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Abstract:  One purpose of this work is to establish the nominal description of mixed H2/lt optimization 

problems evolving from mixed Hz/l  I control probleras for SLSO discrete time systems. Some assumptions on 

mixed H2/ll optimization problems are. made. Another p ~  of this work is to study the structure of the clo- 

sure of feasible region for mixed tt2/It optimization problems. The feasible re.gion is the ~ t  of a map of a free 

parameter which is rational stable and satisfies some constraints. It is shown that the closure is exactly the .set 
of the same map, where the free parameter is stable and satisfies the same constraints. It is convenient to de- 
scribe mixed H2/ll optimization problems with a stable free parmneter. For mixed H2/11 optimization prob- 

lems with stable free parameter, the existence and uniqueness of the solution can be easily obtained. 
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INTRODUCTION 

The design of controllers satisfying mixed 
performance criteria, such as mixed H2/H= 
problem(Kaminer et al. , 1993),  mixed ll/H| 
problem(Sznaier et a l . ,  1996) ,  mixed ll/H2 
problem(Salapaka et al. , 1995),  have recently 
been the focus of researchers. Voulgaris ( 1995 ) 
introduced mixed H 2 / 11 optimization problems of 
minimizing the H2-norm of the closed loop map 
while its / t-norm is maintained at a prescribed 
level. Such a design would provide g(xxt rms-be- 
havior to stochastic disturbances and also would 
exhibit acceptable behavior to deterministic and 
persistently exciting inputs. Voulgaris ( 1 9 9 5 )  
showed that the optimal solution of the mixed 
H2/ll optimization problem is finite impulse re- 
sponse and uniqueness in the nontrivial case. A 
finite step procedure is given for the construction 
of the exact solution. Recently, much effort has 
been focused to developing a mixed H2/ll opti- 
mization method. Wu et al. (1996) introduced a 
scalar discrete time general mixed H2/ll optimi- 

zation problem of minimizing the H2-norm of a 
closed loop map while maintaining the /i-norm 
of another closed loop map at a prescribed level. 
The motivation of general mixed H2/ll optimiza- 
tion problems is to design controllers that provide 
good nominal rms-behavior as well as guaranteed 
stability robustness to the unmodeled dynamics of 
the bounded l |  norm. 

The problem studied by Voulgaris(1995) is 
a special case of the problem studied by Wu et 
al. ( 1996).  For the general mixed H2/ll optimi- 
zation problem developed by Wu et al. ( 1996),  
there are no research results on the existence and 
uniqueness of its solution. This paper deals with 
this point. One purpose of this work is to estab- 
lish the nominal description of general mixed 
H 2 / l l  optimization problems evolving from 
mixed H2/ll control problems for SISO discrete 
time systems. Some assumptions on general 
mixed H2/ll optimization problems are made. 
Another purpose of this work is to study the 
structure of the closure of the feasible region for 
general mixed H2/ll optimization problems. The 
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feasible region is the set of a map of a free pa- 
rameter which is rational stable and satisfies 
some constraints. It is shown that the closure is 
exactly the set of the same map,  where the free 
parameter is stable and satisfies the same con- 
straints. It is convenient to use a stable free pa- 
rameter to describe general mixed H2/l~ optimi- 
zation problems. For general mixed /-/2 / I I opti- 
mization problems with stable free parameter ,  
the existence and uniqueness of the solution can 
be easily obtained. 

NOTATION AND MATHEMATICAL PRELIMI- 
NARIES 

Let R denote the field of real numbem,  R ~ 
denote the m-dimensional  real vectors, C denote 
the field of complex numbers ,  D denote the 
closed unit disk in C, 3 D denote the unit  circle 
in C, N denote the normegative integers. A 
causal SISO (Single  Input Single Output )  LSI 
(Linear  Shift Invariant) transfer function G can 
be described as 

= G(0) + G(1)X + G(2 )a  2 + .- . ,  
G(k)  E R, V k  E N. 

As G can be represented uniquely by its impulse 
response sequence [ G ( 0 ) ,  G ( 1 ) ,  G ( 2 )  , . . . i T ,  
its impulse response sequence is not differentiat- 
ed in notation throughout this paper.  Define 

le = { G I G  = g ( 0 )  + G(1)A + G(2 )A  2 + 

�9 . ' ,  G(k )  E R, Vk E N},  

ll = { ~  E l e l ~ l G ( k ) l  < ~ } ,  
k=O 

= E 2 < 
k=0  

For any ( ~ E  I i ,  the / , -norm of (~ is given by 

IIGIII = ~ i G ( k )  I (1)  
k=0 

It is easy to verify that V (~1, (~2 E l t ,  G1Gz E 

l I and I[ G l(~21ll ~ [[Gl [Is [l(~2111 �9 For any 
E 12, the /2-norm of (~ is 

---' )2 II~ll= = ( G ( k )  (2) 

11~ll2 is also the H2-norm of G .  Notice that l, 

C 12 and II r 112 ~< I[ G [I,. Define 

Rle = { G E I, Ir is a rational function of A }, 

RI1 = Rle f') Ii 

The following lemma is well known. 
I_emma 2 . 1  ( Vidyasagar, 1985 ) : For G 

Rl~, G E Rlt if and only if the poles of G are 
outside D or G has no poles ( i .  e .  (~ is a poly- 
nomial) . 

Given an admissible plant 15 as 

Y = PI1 tt + P~2wl + P13w2 

z, b2, , + b , ,  Wl + b ~  w2 (3)  

z2 P31u + P 3 2 w l  + P33w2 

where k 0 E R/e, V i E  l l ,  2, 31, j E  11, 2, 
3 t ;  wl and w2 are single exogenous inputs,  zl 
and z2 are single regulated outputs,  u is the sin- 
gle control input ,  and y is the single measured 
output. P is assumed to be strictly causal and 
stabilizable. Connect a feedback controller C 
from y to u .  Let W denote the closed loop 
transfer function between wl and Zl ,  ~ denote 
the dosed  loop transfer function between w2 and 
z2. Given a constant u  the objective is to find 
& E RI, which stabilizes b and minimizes II ~i~ I1= 
subject to II ~'  II1 _< ~'. m compensator that solves 
this mixed H2/ll problem will ensure that the 
quadratic cost criterion from w2 to z2 is optimal, 
and that the closed loop system is robustly stable 
to any finite gain stable perturbation A ,  inter- 
connected to the system by wl = A z l ,  such that 

I[/i II1 <_1. 
Y 

Youla parametrization of all stabilizing com- 
pensators( Francis,  1987) yields 

m 

i ,  = b , ,  + e 2 1 C ( l  - b l , & ) - l b 1 2  
= ir'~ _ {)!~'x (4 )  

~b = 1533 + P3~C(1 - b , ( y ) - l b ~ 3  

= T2 - Q V 2  ( 5 )  

where T , ,  T2,  V , ,  ~'2 E R/I are fixed SISO 
maps that depend on p l a n t / ~ ,  and (~ E Rll is a 
free SISO parameter.  Define 

r0 = infllT, - 0~111, (6)  
~ E  Pdt 

Obviously, there exist (7 such that II~ ~'11, <_ r 
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when y > Y0- This paper  is based  throughout on s . t .  
the following assumption.  

Assumption 2 . 1  : y ~ ( g0,  o~ ) .  where 

Taking into account  the nontrivial case ,  as-  ^.  
sume v , # o  and ~ : ~ 0 .  Thus ~ , , ~ : ~ m ,  T' = 
can be  descr ibed uniquely as 

b l (O)  + b ~ ( 1 ) a  + "'" + bt(n~);t  ~, !~'~ = 
1 + a l ( 1 ) , ~  + "'" + a~(ma)A' ,  

(7) ~ ;  = 
M~ 

V2 = b 2 ( 0 )  + b : ( 1 ) a  + "-- + b2(n2)A ~'- 
1 + a 2 ( 1 ) X  + "'" + a2(m2)~t% 

(8)  - -  ^ 

M2 

where al ( m~ ) ~ 0, b~ ( h i )  ~ 0, a: ( m2 ) ~ 0, 
b2 ( n2 ) ~ 0 .  Then we ean rewrite 

in f  1[ 7"2 -- Q~k'r2 []2 zeros .  

s . t .  I[ ~r, - ~ , 1 [ ,  ~ r (9)  

as  

- ~ X 

~ ~, M~ M: 

1 ^ ^ 
( b 2 ( r t 2 ) a l ( m l ) N 2 M 1 )  2 

b2(n2)  al ( m l )  i~ ~ _ 
s . t .  b l ( n l ) a 2 ( m 2 )  

b 2 ( n 2 ) a , ( m , )  ~1,~12 • 

bl ( n l  ) a2 ( m 2  1 - -  

b2 ( r t2)  a l  ( m l  ) 
9" b ~ ( n l ) a 2 ( m : )  ( 1 0 )  

1 
From Lemma 2 . 1 ,  M ,  M 2 E  R/~ and ^ ^ 

M~ M: 
R/~.  Clearly,  there is a one- to-one correspon- 

dence  be tween Q and b: ( n~ ) al  ( m~ ) 
Mt M2 

in Rl~, and ( 1 0 )  is equal  to 

i nf .  I[ 7"2 - Q '  V:  [[2 

II@Z- ~ ~ill, ~ ~' ( 1 1 )  

b : ( n 2 ) a , ( m ,  
b l (n~)a2(m2 

1 
El = b l ( n l ) a 2  

v i ( 1 ) a  + 

A A 

N~ M 2 
( m 2  

�9 .. + ~,nt+m2 

1 /~r:/1~/, = 
b2( n:)a~ ( m~ ) 
v ~ ( 1 ) a  + . . .  + ~~ 

( 1 2 )  

= vl (o) + 

( 1 3 )  

v ; ( o )  + 

( 1 4 )  

bz(n2)a~(m~)  
= u b l ( n l ) a z ( m 2 )  ( 1 5 )  

Since the common stable zeros ( the  zeros which 

are outside D ) of ~'i and 1/2 can  be  absorbed in 

Q '  , in ( 11 ) ,  without loss of  general i ty ,  we can 

assume that ~'i and ~'2 have no common stable 

For V 

tor /-'N 

v ~ =  

For 1"i and I7 2 , suppose :  

V I ( 0  ) = E l ( 1  ) = . . . =  V i ( ~  1 - 1 ) = 0 ,  

vl (a~) # 0  and 
I /2(0)  -- I /2(1)  = " " =  V : ( a :  - 1) = 0 ,  

V2 ( ~ 2 ) # 0 ,  i . e .  

~vtl = V I ( ~ I ) ~  ~, + V;((~ 1 + I )~# ,  +I + 

�9 " + A",+m~ ( 1 6 )  

~'2 = V2(~32)~ ~: + V2(~32 + l ) a  ~,+' + 
�9 .. + A"2 +m, (17)  

N E N,  define the N t h  truncation opera- 
: le___~RN+ 1 as 

G ( 0 )  + G ( 1 ) a  + .--  + G ( N ) a  u 

(18) 
Then  

i a  ~ i ' ; -  ~ ' ~  Ir2 = 
~'e~ 

2 
~'~, 



MIXED Hz/I~ OPTIMIZATION PROBLEMS 373 

II ~,-I i" ;  "t- ( T ;  - l'a~, - |  T ;  ) - Q "  ~/; [[1 = 

lr'~,-li'; il, + ll<~;- ~,- ,~;>- ~~;11, = 

Hence (9 )  can be solved by solving the follow- 
ing problem: 

s . t .  X - ~ ' ( i " i - F ~ , - l i ' i ) - I ) ' ( A - ~ ' f " i ) ,  < 

~" - F s - , T ' l  , (19) 

This proves that we may,  without loss of general- 
ity, assume 

Assumption 2 . 2  : 

iz~ = V ~ ( 0 ) +  V l ( 1 ) a  + - - ' +  A ~,  V ~ ( 0 ) # 0  

and 

l"z = V 2 ( 0 ) +  V2(1)A + " ' + A " ,  V 2 ( 0 ) ~ 0 .  
Assumption 2 . 3 : f r  and V2 have no com- 

mon stable zeros. 
For l"l = Vl(O) + V~(1)A + "'" + A  m = 

I ~ ( X - A i ) ,  let 
i=1 

n = 1 1 1  , " ~  } ( 2 0 )  

denote the roots of ~ r .  Similar to the usual rank 
assumptions made in/-/2 opfimi~a.ion and l~ opti- 
miz-ation, we assume that every root of /~r  in (7)  
is not on O D .  Notice that every root of 2~12 in 
( 8 )  is not on OD yet.  So this assurr~tion can be 
described as 

Assumption 2 . 4 :  A Q 3 D = ~ .  
Finally, mixed H2/l~ optimization problems 

can be stated as : Given T l ,  TE, V~, V2 ~ R/~,  
2" E R satisfyin~ Assumptions 2 . 1  ,,, 2 . 2  x 2). 3 
and 2 . 4 ,  find Q E R/I such that II T, - QV~ H= 
is minimized and II T! - Q~'l [[~ ~ r -  

CLOSURE OF FEASIBLE REGION 

Define the feasible region of the mixed H2/ 
11 optimization problem as 

7,0  E Rll}. 

It is easily seen that ~ ( ~ )  C R/1 C ll C 12 and 

that mixed H2/lt optimization problems can de- 
scribed as 

= inf  II&ll= (21)  ~ ( 7 )  d,c~l, 
For mixed H2/ll optimization problems, de- 

fine 

g ( r )  = l 0  E R/1]IIT1 - •f',ll, _< r l ,  

tlrl l l l  + r 
L ( 7 )  = (22)  

~ l l -  IA, II 
i=1 

Proposition 3 . 1 :  ~ /Q  E ~ ( ~ ' ) ,  II t~ II, ___ 

L(r) .  
Proof: Space Cl is defined as 

{ G I G :  G ( 0 )  + G(1)A + " " } ,  

~ l G ( k ) l  < w , G ( k )  E C ,  V k E N .  
k=0 

For any (~ E C I ,  the Cl-norm of G is given by 

II ~ Ill -- 2 1 G(k) I. Obviously, I t is a subset of 
k=0 

Cx and CA-norm in Ii space is exactly lt-norm. 
with Cl-norm and II t~ Ill < ~ ,  it follows that 

II i', II, + r _> II ~ II, + II r ,  - t~% II, >_ 

II -  I'I<  - § - i=2 i=2 

i = 2  i=2 

i=2 i=2 

l _  II Ilft<  - -- 
i~2 

_ - i 1 -  I  1111-I  1111fi   
i=3 

�9 " ~  1 ] 1 1 - I ~ , 1 1  II011, 
i=1 

The above means that II Q Ill _< - 

H I I - I A ,  II 
i=l  

The following lemma is the result of Ii opti- 
mization. 

I_emma 3 . 1  (McDonald et al.  , 199.1 ) : Un- 
der Assumption 2 . 4 ,  there exists a Q0 E Rlx 
such that 

II i', - Q0 Vl Ill = r0 = inf II ~ r l  - l ) ~ ' l  II, 
0E tn, 

(23)  
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�9 Let/~ (Y)  denote the closure of ~ (Y)  in l~. 
Proposition 3 . 2  : For k E 12, k E ~ ( y ) if 

�9 X = ~"2 -- Q ~ / d ' 2 , Q E  l I and  II T I  - 0~7]'1 I[1 ~ u  

Proof: V e  E (o ,2 l l I '%l l , l l~ ) - l )011 , ) ,  let 

, where Qo is the solu- 
= 211%111 II t} - O0[I, 

tion of the l~ optimization problem shown in 
Lemma 3 . 1 .  Let 

0 = ( 1 -  ~ ) ~  + ~00 E ~l 

Choose N E N such that 

min 21[ ~r2 [[1 

~n en  

lIT, - 

II :t, - 

( 1 - a  

II/~ - 

(I - a ) 7  + 

~ ( r -  to) ) 

' 2 II V,  Ill [I l"z 1~ 11Q -- Q o II, J 

(24) 

(25) 

( F , , O )  re, II, <_ 

~ '~ ,11 , - , - I I<0 '  - / - 'N0 ' )  %11, 
)ll TI - QV11{l + ~ II i'l -- Q0 "f/l Ill + 

211 #, II, II % 

y - a(y - 

aYo + 

- 70) ii ,~1 [i ' 
Ill [I Q - Q0 Ill 

e ( r -  to) 
Yo) + _< 

211 P= II, l} ~ - Oo II, 
~(r - "4 ) 

2 II/% [I, II t) - ~)o Ill 
~ ( y -  to) 

+ 2[1 vz 111 l[ 0 - Qo I1, 

and r ~ 0 ' E  m , .  
( y ) .  However, 

Ilk - ( 

{ l (~  - 

II(~ - 0 ' )  

r O - 0 II, 

Thus/c~ _ ( F N O ' )  % E  

~P2 -- ( ~ N 0 ' )  ~r2)[[2 

r ~ ' )  %11~ <_ 

G + ( l ) ' -  r ~ ' )  ;r _< 

~/2112 + [{(Q'  -- /~NI~ ' )  #21[2 

I[ %1I, + I( 0 - a 0 '  I1, II % II, < 

II O - ( ( ~ - ~ ) {) + ~ho)  II, II % II, + 

II %11, __ 
211 fq II, 

II ~ - 0o  If, II % II, + -~ _< 
2110 - ~o  II, II % II, 

E. 

Hence k E ~ ( y ) .  
Pr2position 3 . 3 :  For k E 12, k e~ ~ ( u ) if 

T 2 - X 
0 -  V2 ~ l , .  

Proof: As V2(0)  # 0 ,  Q - 
i'2 - k 

fs2 
E le 

Let e = I I F ~ I I , -  L ( r )  and B ( X ,  e ) = 

I ~ E 121 IIk - ~ 112 < e }. The Proposition will 
follow if we can prove that B ( X ,  r ) n ~ ( Y ) = 
~ .  We will show that B ( X ,  ~ ) A $ ( 7 ) = q~ by 
contradiction. Suppose that there exists 
~1~ E B ( k ,  r ) such that c]~ = 2r 2 - Q '  fr Q '  

E R / ,  and II~', - ~ '  ;r _< ~,. Then 

v N ( 6 -  k ) =  v , , d , -  r N k  = O N ( 0 % ) -  
r~ (t)' fr 

define 11 ~-2~ II, = max f_~[vijl (29) I'E !0,..., NI i=0 

Note that ~SN is invertible. For v0 ] 
~ = . . . . . . . . .  (28) 

,.13NO � 9  V N N  

V2(0) 
�9 * *  . 

V2(N-  1) .-- 

o] 
v2(o) 

(27) 

V2(0) 
V2(1) 

. . .  

V:( N) 

note 

which means we can write 

k = ~r2 - ( Q ( 0 )  + Q ( 1 ) x  + - - - ) ~ %  (26) 

Choose N E N such that II/-'NQ Ill > L ( 7 ) .  De- 
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vNO ). 

It follows that 

rNcO" = r;~O_ - ~ ( r N ( &  - ~: ) )  (30) 

Thus 

II ~'11, _ II r ~ '  II1 .>_ 

r ~ 0 l l , -  I I ~ ( r ~ ( 6 -  k))ll ,  _ 

r,42 I[, - II ~ Ill II r~, ( ~  - k)111 _> 

rNt) II1 - ~ II ~ '  II~ II r , ,  ( 6 - i ' )  I1: >_ 

r~ l ) l l ,  - ~ , / Y ~ +  ~ l l -~ l l t l l l , i  , - J:ll~ > 

r ~ l l ,  - ~ , / Y T i l l ~ ' l l , ~  _> 

II r , ,QI I , -  t < r )  

L ( y ) .  

From Proposition 3 . 1 ,  it follows that 

H ~"1 -- Q '  ~rl II1 ) ?" which  is a contradiction. 

Proposition 3 . 4 :  For Ji" ~ 12, X fi ~ ( ?" ) if 

= ~['2 -- Q~'r2, Q E l I and II i ~, - ~}v, II, > ?' .  
Proof: Choose N ~ N such that 

II~(i~- ~}f"l)l], > ?'. It is easily seen that 

r N (  i ' l  -- Q~rl ) = -~NT'I -- /-~N( Q~/rl ) = I'~N~"I -- 
( I-'NQ ) ,  where 

V I ( 0 )  0 ] 
-~11 ~,' = "'" " ' .  (31)  

V l ( N )  --- V 1 (0)  

Similar to (28)  and ( 2 9 ) ,  we can get tl ~ II,. 
II FN(ar l -  ~r y 

= The Proposi- 
Let e ~ II ~ Ill II ~ - , ~  !1, 
tion will follow if we can prove that B ( ?/', e ) f~ 

( ?" ) = ~ .  We will show that 
B ( X , e ) N ~ ( ? ' )  = @ by contradiction. Sup- 
pose that there exists ~ E B ( X ,  e ) such that 

6 = i~2 - Q" V2, Q ' E  R1, and II ~f'l -- O '  ~i/1 II, 
?'. Then 

II ~ , -  o ~', II, -- I1 '~ '~, -  Q ~,)II, -~ 

II r~<~, - O~,)II, - II ~<~,O) - ~ < ~ , ~ "  II, -~ 
II ~ ~ , -  0~, ) I I , -  II ~ < r ' O  - ~ ' ) I I ,  -~ 
II ~.~,~,- 0~,)ll,- II ~ z < F ~ , ~ -  ~))11,-~ 

I'N (T, 

- Q~,' II, - II ~.~ II, il ~ II, II ~ ' ~  - ~)I I ,  
- o~, ,  I1,- ~ il ~~ II, II ~"  II, II F . ' ~ -  ~)I1= 
- o~,> I I . -  ~ Ii ~ II, II ~ '  II, II ~ . -  ~.ll: > 
- Q~,> II, - ~ II ~ II, II ~ "  I1.~ -- 

which is a contradiction. 
From Propositions 3 . 2 ,  3 . 3  and 3 . 4 ,  we 

have the following 
Proposition 3 . 5 :  ~ ( ?" ) = { 6 E 12 I 6 = ~r2 

- 0 % ,  Q E h ,  II f", - Qf~, II, _< 7 t .  
With regard to the more general case for 

mixed H2/l l  problems, T1 E I i  does not violate 

II q" Ill < ~ ,  and ~ E l~ does not violate II & I1~ 
< ~ .  Notice that inf II & 112 = inf II @ II~- 

From Proposition 3. 5, we may extend mixed 
H2/ll  optimization problems in R/1 to ones in ll 

as follows: Given T1 E [1 , ~V2 E 12, 
I/1, I/2 E Rli , 7 ~ R satisfying Assumptions 2. 

1, 2 . 2 ,  2 . 3  and 2 . 4 ,  find Q E l l  such that 

II ~ - ~%11= is minimized and II ~1 - ~r It,_ 
? ' , i . e .  

/~(? ' )  = jnf l lT2 - QI]2[]2 Qs l~ 

s . t .  IIfr, - O f s ,  ll, ___ ?" (32)  

Next we will show the existence and unique- 
ness of the solution of ( 3 2 ) .  

Lemma 3 .2 (Conway ,  1990) : If E is a Hil- 
bert space with norm I1" il, a is a closed convex 
nonempty subset of E ,  then there is a unique 
point x* E A such that U x"  II = infU x I[. 

x E A  _ 

It can be verified easily that $ ( Y )  is a 
closed convex nonempty subset of 12. Applying 
I_emma 3 . 2 ,  it is plain that 

Proposition 3 . 6  : For^problem ( 3 2 ) ,  There 
is a unique element Q* in Ii such that 

I1~=-~"  %11== s ( ? ' )  and J l f r l -~"  ~, II, <__ 
y .  

CONCLUSIONS 

This paper established the nominal descrip- 
tion of mixed H 2 / l  1 optimization problems from 
mixed H 2 / l  1 control problems for SISO discrete 

time systems, and extended mixed HE/lX opti- 
mization problems in Rll to ones in 11 �9 A mixed 
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H2/11 op t imiza t ion  p r o b l e m  in  Rll a n d  the  cor-  

r e s p o n d i n g  o n e  in  Ii have  the  s a m e  o p t i m a l  va l -  

u e .  H o w e v e r ,  t he r e  may  not  be  s o l u t i o n  for 

m i x e d  H2/ l l  o p t i m i z a t i o n  p r o b l e m  i n  R / 1 ,  whi le  

the re  is a n  u n i q u e  so lu t i on  for m i x e d  H 2 / l I  opt i -  

m iza t i on  p r o b l e m  in  11 �9 H e n c e  m i x e d  H 2 / l l  op-  

t imiza t ion  p r o b l e m s  i n  I i are  more  c o n v e n i e n t  for 

s t u d y .  
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