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Abstract: As Huston's form of Kane's equation cannot be easily applied to large deployable structures, 
what is needed is further development of Kane' s equation as described in this paper. Fully-Cartesian-coordi- 
nate (FCC) method uses Cartesian coordinates of points and Cartesian components of unitary vectors as gener- 
alized coordinates to describe three-dimension mechanisms. This FCC method avoids the need to consider an- 
gular coordinates and the resulting solution is just the space position of the structures. The FCC form of 
Kane' s equation derived in this study is suitable for solution by computer method and is a good base for further 
simulation research. A numerical example showed that it is effective. 
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INTRODUCTION 

People did not pay enough attention to de- 
ployable structures the last 30 years until they 
were used in spaceflight and satellite communi- 
cation as deployable antenna and solar array. 
Study of deployable structures requires thorough 
knowledge of the kinematic and dynamic charac- 
teristics of deployment process at first, and then 
find a proper method for describing large deploy- 
able structures. Kane presented a new dynamics 
equation and pointed out that it was the most 
suitable for dealing with complex spacecraft dy- 
namics ( Kane,  1961 ; 1985 ) .  Huston (1974)  
developed Kane '  s equation into a new form, 
which some people named Hus ton '  s form of 
Kane '  s equation. Singh (1985) took full advan- 
tage of the singular value decomposition (SVD) 
of the Jacobi matrix of the constraint equations to 
derive kinematic equations. The orthogonal com- 
plement array of constraint Jacobi can reduce dif- 
ferential algebraic equations (DAEs) to ordinary 
differential equations (ODEs) with elimination of 
undetermined multipliers using PUTD (Amir-  
ouche, 1987).  

However, Huston'  s form of Kane '  s equation 
is based on an open (not closed) loop multibody 
system. When the system has close loops, it 

must be described as an open loop system with 
additional constraint equations. In fact, large 
deployable structures contain a good few closed 
loops (I_angbecker, 1999) .  This raises some 
questions: H u s t o n ' s  form remains an effective 
method? Are there any other effective methods? 

Jal6n ( 1981 ) and Bayo ( 1991 ) employed 
FCC as generalized coordinate to describe three- 
dimension mechanisms. In the present paper 
FCC gives the analytical expression of the mass 
center velocity and acceleration, and the angular 
velocity of a typical body. Then the partial ve- 
locity and partial angular velocity are derived 
from them. After the FCC form of K a n e '  s 
equation was formulated, a numerical example 
showed that this method is effective. 

A TYPICAL BODY 

Fig. 1 shows a rigid body B in multibody 
system A. A dextral set of mutually perpendicu- 
lar vectors O o x ,  O o y ,  Ooz ,  treated as refer- 

ence frame ( i . e .  global base, denoted as no1, 
no2, no3 ) ,  are fixed in A.  It is assumed that 

system A has N1 points and N2 unitary vectors. 

Then the generalized coordinates are defined as 

~i,1 , ~ci,2 , 3;i,3 
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Fig .  1 A typical  body 

I ~ < i ~ < ( N I + N 2 )  

where x i ,~  ( m = 1 , 2 , 3 )  are the Cartesian coor- 

dinates of point or the Cartesian components  of 
unitary vector. The total number  of generalized 
coordinates is N3 = 3 ( N 1 + N z  ) .  

The generalized speeds are defined as 

Y3i-2 = :~i,l 

Y31-1 = :~i,2 ( 1 )  

Y3i = Xi,3 

The typical body is modeled with two points i , j  
and a unitary vector u .  9/ ( u  # 0 , 1 8 0 )  is the 
radian measure of the angle between rii and u .  
Point O is the mass center  of the typical  body.  
P is a random point in the typical body and O0 

is the origin point in the reference frame.  Some 
vectors are defined as follows 

r i  = O o i ,  r j  = Ooj, to  = 0 o 0 ,  

r = O o P ,  Pi = O i ,  p = O P  (2 )  

One Can also d e f i n e  a , / 3  as a = sin u  Now an 
auxiliary reference unitary vector v is intro- 
ducod . v = ( a l ) - l (  ri j • u ) .  Then one can 

create a local r ight-handed set mutual ly  perpen- 
dicular  coordinate system O - ~ 2  s in B 
with 0 2  parallel to the vector r~ ,  O~ parallel to 

the vector v ,  and O~ lay on 0 2  and 0 2  accord- 
ing to r ight-handed ru le .  Then r ight-handed set 
mutually perpendicular  unitary vectors in local 
base are given by 

e l  = ro./1, e 2 = u / a  - f l ro . /a l ,  

e 3  = -  ~riy/al  (3 )  

where ~ is dual  matrix of vector u ,  

= Xu, 3 0 -- Xu, 1 

- -  Xu, 2 Xu,  1 0 

They form the transform matrix 

R = [ e l  e2 e3]  (4)  

Project i P  o n  rii  , u ,  v w i t h  ( e l ,  c 2 ,  c3 ) f u n c -  

t i o n  as coordinates.  

i P  = r - r i = p - P i  = c l r i j  -I- c 2 u  + c 3 P  

(5) 
Then one can  get a vector r expressed by points ,  

( i ,  j )  and unitary vector* ( u ) 

r ~3~5~ CqB ( 6 )  

where 

C = [ ( 1  - c l ) E  + ( a / ) - 1 c 3  ~ , 

c l E  - ( c d ) - l c 3  ~ , c 2 E ]  

qB = [ r r , r f , u r ]  T 

and E is 3 x 3 identity matrix.  
Then the vector r0 can be expressed as follows 

r 0 (5~6)Dqs  (7)  

where D are functions of r d , u ,  and  can be ex- 

pressed as 

D = [ ( 1  - a l ) E  + ( a l ) - l a 3 t t , a l  E - 

( a l ) - l  a 3 f f . , a 2  E ]  (8)  

a ] T . I c d m  = - F # i ,  Where a = [ a l  , a 2 ,  3 = m-1 

1 0 1 , #i  is the projection of r= o o 
O/ to the local base .  So the mass center velocity 
of the typical  body can be written as 

dr0 
vk - a t  - CqB (9)  

and ~b = [ ( 1  - a l ) E  + ( a l ) - l a 3 ~ t , a l  E - 

( a l ) - l  a 3 ~ t , a 2  E + ( a / ) - l a 3  ?i j ]  

According to ( H u s t o n  1 9 9 4 ) ,  velocity can be 
expressed in terms of partial velocities and gen- 
eralized speeds as given below 

V k = Vktmyznom (10)  

But from Eq .  ( 9 ) ,  rk is only relevant with r i , rj 

and u ,  so Vktm are nonzero just  when 1 = 3 i - 2 ,  

3 i - l , 3 j - 2 , 3 j -  1 , 3 j , 3 u - 2 , 3 u -  1 , 3 u .  

~" Numbers beneath signs of equality refer to equations numbered correspondingly. 
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Here it is presumed that i ,  j and u mean sepa- 
rately global serial number. Body B ' s  mass cen- 
ter partial velocities can be arranged as follows 

/ 1 
| 

l - - ~ - x ~ , 2  j 

- ~ X u  ,2 

-~ - -  0 ,3  = l)k'3i ] ~ [ - - X u , 1  13k'3j-2 

L1 - al lI~ -~Xu,3 

Uk,3j_ , = ~ (1,1 1)k,3j = 
- -  0 , 3  

y ~ u ,  1 

- -  0 ,3  

Vk,3u_ 2 = ---gT-- ( ~1'3 -- ~i,3 ) 

( xi ,2 -  j,2 ) 

Uk.3u_ , ~ l a 2  
--  a 3 

- - - d 2 - - ( ~ i , 1  -- ~ ' . l  ) 

- 

v~,3~ ] x~,~ ) = ~ l l ( x i , ,  (11) 

0"2 

Further, one can get mass center acceleration 
from Eq.  (10)  

a k (~)(  Vklm~" I 4" 1)klmY l ) nora (12) 

Here ~)z,. means the time-derivative of V~Zm, and 
in fact it is easy to deduce IJklm from Eq. (11 ) .  
According to (Kane, 1985),  the angular veloci- 
ty of B in A,  denoted by AtO~, is defined as 

Ade2 Ade3 a d e ,  
alfOB ~ e~ d t  �9 e3 + e2  ~ " e l  + e3 d t  

�9 r  (13a) 

Using dots to denote time-differentiation in A,  

f - ~ u , 3  

Vk,3i_ 1 .~ - ~1 - a l  
! 

- -  0 ,  3 

y ~ C u , 3  

- -  0 ,3  

T X u , 2  

a3 
--~Xu,1 

0,1 

one can rewrite Eq.  (13)  as 

[ eT~2] 

ato~ = [ e l , e 2 , e 3 ]  r (13b) 
e2TOl j 

Substitution of Eq. (3) into Eq. (13b) yields 

eTa2 = 

1 ) T  
a2/2 [ - fl(ttrij , f l(uri j)  T, - l(urij)  T] (IB 

1 
eTe3 - a 2 1 2 [ -  a (  g r i j ) T , a (  fzrij)T, O] el8 

e2Tdl = 

1 )T 
a 2 / 2 [ -  a(  lu - fir 0 , a (  lu - flro. )T ,o]  q8 (14) 

With the aid of Eq.  (4 )  and Eq. (14)  one can 
rewrite Eq.  (13b)  as 

moB -~ (t2(18 ( 1 5 )  

where 

1 [ ~0i,1, ~t91,12 @i,13 f~j,ll 

- a3 l 3 [ q91'21 q9i,22 q91,23 qgj,21---~ 
~01,31 @i,32 ~Di,33 ~Oj, 33 

~/~j, 12 (Pj,13 qgu,l '  r r 

r ,22 (Pj,23 (-Pu,2, CPu ,22 ~/~u .23 

~t~j,32 ~tgj,33 ~gu ,31 ~tgu ,32 ~t3u,33 

~ i , l l  = tg~Xij,l ( Xu,3Xij,2 -- Xu,2 a~ij,3 ) 

q91,12 ---- at~xij,2(Xu,3Xij,2 - Xu,2Xij,3) + 

f f l [Xl j ,3(~f2 ,1  + X 2 , 2 )  -- Xu,3(Xij , lXu,  1 "l" X0,29(u ,2) ]  

q31,13 -= @ i j , 3  ( ~fu,3 Xij,2 -- Xu,2 Xij,3 ) + 

2 ) +Xu,2(gCij,,Xu, 1 +Xij ,3Xu,3)]  al [ - xij,2 ( x~, ~ + x .  ,3 

f j , l l  = @ ~ i , l  ( Xu,2 Xlj,3 -- Xu,3 Xij,2 ) 

qPj,12 = Ct~Xij,2(-- Xu,3Xij,2 + X,u,2Xij,3 ) "4- Otl[-- Xij,3 " 
( 2 2 

Xu, 1 "4" Xu ,2 )  + X,u,3(.~ij,,Xu, 1 -I- X 0 , 2 X u , 2 ) ]  

qgj,13 -= agxij,3 ( - 9Cu,3X~/,2 + Xu,2Xij,3) + 
2  l[xij,2(x{,1 + x o , 3 )  - x=,, + 

qgu.,1 = alxij,1 - X0",3Xu,2 + X0",2Xu,3) 

~gu, 12 = 

~u ,  13 = 

~i,21 = 

( X~u,, + 

q91,22 = 

~9i ,23 ---- 

od~ ij ,1 

otlxq,1 

a[~X ij , 1 

X0",3Xu, 1 -- X/ j , lXu,3)  

-- X~/,2Xu, 1 + X/ j , lXu,2)  

Xu,lXij,3 -- Xu,3Xij , l )  + a l l - -  Xij,3 �9 

x L 2 )  + x~  + x 0 . 2 x o , 2 ) ]  

a p x o , 2 ( x . , l  xo,3 - x . ,3xo,1)  
a f l x o , 3 ( x . , l x o , 3  - x~,3x~,l) + 
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al[xij ,1 (xu,22 + Xu,32 ) _ X,u,l(Xij,2Xu,2 + Xij 3Xu,3)]  

(pj,21 = a ~ x i j , l ( -  Xu,lXij,3 + Xu,3Xij, l)  + a l [x i j , 3  " 

2 ) X,u,3(Xij,mX, u,l + Xij,2Xu,2) ] (X2,1 + Xu,2 -- 

~j,22 = a~x i j , 2 ( -  Xu,lX(/,3 + Xu,3Xij,1) 

9j,23 = a f lx i j ,3 ( -  Xu,lXij,3 + X,u,3Xij,1) + Cd[--  Xij,I ~ 

2 2 l(Xij ,2Xu, 2 + Xij,3Xu,3) ] (Xu,2 + Xu,3) + Xu, 

~u,21 = alxij,2 ( - xij,3 xu,2 + xij.2 Xu,3 ) 

9u,22 = a l x i j , 2 ( x i j , 3X u ,1 -  XO',l Xu,3) 

~u,23 = alxij,2 ( - xij,2 Xu,l + Xij,l Xu,2 ) 

~i,31 = at~xij,l ( Xu,2 Xij,1 - Xu,l Xij,2 ) + 
2 aII O,2(x2,1 + Xu,3)  - + xij,3x.,3)  

9i,32 "- a~xij,2( Xu,2 Xij,1 - Xu,l Xij,2) + a l E -  xij,l �9 

( 2 2 (Xij,2Xu,2 + Xij,3 Xu,2 + Xu,3) + Xu,1 Xu,3)] 

~1,33 "- al~Xij,3(-- Xu,l Xij,2 + Xu,2Xij,1) 

9/,31 = a~Xij,l ( Xu,l Xij,2 -- Xu,2 Xij,1) + a l [  - Xij,2 ~ 
2 X2 Xu,1 + u,3) + Xu,2(Xij, lXu,1 + Xij,3Xu,3)] 

9],32 = al~Xij,2( Xu,l Xij,2 -- Xu,2X'ij,1) + a l [  xo,1 " 
( 2 2 

Xu,2 + Xu,3)  -- Xu,l(Xij ,2Xu,  2 + Xij,3Xu,3)] 

9/',33 "" a~Xij,3 ( Xu,l Xij,2 -- Xu,2 Xij,1) 

9~,31 = a l x i j , 3 ( -  xo,aXu,2 + Xij,2Xu,3) 

9u,32 = ctlxij,3 ( X~i ,3Xu,1-  Xij,l Xu,3 ) 

9u,33 = alxij,3 ( - Xij,2 Xtt,1 + X~i,l Xu,2 ) 

Xo,r = Xj, r - -  Xi,r r = 1,2,3 

As indicated in Eq. ( 1 0 ) ,  one can formulate the 
angular velocity in terms of partial angular veloc- 
ities and generalized speeds as follows 

tO~ = oJkz~ytnom (16) 

where one can obtain COktr~ from comparing Eq. 
(16) with Eq. ' (  15 ) and Eq. ( 1 ) readily. One 
can also get angular acceleration of typical body 
B a s  

Otk (~)(~ktmYt  + (-OklmYl) nora (17) 

CONSTRAINT EQUATIONS AND JACOBI 
MATRICES 

As described in ( Bayo, 1991 ) ,  the FCC 
method simplifies the formulation of element or 
rigid-body constraint equations and pair  con- 
straint equations. Moreover the constraint 
equations are linear or quadratic, very easy to 
evaluate, and they never contain transcendental 

functions as in other formulations. So constraint 
equations can be expressed as 

c l g i ( x t , t )  = O, i = 1 , N 4 , 1  = 1,N3 (18) 

where N 3 m e a n s  total number of generalized co- 
ordinate and N4 total constraint equation num- 
ber. First and second time-differentiation of Eq. 
(18) produce 

B a y t  + gi = 0 (19) 

BitYt = - g i  - l~ilYl (20) 

3 c~ i O cI)i 
where Bit = 3 x---~ ' g i  - 3 t ' and Bit is named as 

Jacobi matrix of constraint equations. 

DYNAMICS 

Kane ' s  equations may be used to obtain the 
governing dynamical equations based on the the- 
ory that the sum of the respective generalized 
forces is zero. That is 

f §  = 0 l = 1 , ' " , N 3  (21) 

where j~ is the generalized applied force associat- 
ed with generalized speed Yz [ see Eq. ( 1 ) ] ,  and 

f [  is the generalized inertia force for Yl- Put in 
matrix form Eq. (21) can be rewritten as 

[ a l l  . "'" ~ I I  ~)~IN I I!13 I [ h l ]  ." 
: "-  = - ( 2 2 )  

N 31 �9 " " t~ N3 N3 3 ~N3 

where - 
N 

% = ~ ( mkVklmVkp~ + I ~ z m o ~ k p .  ) 
k=l 
N 

fz  = ( + ) 
k=l 

N 
ht = ~ ( m k v k l , ; G a y p  + Ik,=~oktmo~kp.yp + 

k=l 
ersmlksnOOldmOgkprOOkqnypyq ) , 

mk and Ik are the mass and central inertia dyadic 
of typical body B, and ers  m = ( r -- s ) ( s -- m ) 

( m  - r ) / 2 .  Then using the method described in 
Section 2,  one can solve Eq. ( 1 ) ,  ( 2 0 ) ,  (22) 
for Xi, 1 , Xi, 2 , Xi, 3 and yt �9 

EXAMPLE 

Fig. 2 shows a deployable structure widely 
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used in spacefl ight .  W h e n  point  k in body 4 

moves on body 2 ,  the mechan i sm is deployed or 

fo lded .  Body l ' s  mass ,  m l ,  is 1 3 9 . 3 2  g. Then  

m2 = 6 9 . 6 6  g ,  m 3 = 1 3 9 . 3 2  g,  m 4 --- 1 5 5 . 7 6  

g. Center  inertia is I .  

I l l  = I21 = /31 = /41 = 6 5 3 . 0 6  gmm 2 . 

I12 = 113 = I32 = I33 = 1 1 6 1 9 5 9 . 2  gmm 2. 

/22 = 123 = 1 3 7 7 8 9 5 . 8  gram 2. 

142 = 143 = 1 6 2 2 4 0 1 3 . 5  g m m  2 . 

Hinge Hinge 

. m ~  3 ~r-~ding couple 

Fig.2 Deployable structure 

The forces and moments  on the mass center  of 

every body are given as 

F1 = ( 0 . 0 , 1 0 0 0 . 0 , 0 . 0 )  T, 

M1 = ( 0 . 0 , 5 0 0 . 0 , 0 . 0 )  T 

F2 = ( 0 . 0 ,  -- 1 0 0 0 . 0 , 0 . 0 )  T, 

M2 = ( 0 . 0 ,  - 5 0 0 . 0 , 0 . 0 )  T 

At the beginning the structure is still. Fig.  3 
shows the x-direct ion motion of  the mass center  

of body 4. 

"g S50 

.~ 450 
"~ 400 

350 
O "=o 300 
.~ 250 
m 200 I I I i I 

0 50 100 150 200 
Time-step(0.001 s) 

Fig.3 Mass center motion of body 4 

I 
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CONCLUSIONS 

1. It is very difficult to describe a mult ibody 

system with a good few closed loops by using 

H u s t o n '  s form of K a n e '  s equat ion.  
2 .  The dynamic  characters  of a mult ibody 

system can  be expressed by the relative points 

and unitary vectors based on the analytical  ex- 

pressions of the typical  body mass center  velocity 

and body angular  veloci ty.  

3 .  K a n e '  s equat ions can be used to formu- 

late the dynamics  equat ions expedient ly.  

4 .  The FCC method can  be used to avoid 

equat ing the closed loop to an open one ,  and the 

s t r u c t u r e ' s  points and unitary vectors can  be 
shared in order to reduce  the number  of the un-  

known variables.  

R e f e r e n c e s  
Amirouche, M. L.,  1987. Automatic elimination of the un- 

determined multipliers in Kane' s equations using a 
pseudo upper-triangular decomposition (PUTD) Meth- 
od. Computers & Structures, 27:203 - 210. 

Bayo, Eduardo and Garcia, de Jal6n, 1991. An efficient 
computational method for real time multibody dynamic 
simulation in fully cartesian coordinates. Computer 
Methods in Applied Mechanics and Engineering, 92 : 377 
- 395. 

Garcia de Jal6n, Miguel Angel Serna and Rafael Avil6s, 
1981. Computer method for kinematic analysis of lower- 
pair mechanisms. Mechanism and Machine Theory, 16 
(5) : 543 - 556. 

Huston, R. L. and Passerello, C. E. ,  1974. On the Dy- 
namics of Chain Systems. ASME Paper, 74 - WA/AUT 
p . l l .  

Huston, R. L.,  Liu Yungsheng and Liu Chengqun, 1994. 
Use of absolute coordinates in computational multibody 
dynamics. Computers & Structures, 54:17  - 25. 

Kane, T. R. ,  1961. Dynamics of nonholonomie systems. 
ASME Journal of Applied Mechanics, 28:574  - 578. 

Kane T. R. and kevinson, D. A. ,  1985. Dynamics: Theo- 
ry and Application, McGraw-Hill Book Company. New 
York, USA, p . 1 5 -  17. 

Singh, R. P. and Likins, P. W.,  1985. Singular value de- 
composition for constrained dynamic system. J. Applied 
Mechanics, 52 : 943 - 948. 

Travis, Langbecker. 1999. Kinematic analysis of deployable 
scissor structures. International Journal of Space Struc- 
tures, 14(1): 1 -  15. 


