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Abstract:

This study on the conditions for the convergence and almost-sure continuity of infinite series of in-

dependent two-parameter Ornstein-Uhlenbeck processes yielded sufficient conditions similar to that for inde-

pendent one-parameter Ornstein-Uhlenbeck processes.
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INTRODUCTION

Let {Y(s);
— o <t< ® ]}’ be a sequence of indepen-
dent Ornstein-Uhlenbeck ( OU) processes with
coefficients 7, =0 and A, >0, i.e.> X, (*) is
a stationary, mean zero Gaussian process with
EX,(s) X, Ct) =Cy /2 dexpC = A 1t —s1),
E=1,2,""".

The process Y (*) was first introduced by
Dawson (1972) as the stationary solution of the

- o <t < oo}={X, ()

infinite array of stochastic differential equations

Xm(t) = — ALXl(t)dt + (ZYL )Udei(t)

(i=1727'“), (1)

where {W;(t); — o <t < o } are independent
Wiener processes (cf. also Dawson, 1975 and
Walsh, 1981). Such processes have been exten-
sively studied since they were first introduced by
Dawson (1972 .

A two-parameter Ornstein-Uhlenbeck process
COUP, ) is an extension of this one-parameter

process. A sequence of independent two-param-
eter Ornstein-Uhlenbeck processes {X;, (i, v);

t=0, v=01} is defined by
Xk(t, ’U) = e—akf—ﬁkn {Xk +
or |4 J(’)’e“k“ﬂ”de(x,y)},

t=0,v=0,

2

where a;, > 0 and B, > O are two coefficients,

{W, (%D }7_ | is a sequence of independent two-

two-parameter Omstein-Uhlenbeck processes, infinite series, almost-sure continuity

0211.4

X, k=1,2,--1}
is a sequence of independent random variables
and independent of {W,(%*)}7_|. This defini-
tion was introduced by Wang (1983). If X, is a
normal variable, then X,(%*) is a Gaussian

parameter Wiener processs

process for any k=1.

Wang (1983 ) investigated some Markov
properties of OUP,. Chen (1989) studied the
sample path properties of OUP, by giving the
Hausdoff dimension of the graph and image sets
of this process. Lin (1995a, b, ¢) obtained
some direct depictions of sample path properties
of this process by establishing its Lévy’ s moduli
of continuity and limit theorems on its large in-
crements .

Walsh (1981 ) presented a mathematical
model for neural response and investigated many
analytic properties of processes. One of the pro-
cesses of interest in his study was the infinite se-
ries of independent OU coordinate processes of Y
(*), namely the process X(*) defined by

(s~ <1< o0 )= (X0
—w<t<oo} (3)

where the X, (*) are the Ornstein-Uhlenbeck
components of Y(*).

Csaki, Csorgs, Lin and Révész (1991 )
studied the properties of the process X(*). We
present the results on the continuity of X (*)
here.

Theorem A let X(*) be defined as in
Eq.(3) and
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XCt,n); — 0 <t <o, n=152"}=
{;Xk(t); —m<t<®, n=1,2,"}. (4)
If

Sl

T < %,
= A

(5

then for any fixed ¢, X(z) is an r.v. with mean

5
. ) Yk
zero and variance J . Moreover assume that

i=1 Ay
for some 6 >0

(6

k=1

S %<1oguk\/e>>l+6 <.
k

Then X(t, n)—>X(t) uniformly in ¢ over any
finite interval with probability one, i.e. for any

e >0, 7 >0 and for almost all w € Q, there

exists an integer ny = nyCe» T w) such that

sup | XCtonsw) — Xt wd)l<<e (7D

ltl<T
whenever n=n,. As a consequence> the Gaus-
sian process {X(7); — o <t < % } is continu-
ous with probability one.

It can be shown that the OUP, from Eq.(2)

is a process whose increments are neither inde-
pendent nor stationary. What about the results
similar to Theorem A? We will discuss this prob-
lem in the next section.

RESULT AND PROOF

Throughout the paper, ¢ or C denotes a pos-
itive constant, which may take different values at
different places. x|l , denotes CEXY? | Let
X, (%*) be defined as in Eq.(2). The conver-

gence of > e~ % " F'X, can be easily discussed.
k=1

For examples

D If iL < o, then ie‘“kt_ﬁk”Xk con-
k:lakﬁk k=1

verges uniformly in t = ty> v = vg for any tq > 0>
vy > 0 with probability one.
2 If kZEXi < o, then AZe-W-ﬂka con-
=1 k=1
verges uniformly in ¢, v over any bounded rect-
angle with probabilily one.
Therefore we assume X, = 0Ck =1,2, ***)

in this section. Now letting

X(t,v,n)zé){k(t’v), t;O,v;O,nzly
€9

X(tyl})ZéXk(t,U)y tBO,UBO.

Theorem 1 Assume

2

= o
S 2h e,

k=1akﬁk
then for any fixed t =0, v=0, X(z,0) is a
normal r. v.

(9

with mean zero and variance not
2

= ol
ter than > .
greater than 2, G,

for some & >0

Moreover> assume that

. 2
kzzla%uogwkﬁk Vel <o, (10D
Then XC¢5 vs n)—>XCt5 v) uniformly in ¢, v
over any bounded rectangle with probability one>
i.e. for any € >0, T >0 and for almost all
w€ Q> there exists an integer ny = nyCe, T
w ) such that

sup |X(t,v,n,w)—X(t,v,w)|s€, (11)

OstroT
whenever n = ny. As a consequences the pro-
cess (XCtrv)56=0,0v=01} is continuous with
probability one.

The proof of Theorem 1 depends on the fol-
lowing lemma of Fernique (1964) .

Lemma?2 Tet 7=[0,1]" and assume that
X is a centered Gaussian process with covariance
function I'. For any (s, t) € T x T define
d(s, ) =1ls—tl =supls;, — ;1. Let gp:[O,

Il<i<k

1]—=>R, be a function defined as

gD(h):(s’%lelng X, -Xx 1, 2
dCs, )< h
Then there exists a constant K such that
E S,EI?I X, | < 2
K{s{gp” X, ||2+ flwgp(e_" ddx}. C13)

Furthermore, if | 1°°gp(e_"2 ddx < o, then

X is uniformly continuous almost surely Chere,
continuity is to mean d-continuity) .

Proof of Theorem 1
erality > we can assume 7 = 1. From Egs.(2),
(3D, it is easy to verify that for any z, = 0,
V1 20’ tr 20’ Uy 20’ t;O, ’U;O’

Without lossing gen-

EXk(tla 1)1)Xk(t2, vz) - e—ak(t1+t2>—ﬁk(vl+,,2).
O_%r( e2ak(f1/\’z) — 1) 62&(1/1/\1/2) - D

(14)
da,B, 14
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Xz( ) 1)) =
( _ —20(3 ),

% ~2a - QBUO_k(eZat —1)(62&”—1): Zak,@k 1 €
= 4a; 3 E(Xk(t,v+u)—Xk(t,v))2=

- 2(1_ —201”)(1_ —QBAU)

o e e
> (15) _ 2 e~ 287 )e
> daifs 4ak[3k(1 e ) {(1 - )
It follows that for any t =0, v=0, from Eqgs. (1 —e A pl-e Mg
(9) and (15) we have (1 — ¢-2Bu), (18)
o 2ak,3k
2
EX(t,v)<_,l4akBk<°°, and

then ?Xk (t, v) converges with probability 1.

Therefore the first part of Theorem 1 has been
obtained .

In order to verify Eq.(11), on account of
It6-Nisio” s theorem, (cf. Theorem 6.1 of Le-
doux and Talagrand 1991), it suffices to prove
that

sup I XCtrvsn) = XCt 0] =

OstrogT

sup | Xk(t,v)’

OstrosT k=n+

converges to zero in probability as n— o .
Thus we want to show that for any € >0

limP{ sup ‘ Xk(t,v)| >et =0.

pecsal Pl st et
The latter> in turn, will be established by show-
ing that, under the condition Eq.(10), for any
e>0and 0< 5 <1 there exists ng = noCe» n)
such that

P{ sup ‘ Xk(t,v)’ >€}<777 (16D

O<tro<T k=n+

Let

whenever m > n=n,.
m ,l(tav)—X(t,v,m)—X(t:v,n)—
E Xk(t’ U)

k=n+1

a7

Consider the increments

Xk(t+8’l})—Xk(t’l})=

er—a(f+s>—ﬁv(1 as).

5 [ 8 e B AW, Cxor ) +
ore Tt ﬁv j;-"s ’”B’de(x,y).
Hence

E(Xk(t+8,1})—Xk(tal}))2=
(1-—e 2P {(1-

e—ZQLS }S

—20kf ).

4akﬁk
(1l—e %) +1-

ECX,Ct+ssv+u)— X, (00 <
2ECX, Ce+ssv+u)— X, Co+ 5,007 +
2E(Xk(t+s,v)—Xk(t,v))2

CLL(] ey 4 (1= o 2], (19)
a3
Now let
go(h): sup [ Xt +ssv+u)—
(1, €[0,1],0<uV s<h
men,(t’ U) ||2
and K1= {k:ak<eu7},K2= {k:‘Bk<€u§}.It
is easy to see that
2 m _ _
(h)<k711&kﬁk[(1 exp( —2a;h)) +

(1 —exp( =28,k 1,

then

((l—exp( —2aie” )4

J 1 (}. n+l, kEI& NK, akﬁk
5 172
(1 —exp( —2B4e ™" )))) du<

26k

- ® %‘ —u u/2
Jl (k n+1ak‘3k(ak€ I{a <e Y+

12
2
ke_“ 115, <e“/2)) du<

m 22\ 12 I
( > —k) I F2e 2% du<
k=n+lakﬁk
2\ 12
m 6
c( > 7k) » and
k=n+1ak‘3k
= ) L (] exp — 2age ") 4
J ! (}. n+l k€K nK,akBk xp ake

. 12
(1 —expl =2Be " D] dus<

26k

- ® N W
Jl(k n+1ak‘8k(l{ak>e }+
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, 12
1 {Bk 26’”2})) du<

n 207
o ? =7 &
J 1 (k:TilakBk

5 12
(log™ By 72)1+5)) du<

(Clog™* a; %)“3 +
u

m . 2 1+68\ 12

. 12
c(kznzlakﬁklog akﬁk) .
It follows that
[ go(e"‘2 ddu<
. 12
] 5 <1og<akﬁkve>>l+8}

k= n+1akﬁ (20)

which together with Eq. (13) of Lemma 2 im-
plies that

E sup IXm,n(t,v)I

O<stroxl

” 12
o & Dogapv el =icy,.

k=n+1 ak‘g

Then

PCsup 1 X,,,Ctr0)1 >D< 17mn<77 D

O<trol

whenever m > n= ng» since 7,,, —0(np—>00)
by condition (10). As a consequence, the pro-
cess (XCzsv)56=0,v=0} is continuous with
probability one.

On the other hand, we can use Lemma 2 di-
rectly on the continuity of X(¢, v). Putting

JCh) =
sup | XCt +ss0+ud)— XCts )

Ct, €017 0<uVs<h
2

With the same way of proving Eq. (200, we
have

Fgle " Ddu<
- ol 12
C{’;a— logakﬁk\/e))“a} < ©,

we thus obtain that X(#, v) is almost surely uni-
formly continuous by using Lemma 2, and Theo-

rem 1 is proved.
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