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Abstract: In this study, Fabrikant(1989, 1991)’s new results in potential theory were used to obtain the

exact and complete solution for the problem of a penny-shaped crack in an infinite transversely isotropic piezo-
electric body subjected to antisymmetric point loads (point charges and normal point forces); then the com-
plete solution for the problem of one-sided loading of a penny-shaped crack was obtained by the superposition
of the symmetric loading solution in Chen and Shioya (1999) and the antisymmetric one presented here; and
then the reciprocity theorem of piezoelectric media was used to deal with the problem of interaction between ar-
bitrarily located point forces and a point charge with a penny-shaped crack and obtained the exact expressions
of the crack faces’ nommal displacement in terms of elementary functions and some non-singular integrals; and
finally obtained the normal displacement of the positive and negative faces of the crack under many loading
cases as shown in figures for an infinite PZT4 piezoelectric ceramic body weakened by a penny-shaped crack .
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INTRODUCTION

Piezoelectric ceramic materials have many
applications in modern technologies because of
their excellent piezoelectric properties. But
cracks arising from their intrinsic brittleness of-
ten cause piezoelectric components failure.
Study of what causes this requires theoretical
analysis and accurate quantitative knowledge of
the elastic and electric fields in the area of the
cracks in the piezoelectric ceramic, from the
view point of electromechanical coupling.

The potential theory- method developed by
Fabrikant (1989, 1991) is efficient for analysing
various mixed boundary value problems in pure
elastic theory. Fabrikant (1991) used this meth-
od to obtain solution for the problem of a circular
crack in an infinite transversely isotropic elastic
body subjected to antisymmetric normal point
forces. He derived the complete solution for the
problem of one-sided loading of a circular crack
by the superposing of his symmetric loading solu-
tion ( Fabrikant, 1989) and the antisymmetric
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one, and gave the exact expressions (Fabrikant,
1991) of the normal displacement of the two fac-
es of a crack for arbitrarily located normal point
forces.

In this paper, we first further generalize
Fabrikant’ s potential theory method to analyze
corresponding mixed boundary value problems in
three-dimensional piezoelectricity; then obtain
the exact and complete solution for the problem
of a penny-shaped crack in an infinite trans-
versely isotropic piezoelectric body subjected to
antisymmetric point charges and normal point
forces. The completed solution for the problem of
one-sided loading of a penny-shaped crack was
obtained by the superposition of the symmetric
loading solution in Chen and Shioya (1999) and
the antisymmetric one presented here. And then
used the reciprocity theorem of piezoelectric me-
dia to consider the problems of interaction be-
tween arbitrarily located point forces and a point
charge with a penny-shaped crack and derive the
exact expressions of the normal displacement of
the crack in terms of elementary functions and
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some non-singular integrals, and finally get the
normal displacement of the positive and negative
faces of the crack under many loading cases as
shown in the figures for an infinite PZT-4 piezo-
electric ceramic body weakened by a penny-
shaped crack.

GENERAL SOLUTION FOR TRANSVERSELY
ISOTROPIC PIEZOELECTRIC MEDIA

For the characteristic roots s; £ 5, 7 §3 5%
s1, Ding et al. (1996) gave the general solut-
ions of the displacement and electric potential of
transversely isotropic piezoelectric media in
terms of four displacement functions W; satisfy-
ing respectively, the following equations:

(A+~‘2)qu =0 (j=0,1,2,3) (1)

2
dzj

where A = 32/9 x> + az/ayz, z = sjz(j =0,1,
2,3) and so =+ ces/cas» 5;(j=1,2,3) are the

three characteristic roots of a sixth degree
equation defined in Ding et al. (1996) and sati-
sfy Re(s;) >0.

The constitutive relation was used to obtain
the general solutions for the stress and the elec-
tric displacement expressed by four displacement
functions . For the sake of convenience, the fol-
lowing notations were introduced:

U=u+w,w =w, w, = DP,0, =0, +0,,
o, = 0, — 6, + 2it,,, 04 = 0,, 6 = D,,
T, = Ty + Tys Tn = Dy + ID, (2)

where u,v and w are the displacement compo-
nents in the directions of the x, y and z axis,
respectively; @ is electric potential; o, ,0,,0;,
Ty s Tn and 7, are stress components; D, , D,
and D, are the electric displacement components
in the directions of the x,y and z axis, respec-
tively. Then the general solution can be concise-
ly written as follows (Ding et al., 2000) :

3 3 av.
U = A(l“l’() + quj)’wm = Esjkmj 3z
=1 = J
3 92?"
o1 = 2>,(m; - ce) “a—zl =
j=1 Zj
3
_ZZ(m] - C“)Aw‘j9
=1
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3
o = 2c N Wy + D, W)
j=1
3 32“1, 3
Om = 2wm 53 == 2 onAY,
j=1 Zj =1
Iv, < Iw,
- F 220 it |
Ton = A( 50 Omt £ + ;s]wmj azj)
(m = 1,2) (3)

where k,; are constants dependent on material
constants and characteristic roots and are defined

in Ding et al. (1996),
Wy = cu (1l + klj) + €15k2j
Wy = e;s(1 + klj) - 511k2j

m; = 2066 — wljS?,pl = Cy
o2 = €5, A = Idx + id/Iy
A = 32/3x% — 323y* + 2i3%/Ixdy

(G = 1,2,3) (4)

and c;, e; and ¢; are elastic, piezoelectric and
dielectric constants, respectively.

PENNY-SHAPED CRACK UNDER ANTISYM-
METRIC POINT CHARGES AND NORMAL
POINT FORCES

1. The Green’s function for penny-shaped crack un-
der antisymmetric point charges and normal point
forces

Consider an infinite transversely isotropic pi-
ezoelectric body weakened by a penny-shaped
crack of radius a in the plane z =0 (Fig.1).
Let two normal point forces P, be applied to the
crack faces antisymmetrically in the positive z
direction at the points with cylinder coordinates
(po»>$0,0* ). Meanwhile, two point charges +
Q and — Q are also applied antisymmetrically at
these two points, respectively.

The problem, due to antisymmetric loading,
can be reduced to that of a half infinite body z =
0 with the boundary conditions at the plane z =0

U=0, foragp< ©,0g9¢<2n
Om =0, fora<p< ©,0g¢<2n
o4 = P.0(p—pg,3-%y),for0<p<a,0<d<2x
op = Q8(p - po,®-9%), fr0<p<a,0<$<2n
g =0 for0<p<a0s?<2n

(5)
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tain the displacements and electric potential in
the half infinite piezoelectric body as follows:
T 4T ] 1
ES U= 47'['04430[D0 + D()DC:(.2 - Ej:l gj )
T, T
- N 2|+
D, " Dp;?
: d
R E(QJPZ +@ D'D:*
+Q i=1 \ iYi )
; Es 1 Q! (Td + d
-0} b Wn = =5 L Ssikm ppr
Pl
P 9
Fig.1 Penny-shaped crack and the antisymmetric Z(a Z+’BJQ)J"‘1D 9
rmal point fe and point charges
ne point Torees pomnt € When z =0, Eq. (9) simplifies to
GPP, + G°Q 1 1 Td?
It is known (Ding et al., 2000) that in the U = # 501 l) + 5 Gy —5
case of a half infinite transversely isotropic pi- p 0
ezoelectric body subjected to a general point 4, = M + H,{lRe( g) (10)
force with the components P, P,, P, and a
point charge Q at the point (r, ¢,0), the com- where
p%ete solution can be expressed through the four = [0 + 7% = 2rpcos($ — @) ]2 (11)
dlsplacement: funetions:
t T and
Wy = gl (TA - TR (20) = gt = 3 :
47r 2msgcas \Dg
c 0 GP — Z Z{B]
* T Jj=1
= (qP, + BiQ)InD; - —ZL(TA + TA) x(z) = o - Z c.cl 23: ¢
ET 1= 27['80044 = > 2 27{'80044 - FEy d
(a;P, + 3,Q)InD{ + CjRe(l?), . 3 .
] H, = ko, HY =
(j =1,2,3) (6) JZ:{:J m%j 12_45/ mil;
where overbar denotes complex conjugate, and HT = _ E siknG, (m = 1,2) (12)
j=1
D' =D +2z,D = The first expression of Eq. (10) can be used
! - R for the integral equation formulation of the prob
2 2 2 -
ﬁ + 1t = 2rpcos($ — @) + 2 lem. The governing integral equation will take
T = P, + iP,,x(z) = zInD/ - D; the form
d = pe'¢ - re®(j = 0,1,2,3) (7) Gl 2n = o
& j J m,d,dgo N
Q) 1 siwy o S3wp | 0 (;T 2,rj dzr(r,g rdrdg = — G'P, + GQQ
{012 = 5. @u w2 w13 {1} : &
as w2 wy w73 0 (13)
B ] siwy Sy szwi |0 g = ‘oe"Sis - poei“‘o (14)
Bap=-357 @n wi2 w3 0 . .
2r 1 where 7 stands for — 7, as it was defined in
Bs Wy wpn wy . o .
1 Eq. (3). And its exact solution in this case is
S 1 Ston 2w S3¢3 1 as follows (Fabrikant, 1989):
Eap = 2 Wiy wi2 w3 0 (8) P 0 #
C} w2 wy w73 0 (G PZ + G Q)el

Substituting Eq. (6) into Eq. (3), we ob-

y¢ = - *
T(P ) 71'01T,0(‘02 02)1/2
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Gy
T -6

_IE)S/Z} (15)

(16)

where § = £0i(4,-#)

0
Expressions (6) can be used to obtain formulae
for the displacement functions in the case of dis-
tributed loading. The related integral was given
by Fabrikant (1991) as follows:

2(G'P, + 6°Q)

2 peo Zl drd
JO ja D]* rar 90 = G{

[f(z) + Grfo(z )] (17)
where
f(z) =

[ ar(sin(2).2) P - a)”
T2 b2 atysm A3 )" P(B - p?)2 +
(12 _ 2)1/2
(g (B = 8"+ (G - )]
2 _ e
(l% - p2)1/2:| (18)
where E(+,-) stands for the incomplete elliptic
integral of the second kind, and
b2 = poge? %1 = 11 (a,p,2), 1, = L(a,
0,2)
Li{x,p,2) = {[(p+2)+22]"7 -
[(p — x)* + 2]} 12

L(x,0,2) = {[(p+x) + 21"+

[(p = x)* + 21772 (19)

Equation (17) allows us to define the displace-
ment functions of this problem as follows:

G'P, + G°
v, = ——+TQIm[f(z0)]
sy cu G
25, (G°P, + 6°Q)
“Pii GT _ GT

{(1 gT)Re[f(Z)] + GTfo(z )}
(aj-Pz + ,BjQ)lnRj (20)
where f(z) and f; (z) are defined in Eq.
(18), and
R’

J

= R +z,R = [0* + 0§ - 20pocos(# ~
$0) + 21 = 1,2,3) (21)

Substitution of Eq. (20) into Eq. (3), we ob-
tain the complete solution as follows:

2(GPP, GO)
G-

( )ARe[f(z)] + %Afo(zj) +

2 (P, +B,(_))

i(G'P, + G Q)
750 Cas G{ Alm[f( ZO) ]
2(G°P, + GYQ) ¢
w, = GT —+Gg Q JZ:IS "l]CJ
G a
[1-8) 2o - ()]

3
> (P, + BQ) sikn F (22)
= ;j
where I = I, (a, 0,z ). The expressions for
various derivatives of f(z) which will be needed
are as follows:

) 1
dz - a2 _ b2
. _ife) b BE(IZ — a?)2
[aE(Sln 1(E)’_)_ l2(l22 _ bz)l/z],
12 - 12
Ae) = _[1 Elz bZ;uz]
Mooy = - S[1 =Ty Gy
o(2) =— |1~ .

2. One-sided loading of a penny-shaped crack

Consider the case when a point charge Q
and a normal point force P, are applied to the
positive side of the crack at the point (og, $5,0)
while the negative side is free. The complete so-
lution to this problem can be obtained by the su-
perposition of the symmetric loading solution
(Chen and Shioya, 1999 ) and the antisymmet-
ric one presented here (Eq. (22)).

- sz.pz - 5Q)f(5) +

(G”Pz + GO
Gl - G} EC’

[(1- &) arelrs)) + 2 ants)] +

5;((1,-10, +BO) T +

i
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i(G°P, + G°Q)
27s0 Ca4 G

1 3
wn = 30233 (P, = BQ) shufi(5) +

(G°P, + G°Q) ¢
G -6 gsfk’""g" '

(12 F)niton - Ger ()]

AIm[f( 20 ) ]

1

1 3

—2—2( P, + BQ) sikn; ® (24)
where
aj = 718]' + 73Aj,bj = '}’28]' + 74)&1'

R/ S _ T
71 = M Ne — 772773’)/2 - M%Bs — M2
73 m

)/3 = - - Y

7727]3 - M7’ MM — M
h = 2‘”11 js 2 = Ewlj

N == sz, i e = - sz,/\,
j=1 j=1

o ] [siwi S;wn szwiz | (0
Oy = — oy siky s ki s3ky {1]
83 _S|k21 31k22 S3k23J 0
Ay ] [siwn  S;wp s3wp ' (0
Ayp=— 5— s1ky sy ki s3 ki3 [0]
Az Lsiky  s1kn  s3ky 1
(25)
and
fi(z) =
11 (a® - p(2))1/2 L . ik
1.k
fr(z) = Rotan R (26)

where g is defined in Eq.(14), and
ho= (a = B)2(a? = i8)"/a
= (a? - ppoei(¢-¢o))1/2

= [,02 + ,0% - 2‘0‘00005(95 - ¢'0) + 22]1/2

(27)
THE INTERACTIONS BETWEEN POINT FORC-

ES AND POINT CHARGE WITH A PENNY-
SHAPED CRACK

1. Interactions between point forces and point charge
with a penny-shaped crack

Consider two systems in equilibrium ( Fig.
2) . Let three point forces P, , P, and P, be ap-
plied at an arbitrary point (p, $,z) in the posi-
tive x,y and z directions, respectively. A point
charge Q is applied at the same point too. The
crack faces are free. In the second system, a
normal point force F is applied to the positive
crack face in the positive z direction at the point
with cylindrical coordinates ( 00> $,,0" ).

Fig.2 Dual systems of loads (P, ,P,,P,,Q)
and F used in the reciprocity theorem

Denote the normal displacement of the posi-
tive crack face at point (pg, $9,0" ) by wp
wp > Wp, and wg due to the point forces P, , P,,
The dis-
placement in the positive x, y and z directions

and electric potential at point ( 0, $,2z) are de-
fined as up, vp, wr and @ due to point forces

P, and point charge Q, respectively.

F . Application of the reciprocity theorem ( Hou,
2000) to the two systems yields:

qup, pr = Pyl)p
Psz, FwQ = - Q@F

F’LUP =

FW’I,UPz = (28)

which gives the normal displacement of the posi-
tive penny-crack face with the use of Eq.(24) .

2@‘1
[(1 - %)ARe[f(zj)] + —%Afo(zj)] +
ia’ RR} 27rs(ff44 &

wp = P,1 {2ﬂ22‘1f1(z)+

wp = = P, Re{2 220f1(z)+

Alm[f<zO>]}
TZ e

2/1

N|»~

(1- “—?:)ARe A+ St +
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i6"
27‘[’50 Caq GT

1 3
wp = Pz{ 22%k1]a;f1<2)+ TZSkuCl'
PX - &

)
- G,Tasm Iy, +

Al f(z) ] }

_Q{Z 225k2]af2(z])+ GTESkZJCI
[(1_ gi) Re[f(z] )] _E?Tg_asm_l(lz%)]"'
% ,i sikaja,; E} (29)

where f1(z) and f, (z) are defined in Eq.
(26) . The derivatives of f(z) and f,(z) are
listed in Eq. (23).

The normal dispiacement of the negative face
of the penny-shaped crack can be found in a
similar manner.

2. Numerical result

Based on Fabrikant (1991) and the results
obtained here, the real shapes of a penny-shaped
crack due to an arbitrary point force P, are com-
pared in Fig. 3 between an infinite PZT-4 body
(the material constants are given in Hou, 2000)
and a corresponding infinite elastic body PZT-4
(E), which has the same elastic constants as
PZT-4. Meanwhile, the deformation due to point
charge Q for a penny-shaped crack in an infinite
PZT-4 body is shown in Fig.4.

From the figures above, we can see that the
opening displacements of a penny-shaped crack
in an infinite PZT-4 body are always less than
those in an infinite PZT-4(E) body. So that the
crack in piezoelectric materials will experience a
less serious situation than that in the pure elas-
ticity case. This is known as the crack arrest
phenomenon. The contribution of charge Q to
the opening displacements of a circular crack lies
on the amount, character and location of the
charge, so we can protect the piezoelectric com-
ponents by means of controlling these charge pa-
rameters. In addition, since the crack opening
displacement is zero for z =0, and tends to zero
for z—> o , there should be a location for exter-
nal loading where they produce maximum crack

opening.

45
4 I_L ——=0(PZT-4) —o—z=0(PZT-4(E))
' —«—2=a(PZT-4) ——z=a(PZT-4(E))
——2=2a(PZT-4) —=—z=2a(PZT-4(E))

35F
3F
25F
15F
):

wp,al0'’/P;

0.58
0 E o
-1 0.5 0 0.5 1
(¢,~m) p,/a (9,=0)

Fig.3 The crack shape with point force P,
applied at (1.5a,0,z)

045
0.4F
035

woal07/Q
(=]
N
W

A SO S S S TR S T

T 05 0 05 B
p,/a (¢,=0)

Fig.4 The crack shape with point charge-Q
applied at (1.54,0,z)
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