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Abstract:
sue in the Empirical Mode Decomposition ( EMD) method. By this approachs the data is extended into a

The Mirror Extending (ME> approach is proposed in this paper for solving the end extending is-

closed circuit without end. The derivatives on ends are not necessary any more for Spline fiiting. The approach
eliminates the possible problems in reliability and uniqueness in the original extending approach of the EMD
method. In the ME approach only one exiending is necessary before the data analysis. A theoretical criterion
is proposed here for checking the exiending approach. ME approach has been proved to satisfy the theoretical
criterion automatically and permanently. This approach makes the EMD method reliable and easy to follow.
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INTRODUCTION

The Empirical Mode Decomposition ( EMD)
method and its Hilbert Spectrum technique is a
newly developed method for time series analysis
(Huang et al., 1998). This method is suitable
for analyzing nonlinear and non-stationary pro-
cess based on an empirical approach and pro-
vides a precise definition in time-frequency do-
main. With EMD method, the signal is decom-
posed
(IMF) with the features of completeness and or-

into several intrinsic mode functions
thogonality. Compared with Fourier Analysis
(FA)D, the IMFs of EMD are signals coming en-
tirely from the data and usually display obvious
physical significance in different time scale
whereas the infinite harmonics decomposed by
FA are theoretical ones ( Jaeger and Starfield,
19740 . FA is a good method for analyzing sta-
tionary and linear data, but EMD can be used in
whatever processes and situations included in da-
ta. EMD method has similar feature with Wave-
let Analysis ( WAD in analyzing nonlinear and
non-stationary processes and providing time-fre-
quency distribution results ( Chan, 1995), but
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the spectrum of EMD is of higher resolution than
that of WA . Therefore; EMD will be a very use-
ful method in distinguishing processes with dif-
ferent time scale (Salvino, 2001, and so is be-
ing widely used in many scientific domains (Zhu
et al., 1997; Xie et al., 2000; Vincent et al. »
1999) .

The decomposition process of the EMD meth-
od separates the original data inio both mean and
the first IMF. Then the mean is considered as
new data, which is decomposed into new mean
and the second IMF. The decomposing process
is repeaied until the last IMF is obtained, whose
mean is a consiani. Two envelops of the original
data are defined by local maxima and minima re-
spectively, by which the mean curve is deter-
mined by averaging both envelops. The envelops
are easy to be determined by cubic Spline fitting
between exirema. At both ends of data, first or
second order derivatives are required for Spline
fitting ( Esch, 1974). Howevers; as the data
curve does not provide any information on the
envelops at the ends, the derivatives cannot be
given unless the data is extended at two ends.
Huang et al. (1998) gave an approach to extend
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data by adding several characteristic waves ai
both ends Chereafter referred to as CW ap-
proach) . The characteristic waves can be used
to calculate the derivatives of data out of ends.
Neverthelesss the CW approach is not suffi-
ciently reliable, as it implies some indefiniteness
in the resuli. Firstly, the data only gives infor-
mation on the exirema inside the data series.
Any extending out of the ends is not reliable.
So»
requires a more sirict definition in order to en-
sure the reliability of results. Secondly, A
uniqueness result is necessary for using the EMD
method: bui the CW approach is not a strict
method. By adding different characteristic wav-
es» the results could be quite different. It means
the differences among resulis from different users
might exist. Thirdly, the data is usually divided
for each mode tens to

to determine the extrema at the ends

into limited modes and.
hundreds of iterations are necessary. The char-
acteristic waves should be added for each itera-
tionss by which it is easy to bring error into the
interior of data. So,» Huang et al. (1998) sug-
gested that the CW approach still needs to be
improved .

Logically, there might be many end extend-
ing approaches. For example, Deng et al.
(2001 ) proposed a new extending approach by
artificial neural neiworks. In this paper> a Mir-
vor Extending approach is given. Then, a crite-
rion for the optimal extension is proposed and the
optimal characteristics of the ME approach is
verified. The approach eliminates some disad-
vantages of the CW approach, and is approved to
be reliable in the EMD method. the
EMD method up to now is hard to follow, be-
cause of the restriction of end extending. By this

approach, EMD method can be widely used in

In fact,

many scientific domains.
BRIEF INTRODUCTION TO THE EMD METHOD

The EMD method consists of two sieps. Time
series data are first decomposed into several
IMFs by the above mentioned approach afier
which, the time-dependent amplitudes and fre-
quencies of IMFs are defined by using Hilbert

Transform .

For the data u(¢), the first IMF is defined

as 1 Ce)=ult) —mCe) 1

where m(1) is the mean defined by the average
of upper and lower envelops. Many iterations are
usually necessary to get the mean until the mean
of ¢;(t) tends to zero at a given precision. An
accurate mean is absoluiely necessary because of
the orthogonality requirement. Then, consider-
ing m(¢) as a new data series and after continu-
ally obtaining other IMFs> ¢35 ¢35 ***5 ¢, the
data can finally be expressed by the sum of IMFs
as follows:

w(ed) = ¢,C0) (2)

where n is the number of the last mode and is
usually a finite and small number. As the mean
of the last mode is a constant; it can be com-
bined into ¢,. Fig.1 gives an example of the
structure of IMFs decomposed by Huang et al.
(1998), which shows each IMF for given data.
In each mode the local frequency varies with the
frequency of a latier mode being lower than that
of a former mode.
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Fig.1 An example of EMD method
(Huang et al., 1998)
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Lets x;(t) = ¢;(t)s the Hilbert Transform
of x;Cz) is v;(z) (Bedrosian, 1963)

® xi(f)

yi(t):%P_J; (3

dc

where P denotes to take Cauchy principal value.
As x;Ct) and y,;(¢) comprise a complex conju-

gate pair
(o) + 7y (o) = A, Codexpl 9, (e, (4D

The corresponding amplitude and frequency for
each of the IMFs are

A;Ced =+ 230D + 3D (5
w0 (1) = 308 (6
ds

Egqs. (5) and (6) give a spectrum with
variable frequency, called Hilbert-Huang spec-
irum, from which a three dimensional figure in

time-frequency-amplitude space can be plotied.

MIRROR EXTENDING AND CIRCULAR SPLINE
FITTING

As meniioned above> the envelops of data
are determined by cubic Spline fitting, in which
the first or second order derivatives at ends are
needed to close the equations. The CW approach
to extend the data is not a strict method and easy
to lead to indefiniteness. Up to now, there is
still no a theoretical principle on how to exiend
the data. Here, a new approach for extending
data is proposed.

If a mirror is put at each end of data, the
image of daia in the mirror is in opposite direc-
tion and symmetrical to the mirror. The image of
data becomes a connecting curve between the two
mirrors and, with the original data together, pre-
sents a closed circular paitern. A time series is
extended into a closed circuit as shown in
Fig.2. We call this Mirror Extending (ME) ap-
proach. As shown in Fig.2, the data over the
upper plane (solid line) is extended to the lower
plane (dashed line). But only the output from
the upper plane is used as the result of the EMD
method.

As a whole, IMFs are processed for the data
circle as shown in Fig.3 from first mode to last
mode without any other extension.

Owing to no ends in the extended circular

data set, the Spline fiiting should be different
from the CW approach .

Fig.2 Sketch for mirror extending of data
Straight line is the mirror put at both ends of data; Solid
line is the original data and dashed line is the symmeiric
reflection of data in the mirror.

Fig.3 Sketch for circular Spline fitting
The two dashed lines are for upper and lower envelops re-
spectively; the solid line is the mean

Given a discrete set of y = y(x) as (x>
yvo)r Cxis 905 =5 (x,s ¥, which has
been extended by the ME appoach. For a circu-
The cubic

lar data set, y, = y, when x = x, .

Spline function is defined as

Si(x)zai<x—xi>3+bi(x—xi)2+

cilx—x)+y, (x<x<ax,,) (D

for i =0, 1, ***, n —1. Let the function S;(x)
and its first and second order derivatives be con-
tinuous at each data points. We have
ai—lh%—l + bi—lh%—l +eivhisi =y —yio
Ba;_hiy +2b,_yhi oy + ¢y =
6ai_]hi_] +2bi—1 :2bi

(8

where the a;> b;> and ¢; can be expressed by

bi+1 - bi
3h,

a; =
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b= (2w ey -3 2 201) Y IS R Tt T
i i-1 (9) L i
Yiel = ¥i 1 As the data circuit has no end, the equations be-
¢ =$_§(bi+l +2b; ) h; come

Eq. (7) becomes

b!'_lh,'_]+2b;(h;_1+h;)+b;+|hl‘=q; (10)

boho +2b,Chy + hy) + by hy = g,
byhy +2b:Chy + hy) + bshy, = ¢
]
by yhy_ 1 +2b,Ch,_y + h,) + b h, =q,

where byl +2b1Chy + hy D + by hy = g0 (1
hi = %01 — x;
Eq. (11D in matrix form becomes
2Ch, + hy) h, 0o - 0 0 h, by q0
ho 2Chg + hy)  hy - 0 0 0 b, qi
O] O o- O O O |old
0 0 0 * h,,_g 2( h,,_z + h,,_l ) h,,_| b,,_] Gn-1
h, 0 o - 0 h, - 2Ch, _ + h, 4L b, qn
12

After solving b; by Eq. (120, Eq. (9) can
be used to determine the a; and ¢; and get Spline
fitting by Eq. (7). It can be seen in Eq. (12)
that the only difference between circular Spline
fitting and standard Spline fitting is in the coeffi-
cient matrix. The coefficient matrix of standard
Spline fitting is triple diagonal and can be solved
by a simple elimination approach, a faster ap-
proach to solving linear equations with only data
in a narrow band beside the diagnal. However,
there are two elements appearing in the upper-
right corner and lower-left corner of the coeffi-
cient Matrix in circular Spline fitting. Eq. (12)
must be solved by an ordinary method for linear
equations, such as Gaussian elimination. which
will take much more time than that needed by
using method for triple diagonal equations, espe-
cially for longer data set.

CRITERION FOR DATA EXTENDING AND SU-
PERIORITY OF ME APPROACH

As indicated above, any data extension ap-
proach is not for providing correct values out of
ends. Data extension is aimed to provide such
derivatives at ends that do not exert impact into
interior of IMF during the sifting process. Al-
though many end extending approaches can be
proposed; they should have the following feature
in theory as a criterion.

If an extending does not exert impact on the
IMF interior, it must be ensured that the Spline
coefficients in Eq. (7) of the segment near the
end should be entirely determined by interior da-
ta> not by any data from the extended data set.
This theoretical criterion can be used to check
the reliability of an approach before it is used.

Let subscript O denote the point on the end
or out of the end, and 1 denote the first point in-
side the data. For convenience, let us choose
the first end at x( as the example and suppose
the value at the end is a maximum. In this case,
subscript 0 expresses the point on the end and 1
expresses the first point inside data for the upper
envelop. For the lower envelop, subscript 1 ref-
ers to first minimum and O is the point extended.
If @;» by> and ¢, in Eq. (7) are independent
of the data point with subscript 0, the extended
data will not affect the IMF interior during itera-
tion. From Eq. (9), the coefficients for point 1
are expressed by

by = b

@1 = 3!31

hob]—zc.uu—s% (13)
0

%hlfu + (] =y2h;1y] —%hlbg

It can be seen from Eq. (13) that only pa-
rameter with subscript 0 is ¢q —3Cy, — v/ hg»
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where c¢; is the first derivative of daia on the end
as shown in Eq. (7) and Cy, — yy)/hy is also

an estimation for the first derivative on the end
by the point O and 1. If
co —3Cyy = yo )/ hy is equal to zero, or to a val-

values at

vue determined by original data> a;> b;, and ¢,
will not be affected by exiending.

Let us check the Mirror Extending approach
by using the above two criteria. For the upper
envelop (with maximum at end) > we have ¢, =0
by mirror effect and Cy, — vy )/ hy is determined
by given data> so the criterion is satisfied. For
lower envelop, we have, from the definition of
ME approach ihat

cg=0and y; —y,=0 (14>

because ¢; =0 and y; — vy =0 also by mirror
effect.

theoretical criterion. The CW approach can also

Therefore, the ME approach satisfies the

satisfy the condition given by Eq. (14) if the
waves added are chosen properly in every itera-
tion and for every IMF. However, by ME ap-
proach, the data is extended only once, and
then the criterion will be satisfied in all iterations
and for all IMFs automatically and permanently .

Owing to this feature of the ME approach; in
fact, the data in upper plane and the image of
data in lower plane in Fig.2 do not interchange
although the data are connected. The extended
data only provide suiiable derivative condition,
but do not affect interior data. From this point of
view> ME is a good approach in data extending.

We used the ME approach to the examples
given by Huang et al. (1998). The results were
It implies that the CW ap-
proach satisfies to a greal exienl the criterion
proposed above. Howevers there still are liitle
difference between the resulis of CW and ME ap-
proaches.

quite consistent.

As an example, a superimposed func-

tion is given as (shown in Fig.4)

xCe) = cos( 2

2o ) (15)

+ con{ 2
COSs 347T

As this function is an amplitude-changed pe-
riodic function. The standard result has only one
mode as indicated by Huang et al. (1998). But
if we want to separate the two components in Eq.
(15D, the possibility depends on the iteration
imes and data precision in computer. Huang et

al. (1998) made the sifting up to 3000 times

and got a result as shown in Fig.5 for the first
four IMF components. This result is not very
successful in separating two waves because the
frequency difference of them is too small, bui it
does give a possible way to separaie waves with

By the ME

approach in this paper, the same sifting up to

such a small frequency difference.
3000 times is carried outs and the result is
shown in Fig.6. li can be seen that both resulis
5 and 6 are quite similar. Litile differ-
It looks the re-
sult in Fig.6 are more reasonable and stable.

in Figs.
ence occurs in left end of IMFs.
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Fig.4 Data of linear superimposed
waves given by Eq. (15)
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Fig.5 The first four IMF components after strin-
gent application of EMD up to 3000 times
sifting by Huang et al. (1998)
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Fig.6 The first four IMF components after strin-
gent application of EMD up to 3000 times
sifting by ME approach in this paper
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CONCLUSIONS

The Mirror Extending approach is proposed
in this paper. By the ME approach, daia is ex-
tended into a closed circuit without end. The de-
rivatives on the ends are not necessary anymore
for Spline fitting. The approach eliminates the
possible problems of the CW approach in reli-
ability and uniqueness. In the ME approach,
only one time exiending is necessary before data
analysis.

A theoretical criterion is proposed for check-
ing any data exiending approach. ME approach
was proved to saiisfy the theoretical criterion au-
tomatically and permanently. This characteristic
will always exist for any kind of data. Therefore,
ME is a reasonable and reliable approach to ex-
tend data in the EMD method. ME approach
makes the EMD method easy to apply. The only
difference is in the coefficient matrix. The meth-
od for triple diagonal equations for standard
Spline fitiing cannot be used; and the ordinary
methods should be used in solving the equations.

It is emphasized that the data is not required
to be symmetric near ends, though the ME ap-
proach makes the extended data is symmetric to
original one. li is because that the data extend-
ing at the ends is not for giving real data out of
the ends, but for providing reasonable deriva-
tives to ensure that there is no impact is exerted
on the interior pari of data.

Otherwise> the lasi mode in the KEMD meth-
od by Huang et al. (1998) has one maximum
and one minimum. So, the last mode is usually
an ascending or descending curve, which usually
represents the long-term irend. The last mode of
circular data extending can have two maxima and
two minima if the last exirema does not appear at
the mirror position. Using half of the circular da-
ia> mighi obtain a peak or a trough in the long-

term trend. Sometimes: the trend is not a mo-

notonous ascent or desceni; so the ME approach
provides a relatively better way to express the
trend of a process.

The only issue io pay aitention is thai the
mirror should be put on an exirema. If it is not
sure if the end data is an extremmum or not, it is
better to cut a segment of data to put the mirror
on a true extremum. Even if a non-extremum is
used as a datum on an end, the calculation is
still stable and convergent. This stress on using
a true extrema is aimed to achieve best possible

reflection of the real processes in each of the
IMFs.
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