ISSN 1009 - 3095 Jounal of Zhejiang University( SCIENCE) V.2,No.2,P. 152 - 156, Apr. — June, 2001
http: //www . chinainfo. gov. cn/periodical; http: //www. zju. edu. cn;

152

http://lib. zju. edu. cn/English; http://www. zjupress. com

COMPUTERIZED KINEMATIC AND DYNAMIC ANALYSIS OF
LARGE DEPLOYABLE STRUCTURES’

HU Qi-biao(#H %), GUAN Fu-ling(%XE¥*), HOU Peng-fei ({5 )
(Dept. of Civil Engineering, Zhejiang University, Hangzhou 310027, China)
Received May 26, 2000; revision accepted Aug. 18,2000

Abstract: As Huston’ s form of Kane’s equation cannot be easily applied to large deployable structures,
what is needed is further development of Kane’s equation as described in this paper. Fully-Cartesian-coordi-
nate (FCC) method uses Cartesian coordinates of points and Cartesian components of unitary vectors as gener-
alized coordinates to describe three-dimension mechanisms. This FCC method avoids the need to consider an-
gular coordinates and the resulting solution is just the space position of the structures. The FCC form of
Kane’ s equation derived in this study is suitable for solution by computer method and is a good base for further
simulation research. A numerical example showed that it is effective.
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INTRODUCTION

People did not pay enough attention to de-
ployable structures the last 30 years until they
were used in spaceflight and satellite communi-
cation as deployable antenna and solar array.
Study of deployable structures requires thorough
knowledge of the kinematic and dynamic charac-
teristics of deployment process at first, and then
find a proper method for describing large deploy-
able structures. Kane presented a new dynamics
equation and pointed out that it was the most
suitable for dealing with complex spacecraft dy-
namics ( Kane, 1961; 1985). Huston (1974)
developed Kane’ s equation into a new form,
which some people named Huston’ s form of
Kane’ s equation. Singh (1985) took full advan-
tage of the singular value decomposition (SVD)
of the Jacobi matrix of the constraint equations to
derive kinematic equations. The orthogonal com-
plement array of constraint Jacobi can reduce dif-
ferential algebraic equations (DAEs) to ordinary
differential equations (ODEs) with elimination of
undetermined multipliers using PUTD ( Amir-
ouche, 1987).

However, Huston’ s form of Kane’ s equation
is based on an open (not closed) loop multibody
system. When the system has close loops, it
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must be described as an open loop system with
additional constraint equations. In fact, large
deployable structures contain a good few closed
loops ( Langbecker, 1999). This raises some
questions: Huston’ s form remains an effective
method? Are there any other effective methods?

Jalén (1981) and Bayo (1991) employed
FCC as generalized coordinate to describe three-
dimension mechanisms. In the present paper
FCC gives the analytical expression of the mass
center velocity and acceleration, and the angular
velocity of a typical body. Then the partial ve-
locity and partial angular velocity are derived
from them. After the FCC form of Kane’ s
equation was formulated, a numerical example
showed that this method is effective.

A TYPICAL BODY

Fig.1 shows a rigid body B in multibody
system A. A dextral set of mutually perpendicu-
lar vectors Oygx, Oyy, Oyz, treated as refer-
ence frame (i.e. global base, denoted as n,, ,
ny,n;), are fixed in A. It is assumed that
system A has V| points and /N, unitary vectors.
Then the generalized coordinates are defined as
Xi,15 %25 %3
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They form the transform matrix
R=1[e e e;] (4)

Fig.1 A typical body

l<i<(N,+N,)

where xi,m(m =1,2,3) are the Cartesian coor-
dinates of point or the Cartesian components of
unitary vector. The total number of generalized
coordinates is V3 =3( IV, + N,).

The generalized speeds are defined as

Y32 = %i1

Y3i-1 = Xi2

Y3 = %i3
The typical body is modeled with two points i, j
and a unitary vector u.y (¥ <0, 180) is the
radian measure of the angle between r; and u.
Point O is the mass center of the typical body.
P is a random point in the typical body and O,
is the origin point in the reference frame. Some
vectors are defined as follows

(D

r, = Ooi, rj = Ooj, rg = 000,
r:OOP,pi:Oi,p=OP (2)

One c¢an also define a, 3 as « =sin 7. Now an
auxiliary reference unitary vector v is intro-
duced. v = (al)! (ry x #). Then one can
create a local right-handed set mutually perpen-
dicular coordinate system O — £92 fixed in B
with Of parallel to the vector r;, OZ parallel to
the vector v, and Of lay on O% and O% accord-
ing to right-handed rule. Then right-handed set
mutually perpendicular unitary vectors in local
base are given by

e, = rij/l’ €, = u/a —‘Brij/al,
ey = — urj/al

(3)

where # is dual matrix of vector u,

0 - Xy,3 Xu,2
u= Xy,3 0 - Xy,
= Xy,2 Xy,1 0

Project iP on r;, u, v with (eyy ey, c3) func-
tion as coordinates .

iP=r—-r,=p—-p =crj + cqu + c3v

(5)

Then one can get a vector r expressed by points,
(i,j) and unitary vector’ (u)

T 5o Cqs (6)

where

C=[=-¢)DE + (al) s,
CIE—- (al)"lc311,c2E]
qp = [riT’r]T’uT]T

and E is 3 x 3 identity matrix.
Then the vector ry can be expressed as follows

Dgp (7)

where D are functions of r,;, %, and can be ex-

I & =
0 (5)(6)

pressed as

D =[(1-a)E + (al)'asii,aE -

(al)Vasii,ar E] (8)

Where a = [al,az,a3:|T = m‘ljcdm =—Pﬁi,

e - g O

T = oTl[O l 0 :I , P; is the projection of
0O 0 al

Oi to the local base. So the mass center velocity

of the typical body can be written as
dro .

g, = P

and ¢ = [(1 - aDE + (al)'asit,a E -

(al)‘la3l7,,a2E + (al)_1a3 FL}]

According to ( Huston 1994), velocity can be
expressed in terms of partial velocities and gen-
eralized speeds as given below

(9)

YV, =

(10)

Vi = UpnYifom

But from Eq. (9), r; is only relevant with r;, r;
and u, so vy, are nonzero just when [ =3i -2,

3i-1,3j—2,3j - 1,3j,3u - 2,3u - 1,3u.

+ Numbers beneath signs of equality refer to equations numbered correspondingly.



154

HU Qibiao, GUAN Fuling et al.

Here it is presumed that i, j and v mean sepa-
rately global serial number. Body B’ s mass cen-
ter partial velocities can be arranged as follows

1 - ay — a3x
a3x al u,3
“1%u,3
Vy3ia = Jal™™ vr3i = 11 — a
L312(me) k,3i-1 1
%, .
al T? al™®!
2 @ ‘
alxuﬂ - as
Xu,3
Vr3i = - aj V32 = P al u, r
Xu,1
1 - a Cal™2
L) | — a5
al e al w2
vk,3j—] = ai ”k,3j = Ja_;
T3 %u,1
- a3x al ’
al "l a;
a;

tawa = |l 2T )
a3
;Z(xi,z - xj,z)

as
— (x5 - X
al * 7"

Vp3u-l = 02 r
ol (xi,l - xj‘l)

“'a‘i-(xi,z - xj,Z)

(11)

’I)k,3 = as
“ ;l'(xi,l - xj,l)

a;
Further, one can get mass center acceleration

from Eq. (10)

a = (vumyt + Vkimd1 ) Pom (12)

Here vy, means the time-derivative of vy, , and
in fact it is easy to deduce vy, from Eq. (11).
According to (Kane, 1985), the angular veloci-
ty of B in A, denoted by Aw? | is defined as

A A A
de de de
A B 2, 3., 1
o’ A e o e teTg e te g
N ) (133_)

Using dots to denote time-differentiation in A,

one can rewrite Eq. (13) as

egéz

A

o = [e1,e;,e;] elTés (13b)

e g é,
Substitution of Eq. (3) into Eq. (13b) yields

egéz =

-

Blary)", plary)T, - 1(ary)"] ¢4p
e é; = a~21ﬁ[— a(ary)T,a(ary)",0] g5

egél

- a(lu - Br)T,a(lu - Bry)",0) g (14)

1
2

With the aid of Eq. (4) and Eq.(14) one can
rewrite Eq.(13b) as

A,.B .
O = g (15)
where
Pi,n P,z P,z PiLu
P = —“—ag JE Pz Pz P Ea—>
¥ Pin P DL
P2 13 P Puz Puas
“~ @in ¥, Pu2t Pun Pun
Pz .33 Punt Punz Pu,3:
i,n = G.Bxij,l(xu,3xij,2 - xu,zxij,a)
@i, = Q,Bxij,Z(xu,3xij,2 - xu,2xij,3) +

al[xij,3(xi,1 + xi,z) - xu,3(xij,1xu,l + xij,qu,2)]
®i,13 = aﬁxij,3(xu,3xij,2 - xu,inj,S) +

al[ - xij,2(x%¢,1 + xi,s) + xu,Z(xij,lxu,l + xij,qu,3)]
G = Py (X, 2%53 = %,,3%,2)

Gz = Py o= 3% + % 2%53) + all - x5
(x%;,l + xi,z) + xu,a(xij,1xu,1 + xij,zxu,z)]

O3 = oy 3(= 2, 3%50 + Bu2%53) +
al[-xij,2<x%¢,1 + xis) - xu,z(xij,lxu,l + xij,3xu,3)]

Pu,11 = alxij,l(" Xij,3%y,2 + xij,2xu,3)

Pu,12 = alxij,l(xij,3xu,l - xij,lxu,3)

Pu,13 = alxij,l(_ Xij,2%y,1 + xij,lxu,z)

@i21 = Py (%1553 — xa3%5,0) + all - w5

(x%m + xi,z) + xu,3(xij,1xu,l + xij,2xu,2)]
®in = dﬁxg,z(%,lxm - xu,Sxij,l)
@i,z = aﬂxg.z(xu,lxg,s - xa,3xij,1) +
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all 2, (a5 + 2% 3) = 201 (R 2 %2 + %5,3%,3) ]
P = aﬂxij,l(— Xy,1%5,3 + xu,3xij,l) + al[xij,3 .
(xi,l + xiz) - xu,s(xij,lxu,l + xij,2xu,2)]

Yn = G.Bxij,z(— Xu,1%;,3 + xu,3xij,1)

¥, = aﬁxij,3(— Xy,1%5,3 + xu,Sxij,l) + al[— X501 °

(xi,z + xi,s) + xu,l(xij,zxu,z + xij,qu,B)]
Pu,21 = alxij,z(- Xij,3%y,2 + xij,qu,3)
Cu,n = alxij,2(xij,3xu,l - xij,1xu,3)

Pu,23 = alxij,z(- Xij,2%u,1 + xij,lxu,Z)
@31 = a‘Bxij,l(xu,inj,l - xu,lxij,2) +

all 22 (o% 1 +3%3) = 20 (051 %01 + %5,3%,,3) )
@i, = aﬂxij.z(xu,zxij,l
(2o +253) + 21 (%220 0 + %5,3%,3) ]

@im = afny3(= 21 %50 + % 2%,1)

%, = algxij,l(xu,lxij,z - xu’zxij,]) +all - X2 ®
(22, +x%3) + %2 (X1 %0 + xij,sxu,3)]

G = afya (%1%, - %upxy) + allag

(xi,z + xi,s) - xu,l(xij,2xu,2 + xij,qu,S)]

- xu,lxij,2) + al[— 0

@3 = Py, (%u, 1% — %2%5,1)
@u31 = alxij,i’a(" Xij,3%y,2 + xzj,qu,S)
Pu,32 = alxi]‘,B(xij,qu,l - xij,lxu,3)
Pu,33 = Ollxij,3(—- Xij,2%,,1 + xij,lxu,Z)
Xij,r = Xj,r — Xi,r r = 1,2,3

As indicated in Eq. (10), one can formulate the
angular velocity in terms of partial angular veloc-
ities and generalized speeds as follows

(16)

W = WnYfom

where one can obtain wy, from comparing Eq.
(16) with Eq.-(15) and Eq. (1) readily. One
can also get angular acceleration of typical body
B as

a; (i) (d)klmyl + WY ) n,, ( 17)

CONSTRAINT EQUATIONS AND JACOBI
MATRICES

As described in ( Bayo, 1991), the FCC
method simplifies the formulation of element or
rigid-body constraint equations and ‘pair con-
straint equations. Moreover the constraint
equations are linear or quadratic, very easy to
evaluate, and they never contain transcendental

functions as in other formulations. So constraing
equations can be expressed as

@i(xl,t) = 0, 1 = 1,N4,l = 1,N3 (18)

where /V; means total number of generalized co-
ordinate and NV, total constraint equation num-

ber. First and second time-differentiation of Eq.
(18) produce

Byy, + g =0 (19)
By, = - & - Bay (20)
2, I,
where B, = Tx 08 =37 and B; is named as
I

Jacobi matrix of constraint equations.

DYNAMICS

Kane’ s equations may be used to obtain the
governing dynamical equations based on the the-
ory that the sum of the respective generalized
forces is zero. That is

A+fl =0 1 =1,--,N; (21)
where f; is the generalized applied force associat-
ed with generalized speed y;[see Eq.(1) ], and

fi is the generalized inertia force for y;. Put in
matrix form Eq. (21) can be rewritten as

ay ain, Y1 fl h
| ‘. Pl=| P =] ()
an,i ay,n, JLIN, S, hy,
where:
N
ap = E (mkvkzmvkpm + [kmnwklmwkpn)

k=1

N

i = Z(Uklkam + W T )
k=1
N

Z (MY, + Limn @ pim@ ipn Y +
k=1

h =

\ €rond ken O Hm @iy DrgnY Y g ) »

my, and I, are the mass and central inertia dyadic
of typical body B, and e,,, = (r = s)(s — m)
(m — r)/2. Then using the method described in
Section 2, one can solve Eq. (1), (20), (22)

for x; 1 ,x;2,%;3 and y;.
EXAMPLE

Fig. 2 shows a deployable structure widely
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used in spaceflight. When point k in body 4
moves on body 2, the mechanism is deployed or
folded. Body 1’ s mass, m,, is 139.32 g. Then
m, =69.66 g, my =139.32 g, my = 155.76

g. Center inertia is /.

111 = 121 = 131 = 141 = 653.06 gmmz.
112 = 113 = 132 = 133 = 1161959.2 gmmz.
Ip = Iy = 1377895.8 gmm’.
142 = 143 = 16224013.5 gmmz.
Hinge Hinge
m 3 /—/ Sliding couple
2Hingc

Hinge
1000mm

Fig.2 Deployable structore

The forces and moments on the mass center of
every body are given as

F; = (0.0,1000.0,0.0)7,

= (0.0,500.0,0.0)7

F, = (0.0, - 1000.0,0.0)7,

(0.0, - 500.0,0.0)7T

=
i

At the beginning the structure is still. Fig. 3
shows the x-direction motion of the mass center

of body 4.

g 550
g 500
2 450
B 400
g
: 3501
-2 300
£250
2 200 A 1 L i L ]
0 50 100 150 200 250
Time-step(0.001s)

T

Fig.3 Mass center motion of body 4

CONCLUSIONS

1. Tt is very difficult to describe a multibody
system with a good few closed loops by using
Huston’ s form of Kane’s equation.

2. The dynamic characters of a multibody
system can be expressed by the relative points
and unitary vectors based on the analytical ex-
pressions of the typical body mass center velocity
and body angular velocity.

3. Kane’ s equations can be used to formu-
late the dynamics equations expediently.

4. The FCC method can be used to avoid
equating the closed loop to an open one, and the
structure’ s points and unitary vectors can be
shared in order to reduce the number of the un-
known variables .
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