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Abstract:

The elastic-plastic singular stress field near an interface edge of bounded linear hardening materi-

al is substantially as same as that of bonded elastic materials whose Young’ s modulus and Poisson ratio are

substituted by equivalent values, respectively. Further investigation by the elasto-plastic boundary element

method (BEM) on the stress field near the interface edge showed that the stress field there can be divided into

three regions: the domain region of the elastic-plastic singular stress field, the transitional region and the elas-

tic region. The domain region of the elastic-plastic singular stress becomes larger with the increasing of the lin-

ear hardening coefficient. When the linear hardening coefficient decreases to a certain value, the effective

stress in most of the yield zone equals approximately the yield stress. The stress distribution in the elastic re-

gion under small-scale yielding condition was also investigated.
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INTRODUCTION

In recent years, bonded materials have been
widely used in electronic devices, metal/ceramic
joints and composites engineering. The linear
elastic interfacial mechanics, which is based on
elasticity and developed in the last 20 years, is a
useful tool to evaluate the strength of bonded dis-
similar material structures. It is well known that
stresses near an interface edge may become sin-
gular, based on elastic theory. Due to the stress
singularity, the material will yield near the inter-
face edge, and the elastic analysis results may
not be applicable,
strength of the composed material is low. There-

especially when the yield

fore, elastic-plastic analysis is necessary for the
evaluation of such a bonded dissimilar material .
Shih and Asaro (1988, 1989, 1991) investigated
the elastic-plastic behaviores of an interface
crack by finite element method (FEM) analysis .
Gao and Lou (1990), Xia and Wang (1992),
and Champion and Atkinson (1990, 1991) ana-
lyzed the asymptotic singular stress field near an
interface crack tip. Rudge and Tiernan (1995)
analyzed the elastic plastic stress singularity near

interface edge, elastoplasticity, linear hardening, singularity, boundary element method
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the interface edge for the case when hardening
exponents of the bonded power law hardening
materials are the same.

For linear hardening material, Xu and Mutoh
(1999) gave the elastic-plastic singular stress
field near the interface edge of bonded linear
hardening materials, based on the linear approx-
imation of the stress-strain relation near the
edge. In this paper; a more concise approach
was adopted to analyze the theoretical elastic
plastic singular stress near the interface edge.
The result obtained was much clearer and easier
for application. BEM analysis was carried out in
order to obtain more detailed characters of the
stress distributions near the interface edge. It
was found that the elastic plastic singular order
obtained numerically agreed with the theoretical
results when the hardening coefficient was rela-
tively large, but did not agree if the hardening
coefficient was smaller than a certain value.

THEORETICAL ANALYSIS

the

strain stress relation of a linear hardening materi-

According to the total strain theory,
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al can be expressed as:
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Where H' is the hardening coefficient, o, is the
yield stress, g« is the shear modulus. o, is the
average stress, o, is the effective stress. €, = e,
+ ehis the cubic strain, where the superscripts
e and p denote the elastic and plastic part re-
spectively. According to the plastic incompress-
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Now we consider the elastic plastic stress

ible principle, ¢, = ¢;, =

field near the interface edge as shown in Fig.1.
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Fig.1 Model of interface edge

If the elastic-plastic stress near the interface
edge behaves as singular, then one can always
find a region within which ¢,/6, < <1 is sati-
sfied, so that Eq.(1) can be simplified to
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Eq.(2) is in fact the constitutive equation of a
linear elastic material. Assuming its Young s
modulus and Poisson ratio are E’, v" respective-
ly, we have:
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Equating the corresponding parts of Eq.(2) with
that of Eq.(3), we have
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Therefore, the elastic plastic analysis of lin-
ear hardening materials for a problem with a sin-
gular point can be carried out as an elastic prob-
lem if the material constants are considered on
the basis of Eq.(5). The eigenequation to de-
termine the stiress singularity can then be given
by the analogue with the well-known elastic re-
sult of an interface edge (Bogy, 1971) as:

AR* +2Baf + Ca* +2DB +2FEa + F=0 (6

where

A=4KOG0,)KX,60,)

B =22,sin? 0, K(X5 60,0 +22%sin? 0, K(A 5 6,
C=42,(Ay = 1)sin?0;sin’ 6, + K25 0 + 6,)
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K(X5 60 =sin*(20) + A*sind (8)
ICry+1) =Gy + 1D
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TG+ D+ Gy + 1D

But the material constants x> I" should be modi-
fied as follows:
_ {3 — 49

K=l w1 +v)  for plane stress’
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for plane strain

(100

where v" are E’ given by Eq.(5). The stress
field can also be expressed in a form similar to
that of the elastic singular field near an interface
edge as

O'L:/'OCTA_I

(1

where A — 1 corresponds to the elastic plastic
singular order.

BEM ANALYSIS MODEL AND GENERAL FEA-
TURES OF ELASTIC PLASTIC STRESS FIELD

The BEM tool is especially efficient and ac-
curate for elastic analysis of bonded dissimilar
materials. Considering that traction on the inter-
face can be obtained directly, and that the dis-
cretization is only needed for the boundary and
the yield zone; BEM can be also considered as
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an efficient and accurate tool for elastic plastic
analysis of bonded dissimilar materials.

The elastic plastic BEM formulation can be
found in many references (e. g., Brebbia,
Telles and Wrobel, 1984). We developed a
BEM elastic plastic analysis program which has
been confirmed to be accurate enough and very
efficient. This program based on the incremental
strain theory, and adopting the Von-Mises yield
condition was used to analyze the Fig.2 model
under plane strain condition. For simplicity,
material 2 was considered as an ideally elastic
material, and material 1 as a linear hardening
material .

« >
« -
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« -
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Fig.2 Model of computation

To investigate the general features of the sin-
gular elastic plastic stress field> we assume the
material constants are: H = 1600MPa, oy = 123
MPa, E;, = 4.93 GPa, v; = 0. 33, E, = 206
GPas v, =0.30. The loading is P = 125 MPa.
It should be noted that the effective stress far
from the interface in material 1 is

o, =0.88P =110 MPa 12

which is smaller than the yield stress. Consider-
ing the symmetry, only half of the model needs
to be analyzed. Internal cells near the edge point
O are divided as shown in Fig.3.

Fig.3 Internal cells

The double logarithmic distribution of the
effective stress along the interface is given in

Fig.4 in which, the stress field near the inter-
face edge is divided into three regions: region I,
the domain region of the singular elastic-plastic
stress field within which the double logarithmic
stress distribution is linear; region Il the transi-
tional region within which the double logarithmic
stress distribution is a curve; and region I, the
elastic region in which the effective stress is
smaller than the yield stress and the double loga-
rithmic stress distribution may also be linear for
the case of small scale yielding. In the domain
region of the singular elastic-plastic stress field,
the slope of the distribution obviously corre-
sponds to the elastic-plastic stress singular order

(A -1.
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Fig.4 Stress distribution along the interface

The double logarithmic stress distributions in
various directions within the domain region are
given in Fig.5 showing that the distributions are
linear and almost parallel to each other. The
slopes (i.e., the singular order) obtained by
the least square method and the theoretical elas-
tic-plastic singular order determined by Eq. (6)
are given in Table 1 showing that numerical re-
sults of the elastic plastic singular order agree
well with the analogue results based on linear
approximation. This that the

fact indicates
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Fig.5 Stress distribution of the interpolation region
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stress-strain relation in the domain region can be
approximated as linear, and that the singular

elastic-plastic stress field can be obtained just by
analogue analysis of the elastic interface edge.

Table 1 Numerical results and approximate theoretical solution of the singular order
Direction 15° 30° 45° 60° 75° 90° Eq.(6)
A-1 —-0.3663 —-0.3858 —-0.3846 -0.3701 —0.3486 —-0.3756 -0.3758
Relative Error 2.53% 2.66% 2.34% 1.52% 7.26% 0.05%

EFFECT OF THE HARDENING COEFFICIENT
ON THE SINGULAR FIELD

1. On the singular order

In the previous example> a quite large hard-
ening coefficient was assumed. In this section,
we will focus on the effect of the hardening coef-
ficient on the elastic-plastic singular order. We
analyzed 6 cases in which the hardening coeffi-
cient changed from 1600 MPa C H'/E =0.324 )
to 50 MPaCH'/E =0.01), but the loading con-
dition and other material constants were the same
as that of the previous example. Distributions of
the effective stress along the interface for various
hardening coefficients are given in Fig.6 showing
that the effective stress in the yield zone decreas-
es as the hardening coefficient decreases. For
the cases with small hardening coefficients; it

10 H'(MPa)
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Fig.6 The effective stress distributions along the
interface for various hardening coefficients

was found that the effective stress in most part of
the yield zone nearly equals to the yield stress.
This fact indicates that one can deal with the ma-
terial with small hardening coefficient as ideal
elastic-plastic material . It can also be found that
the size of the domain region of the elastic-plas-
tic singular stress is also dependent on the hard-
ening coefficient; the larger the hardening coeffi-
cient is,> the larger the domain region becomes.
Table 2 shows the singular order for different
hardening coefficients. The approximate theoret-
ical results obtained by Eq.(6) are also shown
in the table. Collation of Table 2 data with Fig.
7 shows that the numerical results agree well
with the approximate theoretical results when
H'/E=0.04, but do not agree with each other
when H'/E < 0.04. The reason for this can be

explained as follows:

0.5
—s— Theoretic
0.45 —s— Numerical
0.4
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Fig.7 Comparison of numerical and
theoretical singular orders

Table 2 Numerical and theoretical results of the singular
order for different hardening coefficients

H'(Mpa) 1600 800 400 200 100 50
Theoretical results -0.3758 -0.3875 -0.3963 —0.4007 —-0.4030 —-0.4042
Numerical results -0.3723 -0.3969 —-0.4017 -0.3832 -0.3021 -0.2124

Error 0.93% 2.43% 1.36% 4.59% / /

In case the material has a small hardening
coefficient> in most parts of the yield zone, the

effective stress nearly equals to the yield stress,
so the condition oy/o, < <1 cannot be satisfied
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in such a region. This means that the approxi-
mate theory is not applicable to such a region,
but the numerical result may be calculated from
it. From this opinion, it can be expected that
the numerical result may agree with the approxi-
mate theoretical result if it is determined from
the much smaller region near the interface edge
by more fine BEM analysis. However, determin-
ing the singularity in such a small region may
lose its physical meanings.
2. On the shape of the yield zone

To investigate the hardening coefficient” s ef-
fect on the shape of the yield zone, we also car-
ried out BEM analysis for 6 cases with different
hardening coefficients, while the loading was

chosen as P =30 MPa. Fig.8 shows the shapes
of the yield zone.
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Fig.8 Shapes of the yield zone for various
hardening coefficients when P =30 MPa

It can be found that the yield zone becomes
thinner and longer; and the direction of the larg-
est yield radius approaches to approximately 45°,
as the hardening coefficient decreases. Besides,
in these cases, the yield zone size is very small
compared with the width of the interface, so that
these numerical examples belong to the small-
scale yielding problem.

SMALL SCALE YIELDING PROBLEM

For small-scale yielding problem, it can be
expected that the stress field out of the yield zone
may be uvseful for strength evaluation. Fig. 9
shows the double logarithmic stress distribution
out of the yield zone shown in Fig.8 ( P = 30
MPa) at the interface .

It can be found that the distributions are al-
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Fig.9 Distributions of the effective stress on
the interface outside the yield zone

most linear and parallel to each other> no matter
what the hardening coefficient is. Therefore, the
stress distribution outside the yield zone(Ci. e.,
in region 11D can be written as:

_ K (oo

iy = 1-2A (13)
) r

r>rg

where r, is the radius of yield zone. The value of
1 — X can be considered as not influenced by the
hardening coefficient. Its numerical value can be
obtained by the least square method. Table 3
shows the numerical results of A. The singular
order for the elastic interface edge ( Bogy, 1971)
is also shown in the table. It can be found that
the value of A is quite close to the elastic singu-
lar order no matter what value the hardening co-
efficient takes. This indicates that there is still
an elastic singular stress field outside the yield
zone near the interface edge, i.e., the elastic
theory can be expected to be useful for the small-
though the
slope of the stress distribution for different hard-
ening coefficients is the same, the value of the

scale yielding problem. However,

effective stress increases as the hardening coeffi-
cient decreases, as shown in Fig. 9. This fact
means that the stress intensity is not the same for
cases with different hardening coefficients Cand
so» is also different from that of the absolutely
elastic case). The stress intensity factor K near
the elastic interface edge for orthogonally bonded
materials can be defined as ( Xu and Jiang,
1998):

K, +iK
oy + ity = lli_f\zat the interface 14>
r

Eq.(14) is also applicable for the elastic region
Cregion III) in the small scale yielding case, by
adding the condition of r > r;. The stress inten-
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sity factor then can be calculated by the extrapo-
lation method based on Eq.(14) . Table 3 shows
the dimensionless numerical results of the stress
intensity factor> in which the elastic solution is
obtained by the absolutely elastic BEM analysis
It can be found that the
stress intensity factor increases as the hardening

of the same model.

coefficient decreases. Therefore, if the elastic

solution of an interface edge is used to evaluate
the strength of bonded dissimilar materials with
small scale yielding region, some modification of
the stress intensity factor is needed. However it
should be pointed out that this modification
might depend not only on the hardening coeffi-
cient, but also the size of the yield zone (i.e.,
the loading) .

Table 3 The slope of the stress distribution in region 3 and the dimensionless
stress intensity factor under small scale yielding condition

H'(Mpa)> Elastic 1600 800 400 200 100 50
1-2 0.2823 0.2823 0.2822 0.2823 0.2834 0.2848 0.2862
K, /(PW!'=*) 0.5464 0.5528 0.5552 0.5575 0.5597 0.5617 0.5631
tensity factor increases as the hardening coeffi-
CONCLUSIONS cient decreases.

Through the theoretical analysis of the elas-
tic-plastic singular stress field near the interface
edge of bonded linear hardening materials, and
elastic-plastic BEM analysis of the orthogonally
bonded model, the following results were ob-
tained:

1. The elastic-plastic singular stress field
near an interface edge of bounded linear harden-
ing material is substantially the same as that of
elastic materials whose Young’ s modulus and
Poisson ratio are substituted by equivalent values
respectively .

2. The stress field near the interface edge of
bonded linear hardening materials can be divided
into three regions, i.e. the domain region of the
elastic-plastic singular stress, the transitional re-
gion and the elastic region.

3. The domain region of the elastic-plastic
singular field increases as the hardening coeffi-
For materials whose H'/E >
0.04; the analogue analysis results based on the

cient increases.

linearization of the strain-stress relation can be
used. When H'/FE < 0.04,

in most of the yield zone approximately equals to

the effective stress

the yield stress.

4. The shape of the yield zone becomes thin-
ner and longer; and the direction of the largest
yield radius approaches to approximately 45°, as
the hardening coefficient decreases.

5. For small-scale yield problem; the stress
distribution outside the yield zone is almost the
same as that of the elastic one, but the stress in-
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