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Abstract:

A proposed method for finding an approximate solution of the nonlinear ordinary differential

equations two-point boundary value problem is proposed. It simplifies the problem approximately to a problem
of solving a set of nonlinear algebraic equations. The basic idea of the method is to utilize the properties of or-
thogonal polynomials and the approximate operational matrices of the nonlinear functional f(x(¢),u(t),t),
and also the transformation matrix between the back vector and the current time vector for the general orthogo-
nal polynomials. A method for solving the nonlinear two-point boundary value problems for descriptor systems

is also given.
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INTRODUCTION

In recent years, orthogonal polynomials and
functions developed by Chang et al. (1986) have
been successfully applied in the field of dynamic
systems, for analysis and identification of linear
systems and the optimal control (Tsay et al.,
1987) . The main advantage of this technique is
the reduction of these problems to one of solving
systems of algebraic equations. Thus it greatly
simplifies the problem.

The ordinary differential equation of two-
point boundary value problem is very important
in control theory. It plays an important role in
deriving the solution of the matrix Riccati
equation which appears in most control system
designs (Razzaghi, 1987). It is well known that
the integration associated with the differential
equation of these problems is difficult and needs
long computation.

Recently (Chang et al.,1986), applied the
operational matrix of integration to generalize or-
thogonal polynomials. Homg et al. (1987) used
the transformation matrix relating the back vector
to the current time vector for the shifted Cheby-
shev polynomials of the first kind to derive solut-
ions of linear two-point boundary value problem
with constant coefficients. Razzaghi et al.
(1989) proposed a technique to derive solutions
of a linear two-point boundary value problem
with time-varying coefficients via Taylor series.
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However, this technique cannot be as suc-
cessfully applied to nonlinear systems as com-
pared to linear systems. By using the approxima-
tion-operational vector and matrix of the nonlin-
ear functionals

f(x(t), u(t)9 t);

together with the integration-operational matrix of
general orthogonal polynomials, Wang et al.
(1992) derived a method for solving nonlinear
differential equations with initial value problems.

Here we solve the nonlinear differential
equation of a two-point boundary value problem
via general orthogonal polynomial series, by us-
ing the approximation operational vector and ma-
trix of the nonlinear functionals, and the trans-
formation matrix relating the back vector to the
current time vector for the general orthogonal
polynomials. The main characteristic of this
technique is its ability to reduce the nonlinear
differential equation of two-point boundary value
problems to that of solving systems of nonlinear
algebraic equations.

At the same time, a method for solving the
nonlinear two-point boundary value problems for
descriptor systems is also given.

PROPERTIES OF THE GENERAL ORTHOGO-
NAL POLYNOMIALS

In general, the general orthogonal polynomi-
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als ¢; (t) with respect to the weight function
w(t) over the interval [a, b] are defined, by
(if they satisfy) the condition

i=j,

{ ri,
0, isj.
The general orthogonal polynomials ¢; (¢ )

wa(t)go,v(t)qoj(t)dt - (1)

defined above have the following recurrence rela-
tions (Szego, 1975; Luke, 1969)

(a) the pure recurrence relation
‘Pi+1(l) = (ait + bi)¢i(t) -~ ciqo,-_l(t), (2)
with
99_1(5) =0,
(b) the differential recurrence relation

o (t) = Ai§0/i+1(3) + B/ (t) + Ci?"i-l(t),
(3)

where a;, b;, ¢; and A;, B;, C; are the recur-

eo(t) =1;

rence coefficients and the differential recurrence
coefficients, respectively, whose values are
specified by the particular orthogonal polynomi-
als under consideration.

The polynomial ¢, (¢) has m distinct real
zeros, all within the interval(a, b). Let £;,1,,
=+, t, be the m zeros of go,,,(t).

Note that an arbitrary function h(¢) can be
approximated by the general orthogonal polyno-
mial ;

m-1
h(t) ~ himy(t) = D g (2), (4)
i=0
or, in vector form

h(m)(t) = hTQ(t), (5)

where the superscript T denotes transpose, h is
called the general orthogonal coefficient vector,
and @ (t) is the general orthogonal polynomial
vector. These two vectors are defined as

h = (ho,hly"‘,hm_l)r, (6>

and
D(t) = (@o(t), (), om ()T
(7)

The general orthogonal coefficients h; can be
determined by minimizing the integrated square
error

G(h) = jjwu)[h(x) - ilhjqoj(t)]zdt,

(8)
to yield
1 b
hi = | w()h()ei(e)d,
i =0,1,-,m -1, (9)
Propeosition 1
Let

D; = - A;;1(0) - Bigi(0) — Ci;1(0),
i =0,1,--,m -1,

b
A0=—1-, By = -2, Cy is an arbitrary
ay ap
constant,
L _L(ﬁ ﬁ) :
A1—2al, Bl—z ao_a; y Cllsanar—

bitrary constant,

By, 4 O 0 - D 0 0
c,+D, B, A, 0 - 0 0 0
p| D G B A4 0 0 0
Dm~2 0 0 Cm—2 Bm—2 Am-2
D.., O 0 O 0 C., B..,
then

t
Joqb(t)dt ~ PO(t), (10)
where P is called the operational matrix of inte-
gration of the general orthogonal polynomials.

In this paragraph, approximation of the non-
linear functional f(x(t), u(t), t) is given by
using the general orthogonal coefficients of x(¢)
and u(t), where f(x(t), u(t), t) is as-
sumed to be continuous with respect to x(t),

u(t) and ¢.
Let
x(t) = x(m(t) = X'®(:) (11)
and
u(t) = um(t) = U'd(r)  (12)

be the m order approximation of x (t) and
u(t), respectively .

Proposition 2 (Wang et al., 1992)
Let

Nf = ((Nf);})y"' = 0919“.5m_ 19
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Jj=0,1,-,m-1, (13)
m-1 c j-1 1
qu(ti+ ) H — I a—
(Nf)i ;= : (k=j+:.ak)( k=0 k) (14)
SDm-l(tm)lIl(tm - &)
then |
f(x(t)yu(t)’t) ~ (fl(X’U),fZ(XvU)’
e fu (XL U N (1), (15)
where

f,-(X,U) = f(XT‘P(ti),UT@(ti),ti),

t;(i=1,2,"--,m) are m zeros of ¢, (¢), Ny
is called the operational matrix of approximation
of the nonlinear functional f(x(z),u(t), t).

In the following, we can see that the trans-
formation matrix relating the back vector to the
current time vector for the general orthogonal
polynomials will also be used.

Proposition 3
The back vector @ (s — t) is related to the

current time vector @ (t) for the general orthog-
onal polynomials through the transformation

D(s —t) = SO(¢),

where S is the m X m transformation matrix giv-
en by

(16)

1 0 0 0 0
S -1 0 0 0
s=| 2w LT 8 :
Sn-20 Smo2a Smo2a (-pm? 0
Sno10 Sncin Smoiaz Spotimez (=)™
(17)

Here S is a lower triangular matrix whose
(i,j)th element S; j can be determined from

a;,b; ,c; and s, which are constants, where
S;j - (_ l)i’ L =
S; =0,

0’1,'”9"7' - 1,

J > i.

When j < i, we have the following recurrence
relations ;

Sl() = aps + 2b09

a,-b
Siv0 = (ais + b + aoo)SiO - =

- CiSi-l,O ’

b .

Si+l,l = (aiS + b, + a‘; 1)Sil - iz_lSio
1 ayp

- ciSi-l,l ’

Siit,ic1 = (ais + b; + %) Siic1s
a;_i ’

Si+l,i = (— l)i(a,-s + 2b1) -— aa—isi,i_l.

i-1
Proof From(2), we have

§0i+1(s -t) = (ais + 2bi)§0i(s - t)
— (ait + b)) (s — t)
- Ci<Pi-1(S —t),
0,1,:-,m -1,

1 =

with

pols —t) = @) =1,

e1(s —t) = (ags +2bo) @o(t) — ¢1(2)
= Siope(t) — ¢ (t).

Let

95 = 1) = Sogo(D) + Sagr (D) + -

+ S () + (= Dig(t)
and notice that

a;b;

(ait + )@ () = [(ayt + ) — by + =1

i

A +§;"<ck — )@ (2)

a;c,
GDk(t) +E‘—kq>,,_1(t),

k=0,1,---,1,
then we obtain
@i (s—1t)= [Cais +2b,) i (s — t) — c;op; g -
(s—t)]-Cait + b)) (s —1)
=[(Cais +2b;)Si0 — ¢:S;i_10 1o (2)
+[(ais +2b,)S;, — ¢;Siy.1 1"

o1 (2) ++ [(as +2b;)8;,i
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(=D 'glo () +(-1)-
(a;s +2b,) i (1) - [ai;gol(z)

b
+(bi—aa00)¢o(l)]sio

a acah
'[al‘/’?(t)+a1(ai by)

901(t) +a(,l-_c1'1§00(t)]si'1 -

a; a4 a;_,b;
- [ai_lﬁoi(t) +ai—1(—ai
a;C; _
- bi—l)(Pi—l(t) +T_ll'

@i-2(e)]1Si ;-1 = (= Dig,,(2)
-(- 1)i0i¢i—1(5)
a,-bo)si‘o _

ap a,
- ciSi—l,O:lgDO(t) + [(ais + bi
ab a;
I)Si,l __Si,O - ciSi—l,l]'
ay
ab;_;
@1 (t) ++ [(as + b =

i1

Siicilei () +[(=1)i(as

a;cy

= [(a,-s + bi + Si,l

+
a

)

+2b;) _(%Si.i—l]qpi(t)

i -

+( _1)i+1§0i+1(t)

= Si+1,0§0o(t) + Si+1.1S01(t) + -
+ S ic1@i-1(8) + Sivy i
@)+ (- D" g (1),
i=0,1,---

,m—=2.

Thus, the proposition is proven.

SOLUTION OF NONLINEAR TWO-POINT
BOUNDARY-VALUE PROBLEMS

Consider the following nonlinear system with
the two-point boundary conditions;

{x’(t)=f(x(t),u(t),t), O<:i<s, (18)
x1(0) =x10, %(s) =2, (19)

where 1 (t) is the known control variable, u €
R*, and x(¢) is the unknown state variable to
be solved, x& R", and

(20)

where x;, € R ,u; € R ,i=1,2, and n; +
n2=n,kl+k2=k.

Denote by y(t) and v(¢) the n x 1 and k
x 1 matrices defined in the following way:

y1(2) x(¢)
y(e) = (yz(t)) = (xz(s - t))’ 2D
vl(t) u](t)
v(¢) = (vz(t)) = (uz(s - t))’ (22)
then (18), (19) can be expressed as
{y’(t) = g(x(t),u(t),t), (23)
y(O) = X0 (24)
where
g(x(e),u(t),t) =
(fx(x(t),u(t),t) )
- failx(s = t),uls —t),s = t))~
(25)

In order to solve (23), (24), we let

x(,,,)(t) = XTQ(t) (26)

be the m order approximation of x(¢) and ex-
pand u (t) in the following general orthogonal
polynomials

u(m)(t) = Uré(t). (27)

Notice that xy can be expanded into general or-
thogonal polynomials as

x ( X10
0 Py
X2

0...0

0___0)d5(t).

(28)

Now, by using (15), the nonlinear functional
(25) can be approximated by the following gen-
eral orthogonal polynomials

gm (t,x(t),u(e)) = (g1(X,U),
g2(X’U)""’gm(Xv U))Nﬁb(t), (29)
where the operational matrix N; is determined
from the formulas(13), (14), and
gl(X,U) =
[AXT®(), U'd(t,),t;)
- A XT®(s — t,),U'P(s - t;),s — t;)] "
(30a)
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By using the proposition 3, it reduces to the fol-
lowing

gi(X’U) =
AHAXTO(), U®(s;),t;)
— £ (X"®(S - ), UB(S - t;),s — ;)]
(30b)

Integrating (23), (24) from t =0 to ¢, we
obtain

21 (8) =m0 = [ fiGe(0),u(0), 0 dr,
xz(S - t) — X3 = —J;ﬁ(x(s - t),

ll,(S - t)9s - t)dt’

(31a)
(I(’;1 g)"(‘) + (8 (;nz)x(s —t) — x

J;fl(x(t),u(t),t)dt

. .
_jofz(x(s —),uls = t),s - t)dt
(31b)
Substituting (26) — (30) into (31), and using
(10) and proposition 3, and equating the coeffi-

cient vectors of the general orthogonal polynomial
vectors, we obtain

I, 0 0 0 %0 00

n T T 10
(0 O)X +(0 Inz)XS_(xzs 0---0)
= F(XT), (32a)

fl(XTq)(tl),UTQ(tl)stl)

F(XT)=( — H(XTSD(2,), UTSD(t;),s — t;)

e (XTD(1,), U D) 1) )NP
tr _ﬁ(XT@(tm)aUT@(tm)~9s_tm) a
(32b)

Thus, the approximate solution (26) of the
problem defined by (18) and (19) can be ob-
tained by using the iterative Newton method or
its modified version, or using the fixed-point al-
gorithm for better convergence to solve the non-
linear algebraic equations (32a) .

SOLUTION OF NONLINEAR TWO-POINT
BOUNDARY VALUE PROBLEMS FOR DE-
SCRIPTOR SYSTEMS

In recent years, control problems for de-
scriptor systems(or singular systems, or general-
ized state-space systems) have drawn consider-
able attention from many researchers due to ex-
tensive applications of descriptor systems in
large-scale systems, singular perturbation theo-
ry, electrical networks, economic systems, mac-
ro-economic systems, and other areas. In this
section, we consider the following nonlinear de-
scriptor systems with the two-point boundary con-
ditions :

{Ex’(t)=f(x(t),u(t),t), O<t<s, (33)
2,(0) =29, 2,(s) =x,,, (34)

where E is a constant square matrix and may be
singular, and

Ey

En)
Ex ’

e |
E22

(35)
here E,,, E;, E; , Ex, are the n; x n,, n; X
ny,ny, X ny,ny; X n, submatrixes, respectively.
Other terms have the same meaning as in Section
3.

Denote by y(t) and v(¢) the nx 1 and &
x 1 matrices defined in (21), (22). Then
(33), (34) can be expressed as

{E’y'(t) = g(x(e),ule),t), (36)
_’)’(0) = Xg» (37)

where g and x, are defined as in (25) and
(28), respectively. The mth order approxima-
tion % () () of x(t) and u(,)(z) of u(t) are
expressed as in (26) and (27), respectively.

Integrating(36), (37)from ¢t =0 to ¢, and
notice (21), (22), we obtain

(2: g)x(‘)’“(g gZ)x(S—t)—Ex():

j;ﬁ(x(t),u(t),t)dt,
, (38)
—L)fz(x(s - t),uls —t),s — t)dt

Substituting(26) — (30) into (38), and using
(10) and the proposition 3, and equating the
coefficient vectors of the general orthogonal poly-
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nomial vectors, we obtain

E” O) r (O EIZ) T (xlo 0"'0)
(E21 o/ X *lo En XS Els, 00
- F(X"), (39)

where F(XT) is given from (32b).

Thus, the approximate solution(26) of the
problem (33), (34), can be obtained by using
the iterative Newton method, or the modified
version, or the fixed-point algorithm for better
convergence to solve the nonlinear algebraic
equations(39) .

CONCLUSION

Deriving a solution for the ordinary differen-
tial equation of two-point boundary value prob-
lems is generally difficult. This is more so for
nonlinear systems. In the present work, a tech-
nique is developed for the solution of nonlinear
ordinary differential equation of a two-point
boundary value problem using general orthogonal
polynomials. The main idea of this method is to
reduce the problem to one of solving sets of non-
linear algebraic equations. In terms of solving
the nonlinear algebraic equation, this method
gives better convergence for digital computation.
Here the approximation operational vector and
matrix of the nonlinear functionals, together with

the transformation matrix are used to relate the
back vector to the current time vector. At the
same time, a method for solving the nonlinear
two-point boundary value problems for descriptor
systems is given. Furthermore, the method is
simple and can be conveniently applied in digital
computation.
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