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Abstract: In this paper, the author proves that the LP-boundedness of the Marcinkiewicz integral p.5 on
product domains R" x R™; for Q&€ (1)1 (5) improves the result of Chen et al. (2000 .
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INTRODUCTION flx — u>y — v>dudo (4>

For n=2>m=2, let S" ! and S""! be the
unit sphere in R" and R"™ repectively, equipped
with the normalized lebesgue measure. Let 2 be
a function defined on S"~! x S"~! satisfying Q
cL'(S" xS 1) and

J"_lﬂ(u,v)du =0,Cy, € s"D

Jmilﬂ(u,v)du =0,Cy, € 5D 1

The corresponding Marcinkiewicz integral
operator on product domain R" x R™ is given by

1
(7 Ao P99 @
Fp Cxry) :ﬂlulstﬂ(u,v) L 150 oy 1 e
lul<s

flx — usy — v)dudo (3>

Recentlys Chen et al. (2000 proved that
for Q€ L1CS" 1 x S 1DCqg > 1), pis I/-
bounded for 1 < p < + % . On the other hand,
the related Calderon-Zygmund singular integral

operator; which is defined by
TPy = pov[] 2D
R xR

lw l® v lI™

for x % 0, is known to be

where ' =
[ x|
bounded on [* under weaker conditions on (2.
One of such conditions, for Q € L7 (S~ x
Sm"=1)(Cq > 1) was shown by Duoandikoetxea
(1986) to imply the I’- boundedness of T(f)
for all p& (1, + ). We defined another con-
dition of this kind similar to the condition intro-
duced by Grafakos and Stefanove (1998) and got
the following results ( Ying, 1999) .

Theorem A Let @ >0 and Q€ (1), if Q

also satisfies

sup Jl 1) e
S xS

14S s 7€ gt
1 1
log —— log ———
{ 0g | w c | + log | v 77 I +

1 1
log | wE Ilog KL

a+1
|} du'dv < o (5

then we have
(i) For a > 1, the singular integral operator

. 2a
T is I/-bounded for pe(za ~ 1,201).

Gii) For a > %, the Marcinliewicz integral

operator z is L*-bounded.
We also showed that there are functions (2
that satisfy condition Eq.(5) for @ > 1 but are
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notcontained in the space L (log* L) (8" ! x
S™=1); and that every function that lies in L¢
(8" !'x §"') for any ¢ > 1 satisfies condition
Eq.(5) for all a > 1.

Hence we ask naturally whether the corre-
sponding Marcinkiewicz integral operator s« ( f)
is bounded in I* spaces under the condition Eq.
(5). Inspired by the work (Chen et al. 2001,
instead of dealing with the operator z«(f), we
deal with the equivalent form .5 (f) defined by

=[]

ng(x’y) :JIlulSQtQ(u,’U> | u |1_n'
lul<2
o I""™Ax — u>y — vdudo
D)

Now let us state the main result of the pa-
per.

Theorem 1 let @ > 1 and Q € (1) ()
(5); the operator s is bounded in I/ C R" x
R™) for pé(rlzi 1’2(1) .

For non-product case> a similar result was
presented by (Chen et al. 2001).

Corollary 2 If Q€ /(S x s 1)
where ¢ > 1, the Marcinkiewicz operator pg is
bounded in I/ CR" x R™) for all p € (1, +

0 ).

1

dids )2

| F‘t(z,s(x’y) |222t22ss)
(6>

SOME LEMMAS

For t» s € R, we define measures {o,, }»

A, }by

gt,s(gl’CZ) =H|u,52’9(u’v) (72N R

s
lul<?2

| v | me- w828 qudo /208

ifvs(gl’g2) = J‘jm|$2’0(u’ 1)) | u Il_n °

s
lul<?2

| v 7 me @S-8 dude
and denote the maximal operator ¢ * ( f) by
" (FHCasy) = sup | 2_(t+5>)(t,s * fCasy) |

Then it is easy to see that

2_‘_3F,Q,s(x,y) = a,, * flxry) €9

Lemma 1

Hlmsf Lu 17" 1w 17" 1 QCus v)dude/2

s
lul<?2

<cllall,

lo P, <cll@l Al

where ¢ is indepent of t,s € R.

Proof Eq. (10) can be easily obtained by
the well-known method of rotation while (9) is
proved obviously .

Lemma 2 let > s ©€ R and Q satisfies
Egs. (1), (5). Then
(@) 10,.(8, 850 1< € 126 1228, 1 for

| 2'¢, | < 25and | 2°8, 1< 2
(B 16,,(C &) 1< Cllog 12, 117126, 15

for | 2'¢; = 2>and | 2°C, 1< 2
(16,58 1< Cllog1 228, 11 12'¢, 15

for | 2'¢) < 2>and | 2°C, 1= 2
(D 16,,(¢-8) 1< Cllog12°¢, 11°°.

Llog | 2¢, 117¢, for | 2'¢, | = 2>and

| Zscz |> 2

9
(100

Proof The proof is exactly similar to the
estimate in the paper (Ying, 1999), we omit it
here.

Take @, € CS(R"D; &, € C;(R™), radi-
al, supp( ;) {%S lx; |l <1} and @; =0,

0+°°@i(t)% =1 where i =1, 2. let {Ivfm

(2,80 = @, (22,) D, (2°¢, Dand ¥, (s
£, =@, )D,(s¢, ). Now we have the fol-
lowing lemma known as Calderon reproducing
formula:

f(x, y) = J‘;—wJ;w@f’S *f(x, y) dtdS

ts

(1

As references, the reader can consult Chen et
al.(2001) and Frazier(1991) for more detail .

For I defined as above, we define the cor-
responding square g-function on the product do-
mais R" x R"»

go(Cxsy) =
(J“"J;“ | W, % flary) | dtds)

0

D=
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Then we can immediately prove the following
lemma, once we make a slight modification on
the paper (Fefferman, 1982) .

Lemma 3 For W defined as above, Eq.
(13D below holds

lgelPO I, <cllfl, (12>
where C is independent of the function f& If
CR" x R™).

According to Eq. (8), we have, for f& S
(R" x R™
#Q(f)(xy y) =

D=

(J J _ o, * fCxyy) |2dtds) =
I I I

Yiitees, * fCas yIdeyds | dtds)
(U
s % fCany) 1Pdeds] dtldsl) -

Jl

where the second equality follows from lemma 3,
and the third inequality from Minkowski’ s ine-
quality .

Lemmad4 For ¥, {5, } and 1’1’31 (f) de-

fined as above, then we have
1., PO, < Coy 171, v, €+ )

and f € [/0(R" x R™)
14>

Proof Without loss of generality, suppose
Ppo > 2 while the case 1 < py <2 can be obtained

| o, *

D=

\

| o, *

L (P yddedsy (13)

by a way similar to that in the paper ( Duo-
andikotxea, 1986) .

It is easy to see that there exists a nonnega-

tive function g satisfying | g | (%)/ =1 such
that
Iz, S(f)||2 =

t+t vs+s) *f(x’y) |2

[l v

gCxs yIdtdsdady <

cﬂ sz T s *f|2* | o, I(x,y)°
(RYJ) R'xR A
gCxsrydedsdady <

Py
C[JJ(R)Z(JJR"XR’" | ‘P.t+tlys+sl *ledtdS)2-

2
dxdy] e Al P

where the second to the last inequality follows
from Holder inequality and lemma 15 and the last
one from lemma 3.

On the other hand, when p, =2, Eq. (14)
can be directly obtained from Plancherel” s theo-
rem and lemma 2.

PROOF OF THEOREM1

According to Eq.(13), i.e. pug(O(x,y)<
()-‘-w:J O+°° || Itl’sl (f)(:)C9 y) ||pdt1d81. By
Minkowski’s inequality, we have Y p& (1 + o),

Loy <[] I, O deds) <
1 -1 1 -

(J dslf +J dle +
-1 -® -1 1

1 1 -1 -1

[aaf e [an]

1 -1 - —

-1 oo -1 1

J dSIJI +J dS]J‘ . +

&

-1 + + o0
dSIJ +J dS]J +
1 —® 1 1
— 1
| dle_l) || Itl’sl (f) || pdtl

By lemma 4, we immediately get

1 1
J_J_l 11 O dedsy < e L £,

For simplicitys we only discuss the follwing four
cases and the others can be treated similarly.
1) for S1 21’ tq 21’ then

It P13 < e 178012
| @, (20 D, (25 5, |2

1 6C8s &) 17de, dEydids

= cﬂ(mzﬂEm AR RN

| 2°¢, 17d ¢, d g, deds

where E,,, = (.80 € R* x R":27"" <
620 1< 270277 <1 620 Il 270 )

Hence
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1.3 <
02_2¢1225ﬂ<R>2ﬂE | ey e 1Pdgdgdids <
27202720 || £113 (15>

Interpolating between Eq. (14) and Eq. (15),
we can easily have

[ ] ol s,
(1700)

cllrll, v, €

=

=

(2) For sy =1, —1<t,<1 then

2 7 2 .
Ha. PNz < cﬂ(RfHEm RANSE el
| 2'¢, 17dg,dE,deds <
27 | £113

Interpolating between and Eqs (14) and (16),
we get

(16>

=

=

+® 1
J] dS]J‘_l || It1'31 (f) || pdtl dSl
v, € (1, o)

(3) For s;=15t; < —1, we have

2 7 2,
1., P12 < cﬂ(pzﬂqs FANN N
1 2°¢, 1°Llog 1 2g, 1172 -
dg,dg,dids <
27 ey P f

clrll,

2a
20 — 1

Then Y p€&(
0 such that
[N N N A WA

,2a) exist 0,>1and ¢, >

2a
20 — 1

Hence for p € ( »2a)

+ % -1
J‘ dSIJ‘
1 —

(4) For s; < —1 and t; < — 1; then we have

2 7 2 o
TR Y IR N RV P
Llog 1 2°¢, 1172 [log 1 20, 1172

L1 Ol < G 71

=

d¢,dg,deds < ¢ 1 sy 172 -
Ley 172 L fI3 a7
Interpolating again between Eq. (14) and

Eq.(17), we see for pe(zazci 1,201), there

exists 0, > 1 such that

R CIHEPITRE NI RS P

2a
Therefore, for pé(m,Za)
-1 -l
| ol andsi < ¢, 7l

which completes the proof of Theoreml .
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