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Abstract:

This paper presents a new are flow model for the one-dimensional bin covering problem and an al-

gorithm to solve the problem exactly through a branch-and-bound procedure and the technique of column gen-

eration. The subproblems occuring in the procedure of branch-and-bound have the same structure and therefore

can be solved by the same algorithm. In order to solve effectively the subproblems which are generally large

scale, a column generation algorithm is employed. Many rules found in this paper can improve the perfor-

mance of the methods.
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INTRODUCTION

The bin covering problem can be stated as
follows. Given n items of weights [, ***» [, and
an unlimited number of identical bins of capacity
C> pack the items in as many bins as possible so
that the total weight of each bin is no less than
its capacity. The bin covering problem was first
studied by Assmann et al. (1984) as a dual
problem of bin packing and was shown to belong
to the class of NP-hard problems. It is known
that the existence of a polynomial-time algorithm
to solve the NP-hard problem optimally is un-
likely. As a result much more research has
been conducted on the heuristics that solve NP-
hard problem to near optimality. For detail dis-
cussion of the bin-covering problem in the field,
see the papers of Assmann (1984): Su et al.
(1999); Csirik et al. (1988).In contrasts to
the author’ s knowledge: except for Labbé et al.
(1995, little research has been done to solve
the bin covering problem exactly .

We can assume> without loss of generality,

that 5125233"'25"-

and Li<Csj=1,"""5n.

since any item with /; = C can be assigned alone

to a bin, and

> =2C.

-,

because otherwise a solution of value O or 1 can
trivially be determined. Note that some of the
items may not belong to the solution as it is not
required to pack in a bin more items than neces-
sary to fill it.

In general, the bin covering problem can be
modeled as follows:

W n
max =.\-_;£=l ¥ -
s :
S.t. 2y lixj=cyi» Yi=1:"">n.
BC3 n )
\‘_lel xu__*::__l; VJZI!"°:IL.
yi=0orl, Vi=1l"""n.
x,;,—=00r1 ’ Vi;j:l,"';n.
where,
o {l, if bin i is used.
Yi=10, otherwise.
___{l, if item j is assigned to bin i.
Y =10, otherwise.
Let
tzmin{s:l]:_sl,ﬂ.<C}.
P('):min{ :;:j-'-p.f ;C}
J P k=j k

fm‘j:l;“';r:min(QnJ,I—1).
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a=(0),a(k)=_\._:;f_l p(j) for k=1, 7.

UKD = k+|§l‘”_“(“z/cj.

—j=k+1
U, = mi"{)sksr{ U,(KD}.
B = min{p: 4+ 28 _ 1,;;;.&;5*'3“}-
D= {51 e
Us :B':;’z 1 q(lj)J :

U=min(U,, U;).

We have the following proposition which was
proved by Labbé, et al. (1995).

Proposition 1 U is a valid upper bound on
z" and U=<2z" .

let W = C+max;{}-1.

Proposition 2 The lower bound of BC is
\n
=1

W .

A classical and widely used method for solv-
ing hard combinatorial problems is based on for-
mulating the problem as a set-partitioning prob-
lem. This is done commonly for crew scheduling
problems (Hoffman et al., 1993), vehicle rout-
ing problems (Desrochers, et al., 1992), bin-
packing problems ( Vllerio de Carvalho, 1999;
Chan, et al.> 1998) and many others.

For bin covering problems let F' be the set of
feasible columns, that is,

F={a=Ca;»**sa,)"ER":

ﬁl;a;ac,a,-e{o'l}}. 1

Let | F'1 be the cardinality of F'. For sim-
plicity, we denote

F:{a_i;i:l,“‘,|F|},

It is easy to see that the bin covering prob-
lem can be also formulated as

yIF

L=

p N y
max _Jizly;
lF1
. > i
s.t. 2. _ @ yise
BC{ W IFI
—‘izlyr'--.U’
I F .
i=17=

}’,‘6 {Osl},i':z lse=s | I

where e = (1,-+-, 1)'E R" .

Francois ( Vanderbeck et al., 1996) devel-
oped an exact column generation algorithm for
the above integer programming with a large num-
ber of columns.

In general, the implementation of procedures
that combine branch-and-bound and
generatio has to overcome a crucial difficulty:
the problem loses its” structure” as the branching
constraints are added to the restricted master
problem, and the type of subproblem that has to
be solved at each iteration may change. Here we
explore a flow model for the bin-covering and
present an exact algorithm which can overcome
the above difficulty partly. It was largely moti-
vated by Valério( 1999) .

The contents of the paper are as follows. In
section 2,

column

we introduce the flow formulation of
BC and present some criteria to reduce the num-
ber of variables. In section 3, we describe the
branch and bound procedure for the flow formu-
lation. In section 4, a column generation proce-
dure is given to solve the subproblems at each
node of branch-and-bound and the algorithm
BCFE is also presented.

MATHEMATICAL MODEL

Because there may be more than one item
with the same size> let P be the set of items with
different size in L. Without loss of generality,
suppose P={li»Ly»*» 1, and [y ===
l,, . The number of each size is denoted as b, »
bys 5 b, respectively.

We construct a graph G =(V, A) with V=
0, 1,2, W}land A= {(i, PI0=si<sj< W
and j— i = l;» for every k< m}. The number
of arcs is 0CmW) .

Consider additional arcs between(i, i + 1),
i=C,C+ 1,5 W—1 corresponding to unoc-
cupied portions out of the bin. It is easy to prove
that if there is a feasible column iffs there is a
path between vertices 0 and W. The length of
arcs that constitute the path define the size of an
item in a cover.

If a solution covering a single bin corre-
sponds to the flow of one unit between vertices 0
and W, a path carrying a larger flow will corre-
spond to using the same cover solution in multi-
ple bins.
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By the flow decomposition properties, any
non-negative flow of the above graph can be rep-
resented by paths connecting the only excess
node O to the only deficit node W. According to
this » the bin covering problem can be formulat-
ed as the problem of determining the maximum
flow between vertex 0 and vertex W with addit-
ional constraints enforcing that every item will be

used at most once. Considering decision binary
variables x; associated with arcs defined above »
which correspond to the number of the size j-i
placed in any bin at a distance of i units from
the beginning of the bin. The variable z can be
denoted as xyy. The model is as follows:

(max z.
-z, ifj=0.
BCF s.t. -\'_:(;'.j)C.-lxaj - \;:(I,'.;.-)Q_.q Xjp ={ 0, 1:f]:= 1,2, W—1.
Zs if j=W.
l:(;l.‘_;.*_w)e,] x;l.‘_;.ﬂ,d = b“r d=1,2,"""ym.
x; =0 and integer. v, jDEA.

Using the variables presented so far, there
are many alternative solutions with exactly the
same items in each bin. We try to reduce both
the symmetry of the solution space and the size
of the model by considering only a subset of arcs
from A . The following three criteria are present-
ed in order to meet this need.

If we search a solution in which the items are
ordered in decreasing values of length, the fol-
lowing criteria may be used to reduce the number
of arcs that are taken into account.

Criterion 1  An arc of size /,» designed by
Xp, k41 > CAN only have its tail at a node k that is
the head of another arc of size /;» x;_;,; for [,

=1[,» or, else> from node O0si.e. the left bor-
der of the bin.

Example 1 Given an instance with bins of
capacity C =7 and P = {6,5,3,2,1} B =
(b19bz"“’b )=(01,1,3,1).

Appling the above criterion to A, we have

A= {0,1,00,2),00,3),00,5),(0,6),
(1,2),(2,3),(2,4),(3,4),(3,5),(3,6),
(4,5),(4,6),(5,6),(5,7),(5,8),(5,10),
(6:7),(6:8),(6,9),(6,11),(6,12),(7,8),
(7,9),(8,9),(8,10),(8,117,(9,10),(9,11),
(9,12),(10511),(10,12),(11,12) }.

m

An item is not needed to be put into a bin
which is already filled. In the flow model, a cri-
terion can be given as follows.

Criterion 2 The tail of any arc is less than
C. According to the criterion, A is modified by

/_i = {(0! l)! (092))(093)! (O!S)s (0,6)9
(1,22,(2,35,(2,45,(3,4>,(3,5),(3,6),

(4,5),(4,6),(5,6),(5,7),(5,8),(5,10),
(6,7),(6,8),0(6,9),(6,11),(6,12)}.

In general, we want to limit the number of
items which have the same size in a covering.

i.e.»no more than min {b, olngJ }. Although it is
d

difficult to satisty the desire, the following criterion
is useful to meet the demand approximately .

Criterion 3 Given node £ that is the head
of another arc of size [;Cl; > 1,0 or k=0 the
only valid arcs for size [, are those that start at
nodes k+il,»1=0,1,*"2b, -1 and k + il, <
W.

By this criterions A is changed as

A= {0,1,00,2),00,3),€(0,5),(0,6),
(2,3),(2,4),(3,4),(3,5),(4,5),(4,6),
(5,6),(5,7),(5,8),(6,7),(6,8),(6,9),
(6:11)}.

On the condition of the above criterion, an
arc is invalid if there are not enough arcs which
can be used to construct a flow with the arc. Let
T;=max 0, C—- > b}, i=1"""m-1.

j=ivl

Criterion 4
length /; is no less than T;.

The head of any arc which has

After applying the above criterion to As A s
as follows.
;1 = {(092); (0; 3)3 (095)9(0; 6); (234)9

(3,5),(4,6),(5,7),(5,8,(6,7),(6,8),
(6,9),(6,11)}.

Let us denote A — A as the set of arcs that
remain after applying the above criteria.
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BRANCH AND BOUND PROCESS

In order to obtain an exact solution of BCF
a branch and bound algorithm is employed. At
each node, a depth-first search is performed,
using branching constraints of the following type:

[max z.

\‘
+ 2. pen Xij —

BCF* 1

x; =0
Where, G" and H" are the index sets of branch-
ing constaints at node u of type (2) (3D repec-
tively .

Remark 1 At the root nodes we have
Gt=H"=¢.

After a branching constraint is added, the
branching problem is reoptimized, and one of the
following cases occurs:

1. The solution is an integer» with a value
equal to U, which means that it is optimal;

2.
large than U, making it necessary to introduce
new branching constraints;

3. The solution has a value that is strictly
less than U. The node is fathomed.

Remark 2 In fact, if we obtain a feasible
solution and the objective value is larger or equal

The solution is fractional, with a value

to U, we can perform the depth-first search

[max z.

SBCF*+
x,-}- = |- xf}I:l

x,,;o

Where A is the current set of variables which
have been considered. J is the cardinate set of
the vertex that are considered in the subproblem.

\\
24Cj BIEA

Al
2k pIEA Xhik+p, = ba

N\ -
+ (i jleA x,-j =

N .
ikt p JEA Kbkt p, = ba

Where xi, is a single fractional variable of the
solution at the current node. Thus, we solve the
following programming which is characterized by

cardinality constraints arising from branching:

(2
(3)

-z, if j=0.
xj;,.z{Os iszl,2,“':W—l.
Zs if j=W.
d=1,2,""ym.
vie G,
Vi€ H",

V(i:j)e/’l.

without finding the optimal solution of the current
node .

The first upper bound of objective value is
U, and if an integer solution is not found in the
search tree; the upper bound has to be de-
creased by one unit, i. e.» U= U -1, and the
procedure has to be repeated. Clearly, the first
solution is optimal .

COLUMN GENERATION PROCESS

A crucial problem in the above branching
and bound procedure is how to solve BCF" effec-
tively at node u of the search tree ( branching
tree ). As discussed by Vanderbeck et al.
(1996, a column generation can be used, i.
e.» we consider a sequence of programming with
a subset of variables by increasing the subset of
variables, which can be formulated as follows:

-z, ifj=0.

-\_:(j.,ﬂ,-)e,i. x; =1 05 if j& J.

zs if j=W.
(£=l!2s"'!m-.
VIEGNA,
VIEHNA,

V ( I‘.,_}‘) e A .
Any x; € A corresponds to a column A7 €
R"with AV = — 1; Aj"l =1 and O for other com-
pents.
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Following the discussion above, after adding
the branching constraints and reoptimizing the
programming (SBCF“) , suppose that the opti-
mal solution is strictly less than U. let w= Cu,
v)be the vector of dual variables associated with
the flow conservation and the constraints of num-
berof items and z> v the vectors of dual variables
associated with the branching constraints of type
(2)and (3D, respectively.

From dual theory, we know that the in-
creased cost of variable x; at node u is C; =0
= Cuy + oy + vy - ijec’(’w p+ 2ien v

7 Cif)
- _
max + L(i,pgzcijxij.

A
+ >_1(i,j>€A Xy —

ABCF*{s. 1.

x; 20 and integer.

Since all the arcs in SBCF* have nonpositive
reduced costs; we have the following necessary
conditions.

Proposition 3
only if there is an arc with a positive increased

There is an attractive path

cost out of the restricted master problem .
Proposition 4 The reduce cost of a path p
is equal to

4

24 Vg = Zioppt 2y
LPEp €, CH,,
Proof The reduced cost of a path p is
equal to the sum of its arcs ¢, = E(ivj)epéij = -
Y Y
>—J(i7j>€p( - u + u; + v(l) - LIGGZM, F2I
A

Ziled

v The flow conservation dual variables
i
cancel out for all nodess except for the two termi-

Therefore> ¢, = — C — ug + u, ) —

Y Y N\
2l pepvs — e 6, 1t Lzeu;‘w vi. The € -

nal nodes.

ug + u, ) corresponds to the reduced cost with a

value of — 1.
Corollary 1

spond to path p is attractive if

The set of arcs that corre-

g+ 2 — 2y <l. (5

G €p €6, e,

Remark 3 As a rule, the branching prob-
lem SBCIF* and the subproblem ABCF" must be
compatible. At a given node u of the branch-
and-bound tree, there is a sei of branching con-
straints that are enforced in the restricted master
problem. To ensure compatibility, the variables
iniroduced in the branching problem SBCF" us-

Any solution can be expressed as a nonnegative
linear combination of paths, therefore > instead
of generating single arcs, sets of arcs that can be
associated with a single path can be generaied.
Column AY is attractive if its increased cost ;L] is
larger than zero. To determine the most attrac-
tive path, a subproblem is solved that corve-
sponds io the longest path in an acyclic digraph
with arc cosis that depend on the value of the
dual variables. The programming that is used to
price out atiractive paths, has the integrality

property: and takes the following form:

-1, ifj=0.
E(_/,meij :{ 0, if j=1,2,°- W—-1
15 if]: W_
v jDEA.

ing column generaiion should not make feasible a
point of the solution space of the master problem
that violates the branching consirainis imposed
before-hand. Therefore > the path column to be
introduced in the resiricted master problem
should not enter freely as a mnonnegative vari-
able.

Criterion 5 A variableCarc) that was set
io zero in SBCF" might be regenerated by the
sub-problem ABCF* as part of an aliraciive
path. To preveni regeneraiion, the arc can be
removed from the subproblem ABCF*. This can

be enforced, for instance, by seiting its cost to
— oo

Criterion 6 let A, = {(i, ;) 1j-i=
l;}»d=152,", m> be the set of valid arcs for
order I, . Suppose there is a set A; C A, of arcs
such thai the sum of the lower bounds imposed
on them sum up the required demand, that is,
Eleylej = b, where H; C H" is the sei of
branching consirainis imposed on arcs that be-
long to A, . There can be no optimal solution
with overproduction. Therefore, all the remaining
arcs( i, j) € Ay/A; can be removed from the

subproblem ABCF* .
The above criterion 6 is equivalent to obser-
vation 8 in Vanderbeck et al. (1996) .
Proposition 5 If ihe objective value of SB-
CF" is less than U and there are no more attrac-
tive paths, the generation process may be aban-
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doned, and the corresponding branch-and-bound
node u fathomed, even if there are still attrac-
tive arcs,> with a positive reduced cost> out of
the restricted master problem.

It is well known that there are optimal de-
generalte exireme poinis that have bases that are
optimal and bases that still have atiractive vari-
ables. Intuitively, if we ignore the attractive
arcs» we may spare some degenerate pivois before

concluding that the exireme point is optimal .
ALGORITHM BCFE

step 1  According to criteria 1 — 4> we con-
struct the valid set of arcs A>let g* = H' = $.
u=1,kCu)=0.

Step 2 Choose a subset ACA.

Step 3 Solve the programming SBCF* and
obtain the solution x and the objective value z°.

Step 4 If =U.
then if x} € Z' for any ALJE;I .
then x" is the optimal solution > stop and outpui
the solution.

Else if ithere exisis ;CZ which is a fractional,
let
d=2""42Cu -1+ 1.
ECd) = kCu) + 1.

¢'=6"U {} ).
H' = H".
d=2F+2Cu—-1)+1.
Gl =G".

iU G,
let G* = H* = ¢ and choose a node p sati-
sfying G or P 2 ¢, let u = p go to Step 3.
else go to step 5.
step 5 Solve ABCF* and get the solution

which corresponds to a path from O to vertex

@

x5
W . If the objective value is larger than O, then
let A=Al {;cf;;c;;é()} go to step 3.

step 6 lLet G* = H* = ¢ and if there exists
a node p satisfying GPor H’ s« ¢, let u = p goto
step 2.

step7 let U=U -1, goto Step 1.

According to the research of Kojima et al.

(1989), SBCF“ can be solved in OCI A I°L)

time. From simple calculation; we can see thai
the BCFE algorithm will take ( U - 2" )
2" _2 4 1A 1) iterations, and that every it-
eration will take no less than OC1 A 1°L) time.
In faci> nearly all the compuiation time is spent
in solving the mixed integer subproblem ABCF* .
Ii is obvious thai the above algorithm can be ter-
minated in finite steps. The compuiational test
will be given in a future article.
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