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Abstract: In this study, Fabrikant(1989, 1991)'s new results in potential theory were used to obtain the 
exact and complete solution for the problem of a penny-shaped crack in an infinite transversely isotropic piezo- 
electric body subjected to antisymmetric point loads (point charges and normal point forces); then the com- 
plete solution for the problem of one-sided loading of a penny-shaped crack was obtained by the superposition 
of the symmetric loading solution in Chen and Shioya (1999) and the antisymmetric one presented here; and 
then the reciprocity theorem of piezoelectric media was used to deal with the problem of interaction between ar- 
bitrarily located point forces and a point charge with a penny-shaped crack and obtained the exact expressions 
of the crack faces' normal displacement in terms of elementary functions and some non-singular integrals; and 
finally obtained the normal displacement of the positive and negative faces of the crack under many loading 
cases as shown in figures for an infinite PZT-4 piezoelectric ceramic body weakened by a penny-shaped crack. 
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INTRODUCTION 

Piezoelectric ceramic materials have many 
applications in modem technologies because of 
their excellent piezoelectric properties. But 
cracks arising from their intrinsic brittleness of- 
ten cause piezoelectric components failure. 
Study of what causes this requires theoretical 
analysis and accurate quantitative knowledge of 
the elastic and electric fields in the area of the 
cracks in the piezoelectric ceramic, from the 
view point of electromechanical coupling. 

The potential theory' method developed by 
Fabrikant ( 1989, 1991 ) is efficient for analysing 
various mixed boundary value problems in pure 
elastic theory. Fabrikant (1991) used this meth- 
od to obtain solution for the problem of a circular 
crack in an infinite transversely isotropic elastic 
body subjected to antisymmetric normal point 
forces. He derived the complete solution for the 
problem of one-sided loading of a circular crack 
by the superposing of his symmetric loading solu- 
tion (Fabr ikant ,  1989) and the antisymmetric 

one, and gave the exact expressions (Fabrikant ,  
1991 ) of the normal displacement of the two fac- 
es of a crack for arbitrarily located normal point 
forces. 

In this paper, we first further generalize 
Fabrikant '  s potential theory method to analyze 
corresponding mixed boundary value problems in 
three-dimensional piezoelectricity; then obtain 
the exact and complete solution for the problem 
of a permy-shaped crack in an infinite trans- 
versely isotropic piezoelectric body subjected to 
antisymmetric point charges and normal point 
forces. The completed solution for the problem of 
one-sided loading of a penny-shaped crack was 
obtained by the superposition of the symmetric 
loading solution in Chen and Shioya (1999) and 
the antisymmetric one presented here. And then 
used the reciprocity theorem of piezoelectric me- 
dia to consider the problems of interaction be- 
tween arbitrarily located point forces and a point 
charge with a penny-shaped crack and derive the 
exact expressions of the normal displacement of 
the crack in terms of elementary functions and 
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some non-singular integrals, and finally get the 
normal displacement of the positive and negative 
faces of the crack under many loading cases as 
shown in the figures for an infinite PZT-4 piezo- 
electric ceramic body weakened by a penny- 
shaped crack. 

GENERAL SOLUTION FOR TRANSVERSELY 
ISO'I~OPIC PIEZOELECTRIC MEDIA 

For the characteristic roots S 1 • $2 ~'~ S3 

Sl, Ding et al. (1996)  gave the general solut- 

ions of the displacement and electric potential of 
transversely isotropic piezoelectric media in 
terms of four displacement functions grj satisfy- 

ing respectively, the following equations: 

A +  a~j = 0 ( j  = 0 , 1 , 2 , 3 )  (1)  

w h e r e A = 0 2 / 0 x  2 + 0 2 / 0 y  2 ,  zj = s j z ( j  = O , 1 ,  

2 , 3 )  and S o =  c ~ ~ / c ~ , s j ( j =  1 , 2 , 3 )  are the 
three characteristic roots of a sixth degree 
equation defined in Ding et al. (1996) and sati- 
sfy R e ( s  i )  > 0 .  

The constitutive relation was used to obtain 
the general solutions for the stress and the elec- 
tric displacement expressed by four displacement 
functions. For the sake of convenience, the fol- 
lowing notations were introduced: 

U = u + i v , w l  = w ,  w2 = ~ , a l  = a x + a y ,  

a2 = a~ - ay + 2iV~y,  ~1  = a~,  ~ 2  = D z ,  

r z l  = rzx + i r zr ,  Z~z2 = D ,  + iD r (2)  

where it,  v and w are the displacement compo- 
nents in the directions of the x ,  y and z axis, 
respectively; qb is electric potential; a,  , a r , a~ , 

rxy, z-= and r,y are stress components; D ~ ,  Dy 

and D, are the electrie displacement components 

in the directions of the x ,  y and z axis, respec- 
tively. Then the general solution can be concise- 
ly written as follows (Ding et al. , 2000) : 

3 3 0gr/  
U = A( iaff0 + ~ a/rj ) , W m  = ~ sjkm j 0 gj 

3 3 2 ayg'j 

a l  = -  66) o F  = 

3 

- 2 (mj - c66)A ;, 
j=l 

3 

a2 = 2casA2( iaF0 + ~ ]  aFj) 
j=l  

3 32 x/t/ 3 

( ' / 
r ~  = A \ s o P m i ~ z ~ z  0 + ~j=,SjOOmj OZj ] 

( m  = 1 ,2 )  (3)  

where k,~j are constants dependent on material 

constants and characteristic roots and are defined 
in Ding et al. ( 1996 ) ,  

091j = C44 (1  + k l j )  + el5 k2j 

oJ2j = e15(1 + k l j )  - ellk2j 

/Tbj = 2c66 - (-Olj5 2 , tOl = c44 

De = el5 , A  = O / 3 x  + i O / 3 y  

A 2 = 0 2 / 0 X  2 _ 0 2 [ 0 y  2 + 2 i 0 2 / O x O y  

( j  = 1 , 2 , 3 )  (4)  

and  co., eij and ee are elastic, piezoelectric and 
dielectric constants, respectively. 

PENNY-SHAPED CRACK UNDER ANTISYM- 
METRIC POINT CHARGES AND NORMAL 
POINT FORCES 

1. The Green's function for penny-shaped crack un- 
der antisymmetric point charges and normal point 
forces 

Consider an infinite transversely isotropic pi- 
ezoelectric body weakened by a penny-shaped 
crack of radius a in the plane z = 0 ( Fig. 1 ) .  
Let two normal point forces Pz be applied to the 

crack faces antisymmetrically in the positive z 
direction at the points with cylinder coordinates 

(P0,  r  • ) .  Meanwhile, two point charges + 
Q and - Q are also applied antisyrmnetrically at 
these two points, respectively. 

The problem, due to antisymmetric loading, 
can be reduced to that of a half infinite body z i> 
0 with the boundary conditions at the plane z = 0 

U =  O, foray<to < w,0~<r < 2~r 
a~ = 0, foray<to < zo,0~<r < 2zr 
azl = P f l ( p  - Po,~ - ~o), for0 ~< p ~< a,0 ~< ~ < 2~r 
a:2 = Q 3 ( p - p o , r  ~0), for0~<p~< a,0~< ~ < 2~r 
r:l =0  for0~<p~<a,0~<r  <2zr 

(5) 
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Penny-shaped crack and the antisymmetric 
normal point forces and point charges 

It is known (Ding et a l . ,  2000) that in the 
case of a half  infinite transversely isotmpic pi- 
ezoelectric body subjected to a general point 
force .with the .components P=, Py ,  P~ and a 
point charge Q at the point ( r ,  q9 ,0) ,  the com- 
plete solution can be expressed through the four 
d isp lacement  functions : 

i TA-TA)pC(Zo)  l lm(d~-f) 
~o - 4=So c44 - 2ZrSo c44 

= (ajP~ + ~Q) lnD]  - ~ ( T A  + T A ) Z ( z  j) = 

(ayP. + fljQ)lnD? + ~jRe ~-~ , 

(j  = 1,2,3) (6) 

where overbar denotes eomplex eonjugate,  and 

D i = D ~ + ~ , D j  = 

2 J p 2  + r 2 _ 2 r p e o s ( ~  - q~) + z i 

V = Px + i P y , X ( z j )  = z j l nOf  - Dj 

d -~ t oe  ir - -  r e * ( j  = 0 , 1 , 2 , 3 )  (7 )  

and 

Oil} S1 ~OI1 826012 $3 r 13 0 
1 

O~ 2 = 6011 6012 O913 

~3 (-O21 O)22 (-O23 

[ q'{0} {.1} 1 s1.11 s3 1, 0 

~3 ('O21 ('022 (-02.3 J 

r l-'{0o } ~x 1 
~ = ~ 1  ~ ,  ~o~ ~o,~ (8)  
~ 3 L 6021 (-O22 (-O23 

Substituting Eq.  (6 )  into Eq.  ( 3 ) ,  we ob- 

tain the displacements and electric potential in 
the half infinite piezoelectric body as follows: 

1 [ T  Doo DoD~ ~------~ dZT ] = N f ~  - -  1 3  
u _ 4 = ~ 4 4 , o  + - ' = - '  ~" j=l 

r d27" ] 

+,, -aT. , , ,  + 
3 d 

go-~ r 

1 C~ (7"2 + ~a)  
w., = - -ff ~,=, gsjk.o g O ;  + 

3 1 

7~, ( aiP~ + g O  ) s:k,~ ~ (9)  
j=l 

When z = 0,  Eq.  (9 )  simplifies to 

U = GPPz + GQQ 1 T 1 Td 2 
+ ~ c ~, ~ + ~ c'~ o3  

W m  = D + HmRe (10) 

g = P eir - Po eir176 (14)  

where v stands for - v=l as it was defined in 
Eq.  ( 3 ) .  And its exact solution in this case is 
as follows (Fabr ikant ,  1989) : 

( GPP. + GQQ) e ir 

v ( p ,  ~b) = _ zrG1[p(p 2 _ a2)1/2 . 

g 

(13) 

where 

D = [p2 + r 2 _ 2 r p c o s ( ~  - 9 ) ]  1/2 (11)  

and 
3 3 

c ~ =  Zaj, : = >2p; 
j=~ j=l 

3 1 3 1 ~_~ 
G r 

- 2~rsoc44 + ~ ~j' G~ - 2=SoC44 j=l  

3 3 

I I~m = >_2 sjk.~aj. II~ = ~ , j k . ~ g  
j=l 3 j=l 

Hrm = -  ~]sjk,,i~ j ,  ( m  = 1 ,2)  (12) 
j=l 

The first expression of Eq.  (10)  can be used 
for the integral equation formulation of the prob- 
lem.  The governing integral equation will take 
the form 

G r r  2" r| v ( r ,  q))rdrdq~ + 
2 2 o  J~ D 

G2r[2'~f| J~ d 2 v ~  3 '~)rdrdg9  = -  GPP" + GQQ 
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G2r _1~)3/2] (15) [GT -- G~" 4- (1 

where ~ = P~162162 (16) 
P 

Expressions (6)  can be used to obtain formulae 
for the displacement functions in the case of dis- 
tributed loading. The related integral was given 
by Fabrikant ( 1991 ) as follows : 

~2'~[| D~?r ( r , ~ ) rd rd q ~  = 2( GPP* + GQQ) 
o Jo C~ 

G2r (zi)  ] ( 17) 
rtf(zj) + Gr 1 _ Grfo 

where 

f ( z )  = 
- a  z [ b 2 [ a E ( s i n _ l ( ~ ) , b ) _  b2(l 2 -  a2) 1/2 ] 

12( 12 b2 )  1/2 J + 

( 12 _ pZ)la 
(12_ b2)1/2 - In[ 12 - b2) uz + (l  2 - p2)1/2] 

fo(z) = ---Zsin-1 ~-2) (aZ-12)i/2 - + - ln[ l 2 + a a 

( 12 _ /02 )1/2 ] ( 1 8 )  

where E ( ", �9 ) stands for the incomplete elliptic 
integral of the second kind, and 

b z = ppoei(r = l l ( a , p , z ) , 1 2  = 12(a,  
p,z) 
l~(x , l~ ,z )  = {[(p + x )  2 + ~2]1/2 _ 

[ ( p  -- X )  2 + Z2]112}12  

1 2 ( x , p , Z )  = / [ ( / 9  + .Z) 2 + z 2 ]  i12 4- 

[(/9 - x)  2 4- z2]112il2 (19) 

Equation (17) allows us to define the displace- 
ment functions of this problem as follows: 

a12"o GP P= + GQ Q 
= ~ -  I m [ / ( z 0  ) ] 

7I'S 0 C44 u" 1 

~ j  2~] ( GPP= + GQQ) 

= c T -  " 

c';  1 . } { ( 1  - v r j R e E f ( z , ) ]  + ~ 7 ] 0 ( z , )  + 

(ajP: + ~.Q)lnR s (20) 

w h e r e f ( z )  and f0 ( z )  are defined in Eq. 
(18 ) ,  and 

R /  = Rj + zj ,R] = Ep2 + /9o 2 _ 2 p p o c o s ( r  
2 5 1 / 2 ( j  = 1,2 3) (21) r 4- ~j 

Substitution of Eq. (20) into Eq. ( 3 ) ,  we ob- 
tain the complete solution as follows : 

U = 2(GPPz_+ G Q Q ) ~ i  " 
c;  - , : ,  

c~ c~ 

3 

~,  ( aje= + flJO ) ~ + RjRj j=l 

i (  Cepz + GQO) a i m [ f ( z o  ) 
~so ~44 C~ ] 

2(Gee= + GQQ) ~-~ 
Z__, sskms~S wm = cT - c7  ,=, 

I 

G r 
- 3~iRe [f(zj ) ] - 

@ 
a 

[(1 G~]__" GIT~ sIn ( g ) ] +  
3 

1 (ajP= + fljq)sjkmj ~j (22) 

where 12j = 12 ( a ,  p ,  zj ) . The expressions for 
various derivatives o f f ( z )  which will be needed 
are as follows: 

a / ( z )  1 
O z  = -  a 2 _ b 2 

[ a E ( s i n _ l ( ~ 2 ) ,  b ) _  b2(129 - a 2 )  1/2 ] 

12 -- tO2)1/2 
Af(z) = -  1 [ 1 -  1~-2 ~ ]  

e # [ ( a 2 _ 12 ) 1/2 .... 
A f0 ( ) = - -  1 -  ] (23) z 

p t a 

2.  One-sided loading of  a penny-shalmd crack 

Consider the case when a point charge Q 
and a normal point force P= are applied to the 
positive side of the crack at the point (P0, ~0,0) 
while the negative side is free. The complete so- 
lution to this problem can be obtained by the su- 
perposition of the synmaetric loading solution 
(Chen and Shioya, 1999 ) and the antisymmet- 
rie one presented here (Eq.  ( 2 2 ) ) .  

3 
1 ~-](ajP= - b j Q ) f l ( z j )  + U - 27r2 j=l 

( GPPz -I- GQQ) ~ ~j. 

G T G~ j=l 

[ (1-  GrlARe[f(zs)]+ ~Afo(zs)] + 
1 3 
~-~ (me: + EQ) ~ + �9 : RjR j 
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i (  GeP~ + GQQ) A I m [ f (  
27CSo c44 G1 r Zo ) 

3 

1 ~ ( a j P ~  - byQ)sjkmjf2(zj) + w,~ - 2rc2 Y=~ 

( GePz +- GOQ) Z sikmigJ " 
G . 1  

Gr �9 -1[  
G ~ l ~ - ~ j R e [ f ( z j ) ]  - ~ 1  Tsln ~/~j]]  

where 

L (ajP~ + fliQ)sjkmj -~i 
2j=1 

+ 

(24) 

aj = u + u  = u + ~/4~j 

7]4 7]2 
~1 = , ~2 = 

711 7]4 -- 7]2 7]3 711 7]4 -- 7]2 7]3 

q3 711 
u = , ~'4 = 

7]2 7]3 -- 711 7]4 7]2 7]3 -- 711 7]4 
3 3 

711 : ~ O ' ) l j ~ j '  T]2 : ~OOlj~kj  
j=l j=l 3 3 

7]3 : -  ~ r T]4 = -  ~ O A 2 j ) t j  
j=l j=l 1ES' llS2 12 3 131-1{i } 

62 ---- -- fTt" S lk l l  $2k12 s3k131 
(~3 $1 k21 Sl k22 83 k23 -j 

{A1}~,2 -- 2~1 IS16011S20J12S30313]-I{?}Sl kll s2 k12 s3 k13 / 0 

A3 Sl k21 Sl k22 $3 k23 J 
(25) 

and 

f (z) = 

1 [ ( a2 - p2)I /2  tan -1 ~ _ z tan-1 h l 
. ,~ ( 12 2 _ a 2 )1/2 Roo Ro l 

1 1 h ( 2 6 )  
f 2 ( z )  = ~00tan - RG 

where g is defined in Eq. (14 ) ,  and 

h = ( a  2 - 12)1/2(a2 - pg)l/2/a 

s = ( a  2 -- Dlooei(r 1/2 

Ro = [tO 2 + p 2  -- 2ppocos(~ - ~o) + z 2 3 1 / 2  

(27) 

THE INTERACTIONS BETWEEN POINT FORC- 
ES AND POINT CHARGE WITH A PENNY- 
SHAPED CRACK 

1. Interactions between point forces and point charge 
with a penny-shaped crack 

Consider two systems in equilibrium (Fig.  
2 ) .  Let three point forces Px,  Py and P~ be ap- 
plied at an arbitrary point ( p ,  ~,  z) in the posi- 
tive x ,  y and z directions, respectively. A point 
charge Q is applied at the same point too. The 
crack faces are free. In the second system, a 
normal point force F is applied to the positive 
crack face in the positive z direction at the point 
with cylindrical coordinates (p0,  ~0, 0+ ) .  

z 

F Y: 
Fig. 2 Dual systems of  l oads  ( G ,  Py , Pz , Q) 

and F used in the reciprocity theorem 

Denote the normal displacement of the posi- 
tive crack face at point (P0 ,4 ' 0 , 0  § ) by we , 

Wp r , w E and WQ due to the point forces Px , Py , 

Pz and point charge Q, respectively. The dis- 
placement in the positive x ,  y and z directions 
and electric potential at point ( p ,  ~,  z)  are de- 
fined as UF, VF, WF and ~ e  due to point forces 
F .  Application of the reciprocity theorem (Hou,  
2000) to the two systems yields: 

Fwp = Pxue,  Fwp = Pzvv 
y 

Fw C = Pzwr , FWQ = -  Q~r  (28) 

which gives the normal displacement of the posi- 
tive penny-crack face with the use of Eq. (24) .  

we = PxRe ~ ajfl(Zj) + - ~1 " 
x - -  G 1  --  G 2  j = l  

G1 + 

1 3 iGe Gr Aim[f(z0) ] } 
~ j~_ aj RjR=-g~f-~] + 2~rsoc44 

wp = Py Im ~ ~ 1  (Zj) + GT _ GTj= l 

[ (1- Gr]ARe[f(zy)] +  Afo(zj)] + 
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,3  } 
RjRj 2rcs Gf Aim[f( Zo ) ] 

= 0 44 1 

- -  s i k i j ( l  . Wp = Pz ~ 2 ~ s j k l j ~ / l ( g J  ) + GT _ GT j=l 
= j = l  

- - ' [(' ors . o r - :  

�9 ~ Sjkldaj 

w e = - Q ~ sjk2jaf2(zs) + GIT --_ G2T j= l  $jk2j~] * 

[(l G~/~zjReEf( )]-G~. ,(a~ 
- GTJ tz l] * 

1 3 1 }  
 29) 

where f t  ( zj ) and f2 ( zj ) are defined in Eq. 

(26) . The derivatives of f (  z ) and f0 ( z ) are 

listed in Eq. ( 2 3 ) .  
The normal displacement of the negative face 

of the penny-shaped crack can be found in a 
similar manner. 

2. Numerical result 

Based on Fabrikant (1991) and the results 
obtained here, the real shapes of a penny-shaped 
crack due to an arbitrary point force P~ are com- 

pared in Fig. 3 between an infinite PZT-4 body 
(the material constants are given in Hou, 2000) 
and a corresponding infinite elastic body PZT-4 
( E ) ,  which has the same elastic constants as 
PZT-4. Meanwhile, the deformation due to point 
charge Q for a penny-shaped crack in an infinite 
F'ZT-4 body is shown in Fig. 4. 

From the figures above, we can see that the 
opening displacements of a penny-shaped crack 
in an infinite PZT-4 body are always less than 
those in an infinite lZrZT-4(E) body. So that the 
crack in piezoelectric materials will experience a 
less serious situation than that in the pure elas- 
ticity case. This is known as the crack arrest 
phenomenon. The contribution of charge Q to 
the opening displacements of a circular crack lies 
on the amount, character and location of the 
charge, so we can protect the piezoelectric com- 
ponents by means of controlling these charge pa- 
rameters. In addition, since the crack opening 
displacement is zero for z = O, and tends to zero 
for z ---~ w , there should be a location for exter- 
nal loading where they produce maximum crack 
opening. 
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Z= . = . 

-0.5 0 0.5 
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The c r a c k  shape  w i t h  p o i n t  force  Pz 
a p p l i e d  at  ( 1.5 a ,  0,  z ) 
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0.35 

~2~ 0.3 

0.25 

~ 0.2 

0.15 

0.1 

0.05 

�9 z=O 
1 z : a  / 
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(~,,=~) Po/a (r 

F i g . 4  T h e  c r a c k  s h a p e  with point  c h a r g e - Q  

a p p l i e d  at  ( 1 .5  a ,  0,  z )  
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