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Abstract:

In piezoelectric problems, the form of the general solution is dependent on the eigenvalues of the

material . The singular stress field and electrical displacement field near the interface edge were deduced in
this study. The results showed that the stress field and the electrical displacement field have the same singu-
larity; and that the singularity depends not only on the mechanical properties and shape of the interface edge,
but also on the piezoelectric properties of the composite material.
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INTRODUCTION

It is well known that stress singularity may
arise at the interface edge of bonded dissimilar
materials. Due to the intrinsic electroelastic cou-
pling behavior, the stress singularity will lead to
the singular behavior of the electric displace-
ment. Ding et al. (1996) deduced the general
solution for transversely isotropic piezoelectric
material. There are many literatures on interface
crack problems (e.g., Parton, 1976; Sosa et
al., 1990; Suo et al., 1992; Beom et al.,
1996), but few on general interface edge prob-
lems with arbitrary bonding angles, except for
example, one on the study of the singularity for
the axisymmetric interface edge under torsion
(Liu et al., 1999). In this paper, the singular
stress and electric displacement field near the
axisymmetric interface edge of transversely iso-
tropic piezoelectric material with repeated eige-
nevalues is first analyzed, and then the charac-
teristic equation to determine the singularity is

deduced.

BASIC EQUATIONS

The characteristic equation of a transversely
isotropic piezoelectric material is

piezoelectric material, axisymmetric interface edge, singularity, electrical displacement
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where the coefficients ¢, b, c and d are materi-
al constants. According to the eigenvalue s;, the

as® — bs* + s> —d = 0.

general solution for a transversely isotropic piezo-
electric material can be separated into the follow-
ing three cases:

1. three distinct eigenvalues (s? ¢ 53 53);

2. two repeated eigenvalues (s% £ s% = s%);

3. three repeated eigenvalues (s? = 53 = s3).
Based on the general solution and using a method
similar to that described by Liu et al. (1999),
we can obtain the following nontrivial displace-
ment , stress and electrical displacement near the
interface edge O’ for the materials with repeated
eigenvalues, expressed in the coordinate system
(r,9,0) as shown in Fig. 1
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Fig.1 Analysis model of the axisymmetric

interface edge
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1. The case of s 52 = 53

u, = r’\[u}cl(e)Ak + U«};z(e)Bk] s )
Vg = I}[U}cl(g)Ak + U}:z(e)Bk]

p = Pl (A + ¢};2(6)Bk]9

o = P ol (6)4; + 51.(6)B,]
A (0)A + ci2(8)B,],
LD, (0) 4y + Dia(8)By] )

(i,j=1,2)

Ty =
D, =

where

LL}J(B) =

uéj(ﬁ) =

1)1}(9) =
’1);](6) =
p;(0) =
$3,(0) =

0’{,(6) =

0'11;1(0) =

‘Z'L(&) =

T;J(e) =

DYL(6) =

(2)

[21Os5;(A,0,i)cos0 + 5,04 -
(A,0,i)sinb]/s;,

[5:04 (2 - 1,6,2)sin8 + ay Os; -
(A =1,0,2)cos0 + ay Ps; (A -1,
0,2) Jcost,

[5:04(A,0,i)cosl — a;; Os;
(x,8,i)sin8]/s;,

5204 (2 —1,0,2)cos?d -
[ay®s;(A - 1,0,2)cosd +

aq Ps;(A - 1,0,2)]sinf,

a1 @s;(1,0,1)/s;,
an®s;(A,6,2)cos0 + anPs; +

(A -1,0,2),

(e = cp)O;(2,6,i)cos?0 +
(hy;cos’0 + hysin’0)@,; -
(A,0,i) — hy;04;(X,8,i)sin28,
(e — c1p)$0;(2 -1,6,2) -
cos’0 + (hizcos’d + hysin®6)Os; -
(A =1,0,2) + sycos0( hypcos?f +
hypsin’@) @, (A - 1,60,2) —
[s2305 (2 = 1,0,2)cos8 +

hy @y (A = 1,0,2)]sin20

[(en - e)®(X,80,i) + (hy; —
hyi )i (A, 0,i) Isinfcosh +
h3@5;(X,0,1)cos2d,

[Cen = en)s:®;(2 = 1,6,2) +
sa(hp - hzz)@2j(/\ -1,6,2)] -
sinfcos’ 0 + [szh32@3j(/\ -1,0,2) -
cosf + hy @4, (A — 1,6,2)] -
cos20 + (hyy — hy)Bs5;(A - 1,
G,2)sinfcosf

hyi©35;(A,0,i)cosf — hs By -
(Ax,0,1)sin0,

D3;(8) = 5[ hp®3;(2,6,2)cos6 -

hs;@,;(A,0,2)sind Jcosd +
h43 @4]'()\ ’ 6,2)0050 - h53 @Sj

(A,0,2)sind 3
2. The case of s? = 55 = 53
u, = T)[uil(e)ck + uiz(e)Dk],
vy = P[5 (0)C, + v5(6)D,]
o = P 85(0)C, + 65(0)D,],
o0 = ARG + ()] | P
e = P4 (0)C, + t4,(8)D,]1,
Dy = AU DY (8)C, + DL(6)D,] )

where (j=1,2)
u%,(@) = [011@5]-(1,0,1)00819 + sl@4j d

(i\,@,l)sin@]/sl,

u%_](e) = [(14]P5}'(A _ 1,0,1) + Q]]@5j .

u%j(e) =

U%j(e) =

v%j(e) =

U%j(e)

¢%j(6) =
¢22’j(0) =
Q:%;((?) =

0'%1(6) =

0'%1(0) =

(A =1,0,1)cos8 + 510942 ~ 1,
8,1)sind Jcosd,

cos?Ol a;; @y (A = 1,60,1)cosl +
5105 (1 - 1,6,1)sin6] +

2a4 05, (A - 1,8,1)cos’9 +

as Ps;j(A — 1,0,1)cos8
[5104(A,0,1)cos0 — ay Os; -
(A,8,1)sin61/s;,

5104 (A - 1,0,1)cos 6 — ag Ps; +
(A -1,6,1)sin8 - a11@5j(). -1,
g,1) Jsinfcosf,

c0s20[31@3j(/\ -1,08,1)cosf -
an @y (A —,0,1)sinf] ~ ay Os; +
(A = 1,0,1)sin20 ~ a5 P5; (2 - 1,
8,1)sinf

a12®5j(A,6,1)/31,

(242@51‘(/1 - 1,9,1) + a,2@5j .

(A -1,0,1),cosb

ap@;; (A - 1,6,1)cos’0 +
2a42@5,-()k - 1,0,1)cos0 +
anPs(x - 1,0,1),

(cy = )B4 (A,60,1)cos’0 +
(nicos’d + n4sin28)®2j(/\,0,1) -
n7sin200;; (1, 0,1)/s;

(nycos?0 + n5sin26)@5j(/1 -1,6,1) -
ng®; (2 - 1,6,1)sin20 ~
n70; (A - 1,6,1)cosfsin20 +

(CII - Crz)Sr@t;()\ -1,6,1) -
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cos’d + s (nycos?0 + n4sin26)@2j .
(A =1,08,1)cosf

63,(6) = 2[(nyco8’6 + nssin’0) @y (A - 1,
0,1) - ng®(A - 1,0,2) -
sin26]cosf ~ ny@®,; (A - 1,6,1) -
sin28 + (njcos’@ + ngsin’@) -
O5;(2 - 1,6,1) + (cyy ~
c12) 5106 (A — 1,6,1)cos’0 —
n;0,;(A -1,6,1) -
cos?0sin28 + (nycos’8 + nysin’@) -
5104 (A — 1,8,1)cos’0

6,1)cos8 — n13sl@g]~(/\ -1,6,1)
cos’@sinf - nu6,(A -1,6,1) -
sin2 — nls@sj(/\ -~ 1,60,1)sind
(5)
The repeated subscripts k(& =1,2,3) in Egs.
(2) and (4) mean taking the summation.

SINGULARITY AT THE INTERFACE EDGE

In the coordinate system (r,9,8) the conti-
nuity condition on the interface and the free

2 .
1;(0) = ?1;!]25— I (njl)]@—zjzl;?g)’l,l()/\] ; ;9 ;1) + boundary condition can be represented as
n,cos2605;(A,0,1)/s,, un(r, = 00) = ua(r, - 6),
2(0) = (ny - ns)O5(A = 1,0,1)sind »  a(rs —60) = vp(r, — o),
cosf + ng@; (A - 1,6,1)cos20 + oa(r, — 0y) = op(r, - 6y), 6)
n;@;;(A - 1,0,1)cosfcos26 + tan(r, = 00) = T (r, = 00),
(ey = e)s1@;(2 - 1,60,1) - Doi(r, = 66) = Dp(r, - 6,),
sinfcos’@ + s;(n; — ny)@y; - o1(r, = 00) = 2:(r, = o).
(A - 1,0,1)sinfcos’ 8, cn(r, — (6, + 6,)) = 0,
T%j(e) = [(nz - 715)@2;'(A - 1,0,1)sin20+ z',m(r, - (90 + 61)) =0,
2ng @5 (A - 1,0,1)c0s268 ]Jcosd + Dy (r, — (6, + 8,)) = 0,
ng@y (A - 1,0,1)c0820 + (n3 — 5. (r, = (6, — 8,)) = O, (7)
ng)BOs;(A - 1,0,1)sinfcosf + 75 (r, = (62 = 6;)) = 0,
(en — 3012)51@61(/\ -1,6,1) - Dy (r, — (6, — 6,)) = 0.
smfcos 9 T @4 - 1,0,1) - where the subscripts 1 and 2 denote the material
cos”fcos26 +.(n1 —3 ny) 51 Og; - 1 and 2, respectively. Substituting (2) and (4)
) (A = 1,0,1)sinfcos’d into (6) and (7), a system of twelve homoge-
D3;(8) = LnB(4,6,1)cosf - neous linear algebraic equations can be obtained
s1n1305;(A,6,1)sin0 /s, for the twelve unknown coefficients A4;, B;, C;,
D%j(e) = np0; (A - 1,0,1)cos’0 + D;(j= 1,2,3). The nontrivial condition leads
nu@y(A = 1,60,1)c080 - nuBs; + 1 e following characteristic equation for A
(A -1,0,1)sin8 - ni3s; 6y ¢ X, v, 01
(A =1,0,1)cos0siné det ] =0 (8)
D3(0) = ny®y(A - 1,0,1)cos’0 + 2ny; - X 0 T
(A=1,60,1)co8?0 + n;y@y; (A -1, where (k=1,2)
[ u’il(— 60) u’fz(— 90) u1§1(— 50) uliz(— 90) uél(‘ 00) u’iz(— 60)_
U’fl(* 50) ”’fz(— 30) 1/51(— 90) U’iz(— 60) 11]51(— 50) 11]52(— 60)
X, = (— 1)kt ¢El(—60) ¢E2(—90) ¢:21(—90) ¢%2(—-90) ¢§1(—¢90) ¢§2(—60)
o (= 00) on(=600) o5(=6) o5H(-0p) o5 (=~ 6) oh(- 6o)
T]fl(— o) T]fz(— o) 1'151(— 6o) Tliz(— 0o) Tgl(— 6o) T’:ﬁz(— o)
LD (= 6y) Dha(=60) Di(=6,) Dh(-6p) D4(-8,) Dh(- 6o)-
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(o) ) dulg) dhle) (o) ()
Y, = (- DY (@) h(e) hio) dale) (@) % (o) (9)
D’fl(§0k) D’iz(qok) Dgl(?’k) Dkzz(gok) D§1(§Dk) D’§2(¢k)
inwhich,§01'=—01—t90, ¢2=—02+00.The
determination of admissible values of A from the References

characteristic equation (8) is usually done using
a numerical method.

CONCLUSIONS

The singularity characteristic equation as
well as singular stress and electric displacement
fields near the axisymmetric interface edge of the
bonded dissimilar transversely isotropic piezo-
electric materials with arbitrary bonding angles
and the interface angles are deduced. The re-
sults showed that the electric displacement field
and the stress field have the same singularity,
and the singular order is not only dependent on
the interface edge shape and the mechanical
properties, but also on the piezoelectric property
of the dissimilar piezoelectric materials.
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