ISSN 1009 — 3095 Journal of Zhejiang University( SCIENCE) V.2,No.1,P.9- 14, Jan. - Mar., 2001
http: //www . chinainfo. gov . cn/periodical; http: //www. zju. edu. cn;
http://lib. zju. edu. cn/English; http: //www. Zjupress. com

EXACT SOLUTION OF AN EXTERNAL CIRCULAR CRACK IN A
PIEZOELECTRIC SOLID SUBJECTED TO SHEAR LOADING’

CHEN Wei-qiu([5EH#ER) T, DING Hao-jiang( T H5VL), HOU Peng-fei (&M &)

( Department of Civil Engineering , Zhejiang University , Hangzhou 310027, China)
"Email: caijb @ ccea. zju. edu. cn

Received Apr.18, 2000; revision accepted July 6, 2000

Abstract: A three-dimensional, exact analysis is presented in this paper for the problem of an external cir-
cular crack in a transversely isotropic piezoelectric medium subjected to arbitrary antisymmetric shear loading.
A recently proposed general solution of three-dimensional piezoelectricity is employed. 1t is shown that four
quasi harmonic functions involved in the general solution can be represented by just one complex potential.
Previous results in potential theory are then used to obtain the exact solution of the problem. For point shear

loading, Green’s functions for the elastoelectric field are derived in terms of elementary functions.

Key words:

Document code: A CLC number:

INTRODUCTION

Due to the inherent weakness or brittleness
of piezoelectric ceramics, the fracture of piezo-
electric materials has gained considerable inter-
est. Most published works dealt with two-dimen-
sional study of cracks in piezoelectric materials
(Pak, 1990; Suo et al., 1992; Zhong and
Meguid, 1997) . For a penny-shaped crack in a
transversely isotropic piezoelectric medium,
Wang (1994) analyzed the mode I problem with
the help of the Hankel transform. Kogan et al.
(1996) derived the exact solutions for axisym-
metric as well as antisymmetric far field uniform
loadings from the solutions of a spheroidal piezo-
electric inclusion through a limiting case .

New results have been developed for the ap-
plication of potential theory in analyzing contact
and crack problems in elasticity ( Fabrikant,
1989) . Recently, Chen and Shioya (1999) ob-
tained the fundamental solution of a penny-
shaped crack subjected to axisymmetric mechan-
ical and electric loadings by extending Fabri-
kant’ s theory to piezoelectricity. It is noted that
Fabrikant (1996) showed that exact solution for

piezoelectric material, potential theory, external circular crack, exact solution
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an external circular crack could be obtained for
antisymmetric shear loading and particularly,
complete solution was derived in terms of ele-
menlary functions for point loading.

This work aimed to investigate the problem of
an external circular crack in a transversely iso-
tropic piezoelectric medium subjected to arbitrary
shear loading that is antisymmetric with respect
to the crack plane. To this end, the general so-
lution proposed by Ding et al. (1996) was em-
ployed. For the problem considered, it is shown
that four quasi harmonic functions appearing in
the general solution can be represented by only
one complex potential. The satisfaction of the
boundary conditions finally leads to an integro-
differential equation with structure identical to
that for elasticity (Fabrikant, 1996). The dis-
tinction lies in the definitions of the involved ma-
terial constanis that have no effect on the solution
form. Thus existent results can be utilized to ob-
tain the exact solution of the problem. Especial-
ly, for point shear loading, complete expressions
for the elastoelectric field are exactly derived in
terms of elementary functions. Such a solution
had apparently not been presented before.
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GENERAL SOLUTION IN COMPLEX FORM

By introducing a tangential complex dis-
placement U = u + iv (i=+ — 1), the coupled

equations of a transversely isotropic piezoelectric
medium can be rewritten in the following com-
plex form in Cartesian coordinates (x,9,2),
with the z-axis being normal to the plane of isot-
ropy,

2
%(C“ + C()G)AU + 044%2—[2] + E(CH - CGG)A2U

J a
+(013+C44)A(9w+(e15+631)1\ f = 0,
——(613 +c44) (AU+AU)+ cauldw +

7 92
c33 81;)+€15A(I’+633 8%j:O, (1)
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where, A =9%/9x* +3*/3y*, A=3/ax +19/Jy,
and the overbar indicates the complex conjugate

value. (u,v,w)"” and @ are the displacement
vector and electric potential, respectively. c¢;,

€;, and e; are the elastic, dielectric, and pi-

iy
ezoelectric constants, respectively. The general
solution to Eq. (1) proposed by Ding et al.
(1996) can also be rewritten in complex form:

3 3 a g
A(EFi+iF4),w= Zaila—i’
i=1 i=1 v
2 dF,
%aiZ 32—;7

where «;; and a;, are material constants defined

(1997), and 2z = s;z, s3 = ces/
c4 , and s%(i =1,2,3) are roots of the follow-

U

o) (2)

in Ding et al.

ing algebraic equation:
2 _ d = Oa (3)

where expressions for a, b, ¢ and d can be
found in Ding et al. (1996). It is noted here
that the general solution given in Eq. (2) is

as® — bs* + cs

only valid for distinct s, while for other cases,

different forms should be adopted (Ding et al.,
1997) . In addition, F;(z) should satisfy the

following quasi harmonic equations, respectively

J?
Sa)F< 0, (= 1,23,4). (4

By virtue of the linear constitutive relations
of a transversely isotropic piezoelectric body, the
following expressions of stresses o; (7;) and

(A+

electric displacements IJ); can be derived ( Chen

and Shioya, 1999) :

2
o] = 2 Py
i=1 a 2
f( 6 — Cn) + Ci3 S + 9313iai2] F;,
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where, o) =0, + 0,,0, =0, - 0, +2it,, ,

T, =T, +it,, and D= D, +1D, . Also,

Y = — ¢cp3 + cmSia + esan,

(6)

Y = — ey + ensay — €xsan .

It is noted that the following identities have been
utilized in Eq. (5):

Vs =
Yus; =

C44(Si + ail) + €150,
615($i + au) - Enap.

(7)

POTENTIAL THEORY METHOD

Consider an infinite transversely isotropic pi-
ezoelectric solid containing a flat crack S in the
plane z = 0, which is subjected to an arbitrary
shear loading that is antisymmetrically applied to
the upper and lower crack faces. The problem
can be descnbed as a mixed boundary value
problem of a half-space z=0, with the following
boundary conditions on the plane z = 0:

7, = - t(x,y), for (x,y) € S;

0, for (x,y) €& S;

U
6, =D, =0, for - ®» < (x,y) < ® .

z

(8)

In a similar manner to pure elasticity ( Fabri-

kant, 1996), conditions (8) can be satisfied by
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a representation of the general solution in terms
of one complex harmonic function ¥, namely,

Fi(Z) = Ci[AF(zi) +KF(Zi)]9(i = 17273);
F,(z) = C4[AF(Z4) —[-\F(Z4)],
(9)

where ¢;(i =1,2,3,4) are undetermined con-
stants, and the function F is given by

Flp,d,z) =lpn[R(ﬁl,N)4—z]U(A0dSN,

(10)

where R( M, N) is the distance between the
points M(p,4,2z) and N(r, ¥,0), NC S,
the integration is taken over the crack domain S.
Hereafter, cylindrical coordinates (p, g, z) are
alternatively used for the sake of convenience.
By assuming

3 3
Zcﬂ’li =0, Zcﬂ’zi = 0,
i=1 i=1

the third condition in Eq. (8) is identically sati-
sfied. It can be further verified that the second
condition in Eq. (8) can be satisfied by setting

3 3
. . 1
ci+1c4=0,2c,~—1c4=—.
> e

(11) and (12)

(11)

(12)

It is then obtained from Egs.
that

cy 1 Yu Yo Yu |0 ;
= gal Yu Y2 Vn {0}, Ca = g
c3 1 1 1 1

(13)

Substituting Eq. (9) into Eq. (5) gives the ex-
pression of 7, at z =0 as
3
S4Ca4 ) A2 i_
= (;Ciylisi - )A 3ZF(Z) +

3
a
( 2 ¢ Yisi + —825:4)15 Q‘Z:F(z) .
i=1
(14)

The first condition in Eq. (8) then gives rise to
the following integro-differential equation:

1
A = = I
U(N) U(N)
(;Aﬂ‘R(N.A% dSN+-GﬂV£ RO Ayasy]
(15)

where Ny, N& S, and

1
27cs ¢4’

(16)

= B + H, Gz

S S
3 .

81 Z C;Y1iSi
i=1

Two material constants G| and G, are introduced

=B-H, B =

H =

so as to make the resulting integro-differential
equation (15) have identical form with Eq.
(13) in Fabrikant (1996 ), which had been
solved for an external circular crack in a trans-
versely isotropic elastic medium. Although G,
and G, here are different from those for elastici-
ty, they in fact have no effect on the form of the
solution . Therefore, previous results can be used
to obtain the complete solution for piezoelectric
materials .

GREEN’ S FUNCTIONS FOR AN EXTERNAL
CIRCULAR CRACK

In case the crack occupies the exterior region
of a circular domain with radius a, we can write
down directly the solution to Eq. (15) as

U((O7¢7O) =
ST
TCJJ R
0a
2r e

G
T(Po’ ﬂo)Podpodﬂo + ﬁj[

Da

[Rq‘qtan“(%) + :;Z(,odef 0 pogfm_o 5]

-1 _Q% tz(l + t)’Z].
2 (12(1 _ t)2

(0> 20) 0 dpo day » (17)
where,
R = [ 0% + p§ - 2p0pcos(p — g¢)1'2,
7= (6% = @) (p} - a*)/a,
q = s _ ‘Ooeiao — (a2/‘0‘00)ei(¢—¢0).
(18)

By substituting Eq. (17) into Eq. (10) and
these, in turn, into Fgs. (2) and (5), exact
expressions for the elastoelectric field can be de-
rived.

Assume that the crack is subjected to a pair
of concentrated shear forces T'= T, + iT, that
are applied to the crack faces antisymmetrically
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at the points (pg, #9,0* ), p9 > a. We can ob-
tain the following Green’ s functions for the elas-
toelectric field by virtue of Fabrikant’ s results
(Fabrikant, 1996) :

gi Ci{[gz(zi) + %gﬁ(%)] T -

i=

U =
[gl()(zi) +%g8(zi)}§’}+
{[gz(Z4) -G g7(z4)] T &

[g16(24) - %gda)]?‘},
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3
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E u>+6&um]}
2ces
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Alest + Zanto] T4
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[g4(24) + %gls(z4)]7},
gé Ciyzisi{[g3(zi) + %gm(zi)] T +
[‘ g:(z) + %gl5(zi)]?’}+

2 s - Gant] 7+

D =

[g4(z4) + %g15(24)]?1}’
D, = —gg Ci72i{[g5(zi) +%é—’10(zi)}T+
[gS(zi) +%g10(zi)]T},

gs and g7 — g6 are giv-
en in Egs. (43) — (57) in Fabrikant (1996) .
They are not repeated here to save space. It is
noted that these expressions are all in terms of el-
ementary functions, that is to say, the Green’ s
functions of an external circular crack in a trans-
versely isotropic piezoelectric mediun due to
point shear loading can be exactly obtained in el-
ementary functions.

where, C; = 4nc;, g, —

STRESS INTENSITY FACTOR AND NUMERI-
CAL EXAMPLE

Define the complex stress intensity factor, as
follows

YWee iz | ., (20)

ky + ik = lim{(a - 1Y
—a

where ki and kj actually correspond to the

mode Il and mode 1l intensity factors of an ex-
ternal circular crack, respectively.

One can obtain the expression of 7, at z =0
for p < a from Eq. (19) as follows:

[G1g3<O)T+ ngls(O)T] s
(21)

..

cmG,

Noticing the following property :

lli—>min(a,p), and lzi—>max(a,p), when

A— 0, (22)

23(0) and g,5(0) in Eq. (21) can be calculat-
ed from Fabrikant (1996)

(p3 — a®)'”?

R2(a® - o*

g3(0) = )]/29
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B (03 — a®)" (pge™ + pe™™)e™

g1s(0) = ; i .

(@ = ) py(ppe ™ — pe)?
(23)

The complex stress intensity factor thus can be
obtained for point loading as follows:

(6t — a®)”?

v 2a

Te
p(z) + a* = 2apgcos(p — )
Gy e 0=%) (pge ™ 4 ae_i”)?]
Gl po(poe—i;a —ia)z

ky + kg =

+

(24)
o — ae

It can be seen that only two material constants
G, and G, are involved in the expression of the
complex stress intensity factor. Their values are
given in Table 1 for several materials whose elas-
tic, dielectric and piezoelectric constants can be

found in Dunn and Taya (1994).

Table 1 G, and G, for piezoelectric materials

Materials G, (10" ?m*/N) G, (107 2m?/N) G,/ G,
PZT-4 8.6144 2.7585 0.3202
PZT-5 10.798 3.7142 0.3440
PZT-7A 8.0470 2.4941 0.3099
BaTiO, 6.1322 1.2724 0.2075

It is also noted that the complex intensity factor
obtained here for piezoelectricity is similar to
that for elasticity. The two differ from each other
by the definitions of G; and G, only.

The corresponding stress intensity factor for
an arbitrarily distributed loading = (o, ¢) can
obviously be obtained by integrating Eq. (24):

2re

—ig
kH <+ ik]]] = ;z—eEjJ(p% _ a2)1/2
0

a

{ (o Bo)

0% + a* — 2apocos( g — gg) *
G, (PO 4 ae—i(a—ao));(po’go)
G, po(poe™ — ae™™)? }podp0d¢0

(25)

As numerical examples, Figs. 1 and 2 dis-
play curves of the nondimensional mode II and
mode III stress intensity factors ( K; = k;7°a

V2alT,i=1,1II1 ) versus the circular angle ¢
along the crack tip, respectively. The crack is
assumed to be subjected to a pair of antisymmet-
ric point shear forces T( = T,) applied at the

points (1.5a,0,0* ) along the x-axis. The pi-
ezoelectric material is taken to be PZT-5, for
which the ratio G,/ G, = 0.3440. For compari-
son, results for the corresponding elastic material
( G,/ G, =0.2267) in which the piezoelectric ef-
fect in PZT-5 is ignored [ indicated by (E) in
both figures ] as well as for an isotropic elastic
material (Poisson ratio equals 0.3, G,/G, =0.
1765) are simultaneously given in the two fig-
ures. From the results, it can be found that, for
the case considered, the piezoelectric effect has
a certain influence on the crack stress intensity
factors, especially on the mode III one. This
fact is however different from that for the axisym-
metric ( mode 1) problem of a penny-shaped
crack in a piezoelectric solid that the piezoelec-

tric effect contributes nothing to the singular field
(Chen and Shioya, 1999).
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CONCLUSIONS

This paper gives an exact solution to the
problem of an external circular crack in a trans-
versely isotropic piezoelectric medium subjected
to antisymmetric shear loading. The analysis is
based on the general solution proposed by Ding
et al. (1996,1997). The potential theory meth-
od is then employed to derive an integro-differen-
tial equation governing the problem. Previous re-
sults in potential theory are used to give the
Green’ s functions for the elastoelectric field
when the crack is subjected to point shear load-
ing.

The complex stress intensity factor (relevant
to mode II and mode III) is also presented in an
exact manner. Numerical results show that the
piezoelectric effect has certain influence on the
mode II and IIT stress intensity factors. This ob-
servation is obviously different from the mode I
problem for which the electric field has no effect
at all on the singularity behavior near the crack
tip (Chen and Shioya, 1999) .
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