartley and 
Rao, 1967 ) ,  restricted maximum likelihood 
( REML ) method ( Patterson and Thompsom, 
1971 ) ,  or minimum norm quadratic unbiased es- 
timation (MINQUE) method (Rao ,  1971 ) .  

When random factors are independent,  esti- 
mated variance components can be obtained by 
the methods of ML in ( 2 ) ,  REML in ( 3 ) ,  or 
MINQUE in ( 4 ) .  ML estimates of variances can 
be calculated by numerically solving the follow- 
ing normal equations 

[ t r (  VC-~] V~'C~] ) Vv ] [ ~2uEh+,] ] 
= [yTQ[h] VuQ[h]y]  (2) 

where 

Q[h] = f'F~3- ;r + x : f ~ ]  

= = ~u[h] 
n 

2 2 ~u[h] is the estimate of au by the h- th  itera- 

tion. 
Estimated variances obtained by the ML 

method tend to be influenced by the fixed ef- 
fects, so ML is rarely used. The REML estima- 

tion method can overcome the influence of the 
f'Lxed effects. The normal equations for obtaining 
REML estimates of variances are very similar to 
equation ( 2 ) ,  except that VFh3 in the left-hand 

side of equation (2)  is replaced by Q [ h], 

[tr(~Eh] V~Eh] Vv][~uEh+,]] 
= [Y~QE~I v .~E~y]  (3) 

The MINQUE method does not need the as- 
sumption of normal distribution for observed da- 
m,  and can give estimated variances without ite- 
ration. The MINQUE equations for estimating 
variance components are 

E t r ( Q ~ V u Q ~ V v ] [ a  2 ] = [yTQ~VuQ~y 2] (4)  

where 

Q,~ = v ~  1 _ V ~ I x ( x T v ~ I x ) +  x r v ~  1 

vo = Y, uv  : 
u u 

Covariance components ~u/u between two 

traits (Yl and Y2 ) can also be easily estimated 

without bias by solving the following equations 
(Zhu and Weir,  1996),  

[ t r (Q~V~Q~Vv][au /u  = [ y ~ Q ~ V ~ Q j 2 1  

(5)  

The MINQUE method uses the prior values 
au that may be chosen from prior experiments, 

from iterations or theoretical considerations. 
MINQUE(1)  as a MINQUE method with a~ = 1 

can be employed for estimating variance compo- 
nents when random factors are independent. 

For certain genetic models, some of the ran- 
dom factors are correlated. Variance matrix V 

consists of variance components ( a2~ ) for random 

factors and also covariance components (cr, ,~) 
between correlated random factors. Zhu and 
Weir (1994a,  1994b) proposed genetic models 
for diploid seed and triploid endosperm, which 
can be written by a mixed linear model, 

y = X b  + UAeA + UDeO + Ucec  + Ua,,,eAm 

+ U o m e ~  + UBes  + er 
7 

= X b  + ~ U ~ , e u  (6)  
u 

with variance matrix 

v = ~ v ,  + o~v2 + ~ v ~  + ~mV4 + o ~ V ~  

+ r + CYA.AmV7 + r 4" r 9 
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9 
= ~OuVu 

u = l  

where V= = UuU r ( u = 1, 2, "" ,  6 ) ,  

v ~ = ( u l ~  + u 4 v ,  ~ ) ,  v~ : ( u ~ v ~  

+ u h u ~ ) , V g = 1 .  

MINQUE(0/1)  was suggested by Zhu and 
Weir (1994a)  for unbiased estimation of vari- 
ances and eovariances for one traits and covari- 
ances between two traits. MINQUE(0/1 ) proce- 
dure is a MINQUE method setting 0 for all the 
prior covariances (a~. v ) and 1 for all the prior 
variances ( a ~ ) .  Variances and covariances for 
one trait (Yl = Y2),  and covariances between 
two traits (Yl #Y2)  can be estimated by the fol- 
lowing MINQUE (0/1 ) equations, 

[tr(Q(o/1) VuQ(o/1) Vv ) ] [Ou/u ] 

= [ylTQ(o/1) VuQ(o/1)y2 ] (7)  

where 

V(o/1 ) -- X V(o/1 ) X )  Q(o/1) = -1 V ~ l l )  X (  T -1 + 

�9 xTv~I/1) 
6 

V(o~l) = ~ VuVS + �9 
u = l  

Monte Carlo simulations showed that both 
variances and covariances of seed traits can be 
unbiasedly estimated by the MINQUE(0/1) pro- 
cedure (Zhu and Weir, 1994a, 1994b).  

In plant breeding, breeders usually want to 
improve seed quality traits while still keeping the 
genetic merit of yield traits. Therefore under- 
standing the genetic relationship between seed 
quality traits and plant yield traits is of impor- 
tance. Seed models and plant models have un- 
equal design matrices. Zhu (1993b) developed 
a new method for estimating genetic covariance 
components between seed traits ( y , )  and plant 
traits ( y p ) .  For seed model ( 6 ) ,  the corespon- 
dent plants bearing the seeds will have the fol- 
lowing mixed linear model, 

y(p) = Xb(p) + Ucec(p) + UAmeAm(P) 

+ VDmeDm(P) + UBeB(p) + e~(p) 
5 

= Xb(p) + ~Uueu(p)  
tt 

There are covariances between random factors of 
seed traits and those of plant traits: ha/Am = co- 
variance between seed direct additive effects and 

plant additive effects, aD/Dm = covariance be- 
tween seed direct dominance effects and plant 
dominance effects, ac/c = covariance between 
seed cytoplasm effects and plant cytoplasm ef- 
fects, aAm/A,n = covariance between seed maternal 
additive effects and plant additive effects, 
aDm/Om = covariance between seed maternal 
dominance effects and plant dominance effects, 
aB/B = covariance between seed block effects and 
plant block effects, a~/~ = covariance between 
seed residual effects and plant residual effects. 

If we define F 1 = ( U A U  2 + UAmUT) ,  F2 

= (UotI~n + UomV~), F3 = (2VcV~) ,  F4 = 

(2UAmU~n) ,  F5 = ( 2 U o m V ~ ) ,  F6 = 
( 2 U B U T ) ,  and F 7 = 21 ,  covariance compo- 
nents between seed trait and plant trait can then 
be estimated by the following equations: 

[tr(Q(o/1) FuQ(o/l) Fv ) ] [ du/u ] 

= [2yrQ(o/1) FuQ(on)yp ] (8)  

-1 -1 T -1 
V(o/1 ) - V(o/1 ) X ( X  V(o/1 ) X )  + 

T - t  
�9 X V(o/1 ) 

V(o/ l  ) ~-- 2 [  UcUTc "st- UAmU 2 + VDmV~) m 

+ uBu~ + I ]  

For time-dependable traits, the phenotype 
data observed at time t ( t  = 1 , 2 , ' " )  has the 
following mixed linear model, 

Y(t) = Xb(t) + ~ Uueu(t) 
u = l  

- N ( X b ( t ) ,  V(t) = au(t) UuRuUu(t)) 
u = l  

Given the observed phenotype vector y (t- l) mea- 
sured at time ( t  - 1 ) ,  the conditional random 
variables of Y(t) I Y(t - l) at time t have condition- 
al distribution, 

Y(t) ] Y(t-1) = X b ( t l t - 1 )  + ~ Uueu(tlt_l) 
u = |  

- N(Xb(t l t_l )  , V ( t l t - 1 )  

= au(tlt_l) UuRuUu(tlt_l) ) 
u = l  

(9)  

Since conditional Y(t) l y(t-1) is independent of 
Y(t-m), conditional random effects e(tlt_l) and 

where 

Q(on) = 
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conditional variance components t T ~ t l t  _ 1) contain 
extra variation not explainable by the accumulat- 
ed effects from the initial time to time t-1. Zhu 
(1995) proposed a mixed model approach for 
analyzing conditional variance components and 
conditional random effects, which had been used 
in developmental quantitative genetic analysis 
(Atchley and Zhu, 1997; Yan et a l . ,  1998). 

When phenotypic vector y has large size and 
multivariate normal distribution, variance esti- 
mates will have asymptotic multivariate normal 
distribution, 

] , 2 H  -1 ) (10) 

where H = [ tr( V -  1 Vu V -  1 Vv ) ] - 1 for ML esti- 
mates ( Searle, 1970 ) ,  or H = [- tr 
( Q V ~ Q V ~  ) ] - 1 for REML estimates ( Searle, 
1970) and MINQUE estimates (Rao and Kleffe, 
1988). 

Hypothesis test for linear combination of 
variances can be conducted by a Z 2 test. For 

null hypothesis H0 : Cua~ = p vs. alternative 
u = l  

hypothesis H1 : C~au ~ p , the statistic Z~,I 

will asymptotically have Z 2 distribution with 1 
degree of freedom when H0 is true, 

c o y p u  - 

m - I  m 

2( 2 ~ ' - - 1  2 ~ ,  2 2 ̂  -, + 
u = l  u = l  v > u  

H0 2 Z(df=~) (11) 

If Zc2al > Z~df= 1), H0 will be rejected and H1 be 
accepted, otherwise H0 is not rejeetable. 

Zhu and Weir (1994a, 1996) suggested ob- 
taining estimates and their standard errors by resa- 
mpling genetic entries or experimental blocks with 
the Jackknife method (Miller, 1974). 

If 0 is an estimate of a genetic parameter from 
a sample of K entries, and Ok (k = 1 ,2 ,  " " ,  K) is 
the estimate resulting when entry k is omitted, 
then the Jackknife estimate 0j and its sampling 

variance var (Oj )  are 

0j = K0 - ( K -  1) 

v a r ( 0 j )  - K K I ~ , ( 0 k - ~ )  2 
k=l  

where 0 = ~ k:, 0k �9 I f K  is not large, (0] - 0) /  

~/var(0j ) is approximately distributed as a t-dis- 

tribution with ( K -  1 ) degrees freedom under the 
null hypothesis H0. 

Monte Carlo simulation showed that statistical 
test for variances by Z 2 test in equation (11) is 
much more conservative than that by a t-test with 
the Jackknife procedure (Zhu, 1989). 

Random effects prediction 

Except for the residual effects e m , random ef- 
fects in mixed linear model (1)  can be predicted 
by the best linear unbiased prediction (BLUP) 
method (Henderson, 1963 ) .  Henderson (1988) 
proposed a general approach which can result in 
both unbiased estimation for fixed effects and un- 
biased prediction for random effects, without cal- 
culating the inverse of V. For model (1) ,  the es- 
timation and prediction can be obtained by solving 
the following equations, 

XT Rm~ X 

UT RTnlx 

UT R m~ X 

^ 

e l 
�9 = 

2 

UT1R~ ! + R~l /a21 UT RmlU 2 

U~RmlZ1 UTRm'U2 4" R2 ' /a  2 

- XTR mly 

U~Rmly 

V~ R m'Y 
(12) 

Normal equations (12) can be expressed simply 
as M~I = d .  
dt Since the solution of equations (12) requires 
the unknown variances, Eq. ( 1 2 ) ' s  estimates 
still depend on the calculation of V-1 by the 
REML method. 

If fixed effects and random effects of some 
factors are not of interest, we can obtained 
BLUP for specific random effects eu ( u = 1 , 2 ,  

�9 " , m - 1 )  (Henderson, 1963), 
2 T -1  _ ~ = a u R ~ U u V  ( y  Xb  ) 

= a 2 R  Iffg}t, (13) 

Since the true variances are always unknown in 
practice, estimated variances are usually used in 
prediction: 

^ = ~2~RuU~Qy (14) eu(a ) = 

With such prediction by using estimates, only a 
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so-called BLUP which may have lost linearity 
and unbiasedness, is obtainable. 

Instead of using parameters (13) or their es- 
timates (14)  for predicting random effects, Zhu 
and Weir (1996)  suggested choosing prior val- 
ues a~ as in the case of the MINQUE method, 

P.u(=) = auR~U~Q~y (15) 

If the choice of prior value is not based on the 
observed data, the predictor eu is a linear unbi- 
ased prediction (LUP) for random vector e~. 

Monte Carlo simulations revealed that both 
BLUP and LUP will give prediction with unbi- 
ased mean but under-estimated variance 
( E ( # . r ~ / d f )  < a 2) for random variables (Zhu  
and Weir, 1996).  In order to solve this prob- 
lena, a method of adjusted unbiased prediction 
( A U P )  was suggested for predicting random 
variables (Zhu,  1993a; Zhu and Weir, 1996),  

^A ( auR~U~Q~y ) (16)  

21 a2 r where ~u = J ( q ~ - l ) ~ u  ( ~ QaWuQ~y) is 
^A' an adjusted coefficient to insure e~(~) qu 

- 1 ) = ~ 2 ,  and s e t e 2  = 0 w h e n 8 2 u < 0 .  

Monte Carlo simulations proved that AUP 
gives unbiased mean and variance for predicted 
effects (Zhu and Weir, 1996).  

For mixed linear models with correlated ran- 
dom variables cov ( e~, ev r )  = au.v Ru.v ,  the 
BLUP for random effects e~ is given by, 

#.,(e) = (a~RuUr~ + au.vRu.vU~)QY (17) 

When MINQUE (0 /1)  is used for estimating 
variances and covariances for seed traits (Zhu 
and Weir, 1994a) ,  LUP can be used for pre- 
dicting random genetic effects e~ ( u = 1 , 2 ,  - ' - ,  
m - l ) .  

e~(on) = RuUTuQ(oa)Y (18) 

And AUP is obtainable by 
^ A  T eu(on) = tcR, U~Q(o/1)y (19)  

where ~ = ~ / ( q u  - 1)a2~/(YTQ(o/1)V~Q(on)y. 
When random effects are predicted by BLUP 

or LUP, the sampling variances for predicted ef- 
fects can be calculated by 

var( u(;) ) = var(o R U Qr) 

= R u UuQvar(y  ) QUuRu 

2 R T = ) ,UuQVQUuRu 

2 T 2 ) R u U ,  QUuR~ (20)  = ( O "  u 

for BLUP, and 

var(~(~)  ) = var(auRueTuQ~y) 

= (au)2RuUTuQ~var(y)Q~UuRu 

a2R T = u uU, Q~VQ~UuR~ (21)  

for LUP. 
Hypothesis test for linear combination of ge- 

netic effects can be conducted by a Z 2 test in the 
same way as the variance test. But Zhu and 
Weir (1994a, 1996) suggested use of the Jack- 
knife resampling technique in conducting a t-test 
for predicted genetic effects because it is more 
powerful for detecting non-zero parameters. 

QTL mapping a p p r o a c h e s  

For mapping quantitative trait loci (QTLs) of 
plants, putative QTL within two flanking markers 
Mi-  and Mi + is searched along the whole ge- 
nome. The markers linked to other QTLs are of- 
ten included as fixed effects in a regression mod- 
el for controlling background noise ( Jansen ,  
1993; Zeng, 1994).  For mapping QTLs of ani- 
mal populations, QTLs effects are often treated 
as random effects, which will fit the framework 
of mixed linear models (Grignola et a l . ,  1997; 
Wang et a l . ,  1998) .  The QTL effects for these 
animal models are predicted by Henderson's 
BLUP approach as in equat ion(12).  

An approach of mixed-model-based compos- 
ite interval mapping ( MCIM ) ( Zhu, 1998 ; 
1999; Zhu and Weir; 1998; Wang et al, 
1999) ,  by which the marker effects are treated 
as random effects, can be constructed for han- 
dling QTL • environment interaction or other 
complicated effects. If the MCIM approach is 
used,  QTL mapping models can all be expressed 
in the general mixed linear model ( 1 ) .  The like- 
lihood function ( L )  for the parameters of fixed 

2]  is effects b and variance components [ au 

L ( b , V )  = (2a ' ) -~  I V I - � 8 9  ~ ( y l  

- X b ) r V - ' ( y  - X b ) ]  (22)  

with the log of the likelihood function (1) as 

l ( b  V )  _ 21n(2~r)  1 , = - ~ - l n  I V I  
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_ l ( y  _ X b ) T V _ l ( y  _ X b )  

(23) 

If variance components of the model are 
known, the maximum likelihood estimates of 
QTL effects in b can be obtained by the maxi- 
mum likelihood estimation, 

= ( x T v - 1 x ) - I x T V - l y  ( 2 4 )  

with sampling variance matrix 

v a r ( b )  = ( X r V  - 1 X )  -1 

We can search QTL within two flanking 
markers Mi-  and Mi + for the whole genome by 
setting a prior value for recombination fraction 
ru_ ~ between marker and locus Q .  For each 

prior value ?u,_~, the likelihood ratio statistic 

(LR) can be calculated by 

LR = 2l,  ( b ,  ~r, fE_o ) _ 210(~, ~ ,  rM.,_~ = 0 .5 )  

( 2 5 )  

where variance components in V can be replaced 
by their unbiased estimates, 

2 f"  OuVoRovu 
u 

The likelihood ratio statistic can also be used 
for testing the null hypothesis H0: rM = 0 . 5  

vs. the alternative hypothesis Hi : ru ,  Q < 0 . 5 .  

LR approximately has X 2 distribution. 
When the null presentation of no QTL within 

two flanking markers Mi_ and Mi + is rejected, 
~E-~ infers the position of the QTL while b gives 

the estimates of additive and dominance effects 
of this QTL. Hypothesis for additive and domi- 
nance effects can be conducted by a t-test in a 
general way for 

Ho: c ' b = m  vs .  Hi:  c ' b # m  

If the statistic I c'  ( b - b ) / f f  c'  ( X'  V -  1 X )  C I 
> Z,(a/2 ) , the null hypothesis is then rejected. 

Bayesian analysis 

Bayesian methods and Markov Chain Monte 
Carlo (MCMC) methods were recently applied in 
QTL mapping (Bink et a l . ,  1998).  The condi- 
tional distribution for generating the data is: 

2 
y I b , e l  , e 2 , ' " , e m - l , 0 - m  

m - 1  

- N ( X b  + ~ Uueu ,0 .~I)  (26) 
u = l  

The prior distributions for the unknowns in the 
model can be assigned for b ,  e~ ( u = 1 , 2 , - - - ,  m 

2 (Wang et al. , 1994).  - 1 )  a n d a  m 

L e t  OT E b  T e ,  - ."  e T = , , , m - l ]  

-- [Pl , P 2 , " ' , P N ]  
v r E0-2 . . .  2 ] = 1 , , , o - m - 1  

a T : E O t l , O ~ 2 , " ' , O ~ m _ l , f f m ]  

vT = E l d l , V 2 , ' ' ' , V m _ I , V m ]  

be fir without f l i ,  
m-~ 

w h e r e N  = p + ~ q u  = P + q , and 
u = !  

o T  i = ~ ~ l  , ~2 , ' ' '  , l~i_l , ~i+, , ' ' '  , ~N ] . 

And let 

v '  - - -  0.2 2 2 - u  = , , u - 1  , 0 . u + l  , " ' "  , 0 - m - I  

be v T without variance component u .  Then the 
joint posterior density is in the normal-gamma 
form (Macedo and Gianola, 1987):  

Pr(/l,v,0-2m l y , a , o )  oc 

( 0 . 2 ) -  ( n + v m +2)/2 exp{ 
m - I  

- ~1-~ [ ( y  - X b  - ~]  

m - I  

�9 ( y  - X b  - ~ Uue , )  + 13mOlm] } 
u = l  

m-i 1 F e T R - l e  x - 

+ Vuau ] / (27) 

Inference about each of the unknowns ( ~ ,  v ,  
a2m) are based on their marginal densities, re- 
spectively. 

Gibbs sampling can be implemented for con- 
strueting the fully conditional posterior densities 
of all unknowns in (27 ) .  

The conditional posterior densities of each of 
the location parameters in ~ is normal, with 

- 2  mean fli and variance s i" 

~i l y , ~ _ i , V , ~ m , a , o  ~ N i ,  , 

i = 1 , 2 , - - - , N  (28) 
N 

w h e r e / 3 1  = ( di -- ~ Wij~j ) / wii a n d  s i a2m/ 
j = 1,jr i 

wii ,  wij is the element of ith row and j th  column 
of matrix W in the left hand side of normal 
equations (12) and di is the ith element of vec- 
tor d in the right hand side of normal equation 
(12 ) .  
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The conditional posterior density of residual 
2 is in the scaled inverted chi-square varianeeis am 

form: 

P r ( a ~  l y , ~ , v , a , o )  
1 m-~ 

(a~)-(~+" +2)nexp - g-3-_2 [ ( Y - J ib  - ~ Uae~ ) T 
m 2 0 . m  u=l 

m-I 

�9 ( y  - X b  - S Uue~)  + UrnO~m] } 

o r  

u=l  

2 ~m I y , ~ , v , a , o  
~)mOtm (29)  
2 

Z<~s=;~ 

[(y with parameters v m : n. -4- v m and  a, ,  = 
m-I  m-I  

- X b - ~ U ~ e u ) T ( y  - X b  - ~ U u e , , )  
u=l  u=l  

+ 13miTre ]/Um 

The conditional posterior density of the u th  
2 is also in the scaled inverted chi- v a _ r i a n e e  o u 

square form: 

2 :2 I y ,  ~ ,  V _ u ,  ~ m ,  a ,  V ) OC Pr(a  
(a~2 )-(q~+v~+2)/2exp{ - _~a2 e u R u l e u  + _ 

o r  

tTu u ' ~ m  ' I O g ' D ~  2 (30)  

with parameters ~ = qu + Vu and &u = 

( e r R S  le~ + v~au ) 1 ~ .  

A set of the N + m conditional posterior dis- 
tributions (28)  - (30)  is called the Gibbs sam- 
pler. Flat priors for all variance components Pr 

2 ) oc constant ean be set for the Gibbs / ) ,  tY m 

sampler.  The degree of belief parameters can be 
set as Vu = - 2  for u = 1 , 2 , ' " , m .  

Bayesian inference can be obtained for the 
marginal distributions through Gibbs sampling 
(Gelfan and Smith, 1990) .  Generating random 
samples from the joint posterior distribution (27)  
can be achieved through successively drawing 
samples from and updating the Gibbs sampler 
(28)  - ( 3 0 ) .  

Gibbs sampling works as follows: 
A.  set unbiased predictors and estimates as 

2 initial values for if ,  v and am ; 

B.  generate/3/ from (28)  and update /3i, i 
= 1 , 2 , " ' , N ;  

2 2 from (29)  and update o',, ; C. generate o" m 
2 2 from (30)  and update au u D. generate au 

= 1 , 2 , " ' , m -  1; 
Repeat B. - D. for k ( length of the cha in)  
times. As k--~ w ,  this will create a Markov 
chain with equilibrium distribution. After run- 
ning initial iterations as "warm-up", samples are 
stored every d iterations with the total number of 
samples saved to be s .  

If the Gibbs sampler converges to the equi- 
librium distribution, the s samples are randomly 
drawn from the joint posterior distribution with 
density , (27) .  The kth sample 

{/Ik,Vk and ( a 2 m ) i l , k  = 1 , 2 , ' " , s  (31)  

is then an N + m vector, each elements of 
which is a drawing from the appropriate marginal 
distribution. The s samples in ( 3 1 )  is called 
Gibbs samples for reference. The features of the 
posterior distribution P ( x )  can be estimated by 

1 ' 
e = 

where g (  xk ) can be any feature of P ( x ) ,  such 
as its mean or variance. 

Bayesian inference can also be made on the 
functions of the original parameters. 

GENETIC MODELS 

Animal  genetic models  

Genotype x environment ( G E ) i n t e r a c t i o n s  
have been detected for quantitative traits of many 
plants and animals. With genetic experiments 
conducted in multiple environments, the average 
phenotypic performance of a genetic enttriy in one 
environment can be expressed by the following 
genetic model, 

y = /1 + E + G + G E  + e (32)  

where /1  = population mean,  E = environment 
effect,  G = total genotypic effect, G E  = geno- 
type x environment interaction effect, e = re- 
sidual effect. 

But most animal models (or  reduced animal 
models) consist of only simple genetic effects, 
such as additive, dominance, and/or maternal 
effects ( Lynch and Walsh,  1998 ) .  Recently 
Zhu and Weir (1996)  proposed an animal mod- 
el ,  which is a modification of Eisen's model 
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(Eisen et al. , 1966) .  The genetic model for the 
phenotypic mean (Yij, k ) of sex s in block k 
within environment h from the cross between 
maternal line i and paternal line j is 

Yhijsk = A t + Eh + Gijs + GEhijs 4- Bk(h) + Chijsk 
(33)  

where At is the population mean,  E h is the en- 

vironment effect, Bk(h) is the block effect,  ehij, k 

- ( 0 ,  a~ ) is the residual effect. The total geno- 

type effect is further partitioned into three com- 
ponents ( G = additive effect A + dominance ef- 
fect D + sex-linked effect L + maternal effect 
M ) ,  the same as in the partitioning of the geno- 
type x environment interaction effect ( GE = A E  
+ DE + LE + ML ) for heterogametic progeny 
(XY or ZW, s = 1 ) and for homogametie proge- 
ny (XX or ZZ, s = 2)  (Zhu and Weir,  1996) : 

GiyX~ + GEhijxY1 = Ai + Aj + Oiy + Lil + g i 

+ AEhi + AEhj + DEhiy 

+ LEhil + MEhi 

o r  Gijz~ + GE~Zj~ = Ai + Aj + Oij + Ljl 

+ Mi + AEhi + AEhj 

+ DEhiy + LEh/1 + MEhi 

G~/  ZZ f .  r.xx/ zz 1 + "~'hO~ = Ai + Aj + Dij + -~Li2 

1 
+ ~ Lj2 + M~ + AEh~ 

1 
+ AEhj + DEhij + -2 LEhi2 

1 
+ ~LEhj2 + MEhi (34)  

The phenotypic mean of this animal model 
with sex-linked and maternal effects can be ex- 
pressed by a mixed linear model as 

y = X b  + Uaea + Uoeo + ULeL + UMeM 

+ UAEeAE + UDEeDE + ULEeLE + UMEeME 

+ UBeB + e~ 
10 

= Xb + ~ U u e ~  (35) 
u 

with variance-covariance matrix 

GAUAU~4 + + var(y) = o vov  
2 T 0 -2 U rrT + a M U M U b  + ~ A~'-'~ 

2 U U  ~ 2 r + aDE DE DE + GLEULEUs 

2 T 2 T O.21 + aMEUMEU~E + a s U B U B  + 
10 

2 = ~-~ or, Vu (36)  
u = l  

Unbiased estimation of variances and covari- 
ances can be obtained by REML or MINQUE( 1 ) 
approaches. Random effects can be predicted by 
the BLUP, LUP or AUP method. Mouse body 
weight and tail length of a 7 x 7 diallel cross 
were analyzed by this animal model ( Z h u  and 
Weir, 1996; Atchley and Zhu,  1997) .  Silk- 
worm is a heterogametic female species with ZZ 
sex chromosomes for males and ZW sex chromo- 
somes for females. Data for cocoon weight and 
fibroin content for a 5 • 5 diallel cross in two 
seasons were analyzed for evaluating genetic 
variance components as well as genotype x en- 
vironment interaction variance components (Zhu 
and Weir,  1996).  

Seed genetic models 

One of the important breeding goals now is 
improvement of crop quality. Creating seed ge- 
netic models in biological meaning with applica- 
ble statistical methods is of importance for effi- 
cient analysis of seed quantitative traits. By ex- 
tending Cockerham's general genetic model 
(Cockerham, 1980) ,  Zhu and Weir (1994a )  
partitioned the total genotype effect ( G )  into 
seed direct gene effect ( G o ) ,  cytoplasm gene 
effect ( G c ) ,  and maternal nuclear gene effect 

(GM) ( G  = Go + Gc + GM ) .  Further partition- 

ing was also proposed: 

Go = ~-~j'ciAi + ~ ~ i j O i j  
i i j>_ i 

GC : ~-~j~/iCi ( 3 7 )  
i 

GM = ~-~z',niAmi + ~ ~-~J~mijDmij 
i i j>_i 

where A i = direct additive effect, DO. = direct 

dominance effect, Ci = cytoplasm gene effect, 

Ami = m a t e m a l  additive effect, Drnij = mater- 
hal dominance effect. 

Genetic models were proposed for quantita- 
tive traits of diploid seeds and animals (Zhu and 
Weir, 1994a) and of triploid endosperm (Zhu 
and Weir,  1994b) .  Usually, means of only 
three generations ( P 's ,  F1 's and Fe's ) are 

required for analyzing seed traits. 
The total genotype x environment interac- 
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tion ( G E )  can also be partitioned into three 
terms ( G E  = GoE + GcE + GME ) ( Z h u ,  

1994),  which can be further partitioned into its 
components: 

direct x environment interaction GoE = 

~~ + ~ ~ ~t~hijDEhij 
h i h i j>_i  

cytoplasm x environment interaction GcE 

= S ~'~J~thiCEhi (38 )  
h i 

maternal x environment interaction GME = 

~h ~i am~AmEhi+ ~ ~i ~m~DmEhi j  
J > t  

where AEhi = A i • E h interaction effect, DEhij 

= Dij • Eh interaction effect, AEh/ = Ai • Eh 

interaction effect, AmEhi = Ami • Eh interaction 
effect, LbnEhi j = Dmij • E h interaction effect. 

Based on the extension of the general genetic 
model for seeds, experiments of a diallel cross 
with three generations (P ' s ,  F1 's and F2's) in 
multiple environments can be appropriately ana- 
lyzed by the mixed linear approaches (Zhu ,  
1996).  The phenotype mean of seed models can 
be expressed by a mixed linear model as 

y = X b  + UAeA + UDeD + Ucec + UAmeAm 

+ Uomeom + U~eAe + UDEeDE + UCEeCE 

+ UA,,,~eAmE + UomEeo,,~ + Use8 + e~ 
12 

= X b  + ~ , U u e u  (39) 
u 

with variance-covariance matrix 

var(y ) = a 2 V, + a 2 V2 + cr2cI:3 + a • V  4 

+ o v5 + o v6 + + O cEV8 

+ o V9 + o Vlo + o V. 

+ O'A. Am V12 + GD. Din V13 + O'AE. AntE V14 

2 + tYDE.DmEV15 + o'r 
16 

= 
u = l  

where Vu = UuUr~ ( u = 1 , 2 ,  " " ,  1 1 ) ,  V12 = 

(GlUt4 + u4 C ) , v .  = ( + v s  ) , 

Vl4 ----- ( U6U9 T + U 9 U  T ) ,  V15 = ( U7 U1To 

+ U10U r ) , V 1 6 = l .  

Unbiased estimation of variances and covari- 
ances can be obtained by MINQUE (0 /1 )  ap- 
proaches. Random effects can be predicted by 
LUP or AUP method. Quantitative traits of seed 

nutrition were studied by using the seed models 
for rice (Shi et al. 1997) ,  cotton (Zhu et a l . ,  
1997),  barley (Yan X. F . ,  et a l . ,  1998) ,  
and corn (Lou et a l . ,  1998).  

QTL mapping models 

Mixed linear model approaches were often 
used for mapping QTL~ of animal populations 
based on animal model or reduced animal model 
(Grignola , et. a l . ,  1997),  

y = X b  + UAeA + UQeQ + e~ 

N ( X b ,  V = z r 2 r CrAUARAU A + GQUQRQUQ 

, + ) ( 40 )  

where y is the phenotype vector; b is a vector of 
fixed effects; X is the desigrdcovariate matrix 
relating to b ; e A ~ N (  O ,  a2ARA ) is the vector of 

additive effects; eQ ~ N (  O ,  a2QRQ ) is the vec- 

tor of QTL allelic effects; e, ~ N (  O ,  a2R~ ) is 
the vector of residual effects. 

Until now there is no appropriate animal 
model for analyzing QTLs with genetic main ef- 
fects as well as GE interaction effects. The 
mixed linear model approaches can be used indi- 
rectly for searching QTLs with genetic main ef- 
fects and QTL x environment interaction effects 
(Zhu,  1998; 1999; Yah, et a l . ,  1998).  

If QTL mapping experiments are conducted 
in several environments (years  and/or loca- 
t ions) ,  the phenotype means of genetic entries 
can be fitted by linear model (32)  with random 
effects for environment effects ( E ) ,  genotype 
effects ( G ) ,  genotype x environment interac- 
tion effects ( G E ) ,  and residual errors. The ma- 
trix form of the mixed linear model is 

y = I:~ + UEeE + UGer + UatecE + e~ 

~ N ( I ~ , V  = 2 T 2 T aEUEUE + ~TGUGUG 

a 2 U rrT a21)  (41)  + GE GEI./GE + 

The random effects E ,  G and G E  are pre- 
dicted by the AUP method (Zhu ,  1993; Zhu 
and Weir, 1996). and then used to predict main 
effect data Yj(c) = f z + Gj on the genotype j 
across environments, and genotype x environ- 
ment interaction data Yhj( GE) = t z + Eh + GEhj on 
the genotype j in environment h ,  respectively. 

The composite interval mapping ( C I M )  
method (Zeng, 1994) is then applied to analyze 
the predicted Yj(c) for searching QTLs with ge- 



COMPLEX QUANTITATIVE TRAITS 87 

netic main effects, 

i 

(42)  

where flo(c) is the population mean,  /9(*r is the 

QTL main effect; X 7 is the coefficient for QTL 

effect; fli(r is the main effect for the i-th mark- 

er; X/] is the coefficient for the i-th marker ef- 

fect; and ej(c) is the residual error of the j - th  

genotype. 
The predicted Yh:(r are analyzed also by the 

CIM method (Zeng,  1994) for dissecting QTLs 
with QTL • E interaction effects in the h-th 
environment, 

Yhj(r  ---" ~O(r h) + R ( r  h) h i + . 

+ ej(r (43)  

where fl0(r is the population mean of environ- 

ment h ,  fl(~CE~) is the QTL x E interaction ef- 
*r 

feet of environment h with coefficient Xhi ; 

fl/(cG) is the effect for the i-th marker x envir- 

onment h with coefficient Xhij; and ej(r is the 

residual error of the j - th  genotype in environment 
h .  

Mixed-model-based composite interval map- 
ping (MCIM)  ( Z h u  and Weir, 1998; Zhu, 
1998) can be applied to directly search QTLs 
with genetic main effects and QTL x environ- 
ment interaction effects ( Zhu,  1998 ; 1999; 
Wang et a l . ,  1999 ) .  When experiments for 
QTL mapping are conducted in multiple environ- 
ments, the phenotype value of the j - th  genetic 
entry in environment h can be expressed by a 
mixed linear model,  

Yh] = /1 + axa~ + dxDj + uE e G + UAGeAE ~ 

f t 

+ % (44) 

where /z is the population mean; a and d are 
the s additive and dominance effects of QTL, 
respectively; xA and XDj are coefficients for ge- 

netic main effects; e~ ~ N ( 0 ,  a 2 ) is the effect 

of environment h with coefficient UE~ ; eAr~ ~ N 

( 0 , 0 . 2 )  is the additive x environment interac- 

tion effect with coefficient u ~ ;  eo G - N ( 0 ,  

a2E) is the dominance x environment interac- 

tion effect with coefficient UDG ; eM: ~ N ( 0 ,  

a 2 )  is the marker main effect with coefficient 

UMf; eME~ ~ N ( 0 ,  a2ME ) is the marker x envir- 

onment interaction with coefficient uMG ; ehj 

N ( 0 , 0  .2 ) is the random residual effects. 

This model (44)  can be expressed in matrix 
form, 

y = X b  + UEeE + UAEeAE + UDEeDE + UMeM 

+ UMEeME + e, 
6 

= X b  + ~-~Uueu 
u = l  

6 

2 T ~ N ( X b ,  V = ~ , a u U u R u V ~ ) .  (45)  
u = l  

where y is the phenotype vector; b is the fixed 
parameter vector for population mean and QTL 
effects; X is the known incidence matrix of the 
irrxed parameters; el = eE ~ N ( O ,  0.21) is the 

vector of environment effects; e2 = eAE ~ N ( O ,  

a ~ l )  is the vector of A x E interaction effects; 

e3 = eDE ~ N ( O ,  0.2DEI) is the vector of D x E 

interaction effects; e4 = e m  - N ( O ,  0.2 RM ) is 

the vector of marker main effects ; e5 = eME ~ N 

( O ,  0.2MERME ) is the vector of M • E interaction 

effects; e6 = e, - N (  O ,  0.~I) is the vector of 

residual effects; U~ ( u = 1 , 2 ,  " " ,  6 )  are the 
known incidence matrix of the random effects 
and U6 = I .  

QTLs with epistasis main effects and epista- 
sis x environment interaction effects can also be 
analyzed by the MCIM method ( Z h u ,  1998; 
1999). If DH or RIL populations are used for 
mapping QTI_z with additive and additive x ad- 
ditive epistasis effects as well as their environ- 
ment interaction effects, the phenotype value of 
the j - th  genetic entry in environment h can be 
expressed as the following mixed linear model, 

Yhj = tl. + a l x A 1  j + a2X,  A2 j + aaXAAj + IZEqeE h 

+ Is eAlE h + UA2EtceAzE h 

+ UAAEeAAE~ + ~UMeMf  + ~UMMeMM l 
f t 

+ ~ U M E e M E ,  + ~-~,UMMEeMME~ + ehy 
p q 

(46) 
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where/1  is the population mean;  al and a2 are 

the additive effects of loci Q1 and Q2, respec- 

tively; aa  is the additive x additive epistasis 
effect of loci QI and Q2; x % ,  XA2j and x% are 

coefficients of these genetic main effects; eEh are 

the random effects of environment h with coeffi- 
cient uE ; eA, E h (or  eA2Eh ) are the additive • 

environment interaction effects with coefficient 
UAtE~ (or U, A2E: r ) for Q1 (or  Q2 ) ; eAa~ is the ep- 

istasis x environment interaction effect with co- 
efficient UaAE~ ; eMf is the marker main effect with 

coefficient UMf ; eMM, is the marker x marker in- 

teraction effect with coefficient UMM, ; eME,~ is the 

marker • environment interaction effect with 
coefficient UME,~ ; eMME,~ is the marker • marker 

x environment interaction effect with coefficient 
UMMEr ; ehj is the residual effect. 

This model (46)  can be expressed in matrix 
form, 

y = X b  + U E e  E -4- UAIEeA, E + UA2EeA2 E 

+ U,~EeAAE + UMeM + UMMeMM 

+ UMEeME + UMMEeMME + e e 

9 

u = l  
9 

- N ( X b , V  = ~ 2 r a=U~R~U~ ) .  (47)  
u = l  

where y is the phenotype vector; b i, the fixed 
parameter vector for population mean and QTL 
effects; X is the known incidence matrix of the 

fLxed parameters; el = eE -- N ( O ,  Cr2E I ) is the 

vector of environment effects; e2 : eAsE ~ N 

2 E1 ) is the vector of A 1 x E interaction (O,aA, 

effects; e3 = easE -- N (  O ,  a2a E I )  is the vector 

of A 2 • E interaction effects; e4 = eaag - N 

(O 2 , aaAERa~ ) is the vector of AA x E interac- 

tion effects; e5 = eM -- N ( O ,  a2MRM ) is the 

vector of marker main effects; e6 = eMM ~ N 

(O 2 , t7 ~MMRMM ) is the v e c t o r  of interaction marker 

main effects; e 7 = eME ~ N (  O ,  Cr2MERME ) is the 

vector of M • E interaction effects; e8 = eMME 

- N (  O ,  Cr2MMERMME ) is the vector of MM x E 

interaction effects; e 9 = e~ - N (  O ,  a ~ l )  is the 
vector of residual effects; U~ ( u = 1 , 2 ,  " " ,  8)  

are the known incidence matrix of the random ef- 
fects and U9 = I .  

DISCUSSION 

Complex quantitative traits consist of genetic 
effects more than simple additive and dominance 
effects. As genetic models become more and 
more complicated for fitting the biological situ- 
ations, total phenotypic variance can be parti- 
tioned into various ways. Therefore some defini- 
tions of traditional quantitative parameters might 

be' need to updated too. 
Heritability is an important parameter widely 

used in quantitative genetics as well as plant and 
animal breeding, but different definitions should 
be assigned in dissimilar genetic models. Quan- 
titative traits can be controlled by genetic main 
effects and GE interaction effects. Accordingly, 
the total heritability ( h  2 ) can be partitioned into 

general heritability ( h ~ )  and interaction herita- 

bility ( h~E ) (Zhu,  1997) .  General heritability, 

which is applicable to multiple environments, is 
defined as the ratio of variances of accumulated 
inheritable genotypic effects to phenotypic vari- 
ance.  Interaction heritability, which is only ap- 
plicable to specific environments, is defined as 
the ratio of variances of accumulated inheritable 
GE interaction effects to phenotypic variance. In 
seed genetic models, variances with accumulated 
effects consist of direct additive variance ( VA ) ,  

cytoplasm variance ( Vc ) ,  maternal additive 
variance ( Vam ) as well as variances due to gene 

by environment interactions. General heritability 
consists of direct general heritability ( h ~ ) ,  cy- 

toplasm general heritability ( h  2 ) ,  and maternal 

general heritability ( hZM ) (Zhu ,  1996) : 

= + + 

= ( V  a + Cm.Am)/Vp + Vc/Vp + (VAIn 

+ CA am)/V,, 

Interaction heritability includes direct interaction 
heritability ( h2oE ) ,  cytoplasm interaction herita- 

bility ( h2cE ) ,  and maternal interaction heritabili- 

ty (h~,~) : 

= + + 

= ( v ~  + C,~.amE)/V~ + VcE/V~ + (Va,,z 
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+ CAEan )/Vp 

with total phenotypic variance calculated as 

lip = ( Vc, o + Vc + VC,,n + 2Coo.am) + (Vco  

+ VcE + VC, nE + 2Cc.oE.C~) + Ve 
= ( V A +  V o +  V c +  Van+ VOm 

+ 2CA.Am + 2CO.Dm) + ( V ~  + VDE 

+ VCE + VAmE + 2Ca~.amg + 2CoE.o,,,g) 

+ V e  

Heritability is often used in predicting selec- 
tion response. Since heritability consists of sev- 
eral components for some complicated models, 
the definition for selection response should also 
be changed. For seed models with GE interac- 

tion, total selection response ( R  = ih 2 ~ ) 
can be partitioned into several components 
(Zhu, 1997) : 

R = Rc + RCE 
= (Ro + Rc + RM) + (RoE + RCE + RME) 

where Rc = ih~ ~ is general response, which 

consists of direct general response (Ro = ih2o 

v/~p) ,  cytoplasm general response ( R c  = ihZc 

~ p  ) ,  and maternal general response (RM = 

ih2M ~ ) ; ( ROE = ihZE 4~p ) is interaction re- 
sponse, which consists of direct interaction re- 

sponse ( ROE = ih 2o E ~ ) ,  cytoplasm interaction 

response ( RCE = ih2 E ~ ) ,  and maternal inter- 

action response ( RME = i h ~ s ~  ) .  
In order to analyze complicated genetic ef- 

fects (such as epistasis effects, endosperm ef- 
fects, etc. ) ,  segregating generations of ( F2, 
BC1, and BC2) can be included in the genetic 
models, which have non-integer coefficients for 
some effects and even correlation between fac- 
tom. These kinds of genetic models are usually 
analyzable not by ANOVA approaches but by 
mixed linear model approaches. Most animal ge- 
neticists use the REML method (Patterson and 
Thompsom, 1971 ) instead of MINQUE method 
(Rao,  1971 ) for analyzing animal models. Mon- 
te Carlo simulations (Zhu ,  1989; Zhu and 
Weir, 1994a, 1994b, 1996)showed that MIN- 
QUE has advantages over REML due to its [ A ] 
simple computation without iterations, [ B ] no 
requirement for normality distribution, and [ C ] 

unbiased estimation. 
The jackknife resampling method is efficient 

for calculating estimates ( or predictors ) and 
their standard errors. Resampling technique is 
based on resampling unit. For genetic experim- 
ents with randomized complete block design in 
multiple environments, blocks within environ- 
ments can serve as resampling units. If there are 
only replications but not blocks, genetic entries 
can serve as resampling units. 
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