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Abstract: In piezoelectric problems, the form of the general solution is dependent on the eigenvalues of the 
material, qlae singular stress field and electrical displacement field near the interface edge were deduced in 
this study. The results showed that the stress field and the electrical displacement field have the same singu- 
larity; and that the singularity depends not only on the mechanical properties and shape of the interface edge, 
but also on the piezoelectric properties of the composite material. 
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INTRODUCTION 

It is well known that stress singularity may 
arise at the interface edge of bonded dissimilar 
materials. Due to the intrinsic electroelastic cou- 
pling behavior, the stress singularity will lead to 
the singular behavior of the electric displace- 
ment. Ding et al. (1996)  deduced the general 
solution for transversely isotropic piezoelectric 
material. There are many literatures on interface 
crack problems ( e .  g . ,  Parton, 1976; Sosa et 
a l . ,  1990; Suo et a l . ,  1992; Beom et a l . ,  
1996),  but few on general interface edge prob- 
lems with arbitrary bonding angles, except for 
example, one on the study of the singularity for 
the axisymmetric interface edge under torsion 
(Liu et a l . ,  1999) .  In this paper,  the singular 
stress and electric displacement field near the 
axisymmetric interface edge of transversely iso- 
tropic piezoelectric mater~al with repeated eige- 
nevalues is first analyzed, and then the charac- 
teristic equation to determine the singularity is 
deduced.  

BASIC EQUATIONS 

The characteristic equation of a transversely 
isotropic piezoelectric material is 

aS 6 -- bs 4 + cs 2 - d = O. ( 1 )  

where the coefficients a ,  b ,  c and d are materi- 
al constants. According to the eigenvalue sj,  the 
general solution for a transversely isotropic piezo- 
electric material can be separated into the follow- 
ing three cases: 
1. three distinct eigenvalues ( sl 2 # s 2 # s 2 ) ; 

2. two repeated eigenvalues ( s 2 # s 2 s 2 ) ---- 3 ; 

3. three repeated eigenvalues 
Based on the general solution and using a method 
similar to that described by Liu et al. ( 1 9 9 9 ) ,  
we can obtain the following nontrivial displace- 
ment ,  stress and electrical displacement near the 
interface edge O' for the materials with repeated 
eigenvalues, expressed in the coordinate system 
( r ,  O, 0)  as shown in Fig. 1 
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Fig. 1 Analysis model of  the axisymmetric 
interface edge 
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1. The case of ~ 2 

= + 

v o = r ~ [ v ~ ( O ) A k  + v [ 2 ( O ) B k ]  
r r a [ r  + r = 

a 0 = ? - l [ a l k l ( O ) A  k + Crlk2(O)Bk] 

D o = t a - ~ [ D ~ l ( O ) A k  + D~E(O)Bk]  

where ( i ,  j = 1 ,2 )  

u~i(O) = [ a a O s i ( A , O ,  i )eosO + Si{~4j ~ 

( A , 8 ,  i ) s i n O ] / s i ,  

~ ] ( 0 )  = [$2(~4 j ( /~  -- 1 , 0 , 2 ) s i n 0  + a2t@sj " 

( a  - 1 , 8 , 2 ) e o s O  + a41Psj(;t - 1, 

8 , 2 )  ]cosO, 
~1 (O)  ---- E $i04j ( a, 8 ,  i) cos0 - ai~ 05j 

( A , 8 ,  i )sinO ]/sl  , 

v~j(O)  = s204j(A - 1 , 0 , 2 ) 0 o s 2 0  - 

Ea2~Os:(A - 1,0,2)cos0 + 

a4, Ps:(Pt - 1 , O , 2 )  ]s inO,  

e L ( 0 )  =  aO j(a 8 , i ) / s i  

r  = a = @ s i ( a ,  0 , 2 ) e o s O  + a 4 2 P s j  �9 

( 2  - 1 , 0 , 2 ) ,  

t~ j (O)  = ( e l l  -- C l 2 ) O l j ( a  , 8 ,  i ) e O S 2 0  + 

( hlieOS20 + h2is in20)O2j  �9 

(X , 0 ,  i )  - h3il~)3j ( 2t , 0 ,  i ) s i n 2 0 ,  

a~j(O)  = (.cn -- c~2)s~O)~j(a -- 1 , 8 , 2 )  �9 

COS30 + ( h l 3 c O S 2 0  + h23sinZO)O)5j �9 

(2  - 1 , 8 , 2 )  + s2cosO(hlEeOS20 + 

hz2sinEO)OEj(A - 1 , 8 , 2 )  - 

[szh3~Os~(2 - 1 , 0 , 2 ) e o s O  + 

h3304j(A - 1 , 0 , 2 )  ]s in20 

r l - ( o )  = [ ( C l l  -- C 1 2 ) O l j ( 2 , O , i  ) + ( h l l  - 

h2i ) O=j (A ,  8 ,  i )  ] s in0cos0 + 

h3iO3j ( A ,  8 ,  i )  cos20,  

r l ] ( o )  ---- [ ( e l l  -- C12)S2I~)Ij(a -- 1 , 8 , 2 )  + 

s2(h l z  - h z2 )O~j (A  - 1 , 0 , 2 ) ]  �9 

sin0eos20 + [s2h3~@3j(A - 1 , 8 , 2 )  �9 

e o s O +  h 3 3 0 4 j ( 1  -- 1 , 8 , 2 ) 1  �9 

c o s 2 0  + ( h i 3  - h z 3 ) O s j ( a  - 1 ,  

0 , 2 )  s in0eos0 

D~ ( O) = h 4 i O 3 y ( A  ,O ,  i )eosO - h5i '~21 �9 

( A , 8 ,  i ) s inO,  

D].i(O) = s2[ h4203]()~, 0 , 2 ) c o s O  -- 

(2) 

h52 02j ( , l ,  8 , 2 )  sin0 ] cos0 + 

h4304j(,~, 0 , 2 ) c o s 0  - h~3| 

(A,  0 , 2 ) s i n 0  (3)  

2 SI.." 2 2.  The case of s~ = s3 

vo = ? [ v ] ~ ( o ) q  + v]~(O)D~] 

r = r ~ [ r  + r  

a0 = r a - l [ a ] I ( 0 ) C k  + a]2 (O)Dk]  

r$  = r ~ - l [ r 2 1 ( O ) C k  + r ] 2 ( 0 ) D k ] ,  

Do = r~-l[ D~l(O)Ck + O]2(O)Dk] 

where ( j  = 1 , 2 )  

u2j(O) = [ a n O s j ( ~ , O , 1 ) c o s O  + slO4j �9 

( A , 8 , 1 ) s i n 0 ] / s l  , 

u2j(O)  = [ a4 jPs j (A  - 1 , 8 , 1 )  + a n O s j  �9 

(A - 1 , 0 , 1 ) c o s 0  + s~O4j(A - 1, 

8,1  ) sin0 ] cos0,  
U2](O) = C O S 2 0 [ a l l l ~ ) 2 / ( ~  -- 1 , 0 , 1 ) c o s 0  + 

s~O~j()t  - 1 , O , l ) s i n O ]  + 

2a~aO5j(A - 1 , 0 , 1 ) e o s Z O  + 

- 1 , 8 , 1 ) c o s 0  

[ $ 1 ( ~ 4 j ( A , O , 1 ) c o s O -  ~tl lO5j  * 

(A,  O, 1)s inO ]/Sl , 

4,(o) = 

4i(o) = 

(4) 

slO)4j(X - 1 , 0 , 1 ) c o s 2 0  - a41Psj �9 

(A - 1 ,O ,1 ) s inO  - all~95i(A - 1, 

8 ,1  ) ] sinOeosO, 
V2j( O) "= COS20[ SI(~3j(,~ -- 1 , O , 1 ) c o s O -  

a n O 2 j ( A  - , O , 1 ) s i n O ]  - a4105j " 

(A - 1 , O , 1 ) s i n 2 0  - a51P51(A - 1, 

8 , 1 ) s i n O  

r  = a n O s : ( a , O , 1 ) / s l ,  

r  = a4205i (A  - 1 , 0 , 1 )  + a~205j . 

(A - 1 , 0 , 1 ) , c o s 0  
1~2j (0)  = f f i 2 0 2 j ( R  _ 1 , 0 , 1 ) c o s 2 0  + 

2a4205 j (A  - 1 , 0 , 1 ) c o s O  + 

a52P5j(A -- 1 , 0 , 1 ) ,  
a~j(O) = ( c  n - c 1 2 ) @ l ] ( ; t , O , 1 ) e o s 2 0  + 

(n lcos20  + n 4 s i n 2 0 ) O 2 j ( A , 8 , 1 )  - 

n7 sin2003j (A ,  8 , 1 ) / S l  

a~j(O) = (n2eos20 + nssin20)Osy(a - 1,0,1) - 

nsO)4/(~ - 1 , 0 , 1 ) s i n 2 0  - 

n7 @3] ( ~. -- 1 , 8 , 1 ) c o s 0 s i n 2 0  + 

(ci~ - c i 2 ) s t t ~ t j ( A  - 1 , 8 , 1 )  . 
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cos30 + s l ( n l c o s 2 0  + n 4 s i n Z O ) 0 2 j  �9 

(A - 1 , 0 , 1 ) c o s 0  
a ~ j ( O )  = 2 [ ( n 2 c o s Z 0  + n s s i n 2 0 ) O 2 / . ( Z  - 1 ,  

0 , 1 )  - n s O 3 / ( A  -- 1 , 0 , 2 )  - 

s i n 2 0 ] c o s 0 -  n v l ~ 4 j ( , , ~  - 1 , 0 , 1 )  - 

sin20 + ( n 3 c o s 2 0  + n 6 s i n 2 0 )  �9 

05/.(;t - 1 , 0 , 1 )  + ( c n  - 

c12)slO6/.(Z - 1 , O , 1 ) c o s 4 0  - 

n 7 0 7 j ( 2  - 1 , 0 , 1 )  �9 

cos2Osin20 + ( n l c o s 2 0  + n4sin20) �9 

S l O S j ( A  - 1 , O , 1 ) c o s 2 0  

r ~ j ( 0 )  = s i n 2 0 [ ( c n  - c 1 2 ) 0 1 / . ( 2 t , 0 , 1 )  + 

(n l  - n 4 ) |  + 

n7 cos2003] ( 2 , 0 , 1  ) / s  ~ , 

Z '2 j (O)  = ( n  2 -- n 5 ) 0 5 / . ( } [  -- 1 , 0 , 1 ) s i n 0  - 

cos0 + n804/(2,  - 1 , 0 , 1 ) c o s 2 0  + 

n 7 0 3 j ( / ~  -- 1 , 0 , 1 ) e o s 0 c o s 2 0  + 

( C l l  -- Cl2)$1[~Xj( ,~  -- 1 , 0 , 1 )  - 

sinOcos 20 + sl ( n l  -- n4  ) 8 2 /  ~ 

(,~ - 1 , O , 1 ) s i n O c o s  20,  
~-32~(0) -- E ( n 2  - , ~ 5 ) o 2 / . ( ~  - 1 , 0 , 1 ) s i n 2 0  + 

2ns03 / . (2  - 1 , 0 , 1 ) c o s 2 0 ] c o s O  + 

ng@4/.(X - 1 , 0 , 1 ) c o s 2 0  + (n3 - 

n6)Os/.(A - 1 , 0 , 1 ) s i n O c o s O  + 

( C l l  -- C12)S106j( , ,~,  -- 1 , 0 , 1 )  - 

sinOcos 30 + nvO7j (2  - 1 , 0 , 1 )  �9 

C O S 2 0 C O S 2 0  ' + ( n l  - n 4 ) s l O s j  

(2  - 1 , 0 , 1 ) s i n 0 c o s  30 

D ~ j ( O )  = [nloO3j(X,O,1)cosO- 
Sl n1302/. ( X , O, 1 ) s i n O  ] / s l  , 

D 2 j ( O )  = n l 0 0 3 j ( , ~ ,  - 1 , 0 , 1 ) c o s 2 0  + 

r i l l  0 4 j ( , ,  ~, -- 1 , O , 1 ) c o s O -  n 1 4 0 5 j  ~ 

(2  - 1 , 0 , 1 ) s i n 0  - n 1 3 s l O 2 j  

(it - 1 ,O ,1 )cosOs inO 
D 2 j ( O )  = n l 0 0 7 j ( A  - 1 , 0 , 1 ) c o s 3 0  + 2 n l l  

(Z - 1 , 0 , 1 ) c o s 2 0  + n l z 0 4 / . ( 2  - 1 ,  

0 , 1 ) c o s 0  - n i 3 S l O s / . ( ) t  - 1 , 0 , 1 )  �9 

c o s 2 0 s i n 0  - n 1 4 0 V ( , ~  -- 1 , 0 , 1 )  �9 

sin20 - n15 O 5 j  ( ,~ - 1 , 0 , 1 )  sin0 

(5) 

The repeated subscripts k ( k = 1 , 2 , 3  ) in Eqs. 
(2)  and (4 )  mean taking the summation. 

SINGULARITY AT THE INTERFACE EDGE 

In the coordinate system ( r ,  O ,  O) the  conti- 

nuity condition on the interface and the free 
boundary condition can be represented as 

U r l ( r  , -- 0 0 )  = Ur2 ( r , -- 0 0 )  , 

Vot ( r , - 0o )  = Voz ( r , - 0 o ) ,  

t:rol ( r , - 0 0 )  = ao2 ( r , - 0 o ) ,  
(6) 

v , o l ( r ,  - 0o )  = v ,o2 ( r ,  - 0 o ) ,  

Dol ( r , - 0o )  = Do2 ( r , - 0 o ) ,  

r  - 0o )  = r  - 0 o ) .  

a o l ( r ,  - ( 0 o  + 0 1 ) )  = O, 

v , o l ( r ,  - (0o  + 0 1 ) )  = O, 

O o l ( r ,  - ( 0o  + 0 1 ) )  = O, 
( 7 )  

~ 0 2 ( r ,  - ( 0 2  - 0 0 ) )  = 0 ,  

r ~ 2 ( r ,  - (02 - 00 ) )  = 0 ,  

D o 2 ( r ,  - (02 - 00 ) )  = 0 .  

where the subscripts 1 and 2 denote the material 
1 and 2 ,  respectively. Substituting (2 )  and (4)  
into ( 6 )  and ( 7 ) ,  a system of twelve homoge- 
neous linear algebraic equations can be obtained 
for the twelve unknown coefficients A/., B j ,  C j ,  

Dj ( j  = 1 , 2 , 3 ) .  The nontrivial condition leads 

to the following characteristic equation for 2 

[ X 1  Y1 O ]  T 

det X2 0 Y2 = 0 (8 )  

where ( k  = 1 , 2 )  

Xk = ( -  1) k+l 

Ukll ( - -  0 O) U]2 ( -- 0 O) ukl ( - -  0 O) uk2 ( -- 0 O) ukl ( -- 0 O) 1.zk2 ( -- 0 O) 

. . . . .  v k ( -  0o) '71, ( 0o ) v~2 ( 0o ) 41(  0o ) ,& ( 0o ) v~, ( 0o ) 32 
c h (  . . . .  0o) ,~h( 0o) r 0o) ~ (  0o) ,~k31(_ 0o) ~ 2 ( -  0o) 
o~1( - 0o ) oh ( - Oo ) '41( - 0o ) o~ ( - 0o ) o~1( - 0o ) o~ ( - 0o ) 
Tkll ( -- 0 O) "ckl2 ( -- 0 O) z-k1(--  0 O) Z " k  ( - 0 0 )  z'k31( -- 0 O) "ck2 ( -- 0 0 )  

D]I ( - 0o ) D]2 ( - Oo ) D~I ( - Oo ) D k ( - Oo ) Dk31 ( - Oo ) Dk2 ( - Oo ) 
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Yk = ( -  1) k+l 

D~I (r O~2 (cp~) 

o'kl ((ffk) o.k ( (D k ) o.kl ( ~D k ) O.32k ( ~)k ) 7 

"s ( ~gk ) (9)  

in which, q~l "-- - 01 - 00, cp2 = - 02 + 00. The 
determination of admissible values of ), from the 
characteristic equation (8 )  is usually done using 
a numerical method. 

CONCLUSIONS 

The singularity characteristic equation as 
well as singular stress and electric displacement 
fields near the axisyrmnetric interface edge of the 
bonded dissimilar transversely isotropic piezo- 
electric materials with arbitrary bonding angles 
and the interface angles are deduced.  The re- 
sults showed that the electric displacement field 
and the stress field have the same singularity, 
and the singular order is not only dependent on 
the interface edge shape and the mechanical 
properties, but also on the piezoelectric property 
of the dissimilar piezoelectric materials. 
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