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Abstract:

This paper deals with the establishment of 7C1) theorem on Hardy space H' under condition of

weak regularity. An operator or a function is identified on the basis of their wavelet coefficients which are re-

grouped on some blocks. The actions of each block operator ( pseudo-annular operator) on each block function

Catom) are exactly analyzed to establish 7C1) theorem on Hardy space.
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INTRODUCTION

In this paper> SCR") denotes fast decreas-
ing function space, S’CR") the dual space of S
CR") and S’ CR" x R") the dual space of S’
CR™)D, BMO the

space.

bounded mean oscillation

Fourier transformation may be used to study
a convolution operator’ s continuity, but cannot
be easily used to analyse a non-convolution oper-
ator. So some other analyse methods must be
founded to study it. A famous result is David
Journe’s T(1) theorem (David et al., 1984).
Let T be an operator which is continuous from S
CR") to S’CR"), then T is associated with a
kernel distribution KCx, y)€& S’CR" x R") in
the sense that (7f> g) = (KCx,y), gCx)f
Cy)) for test functions fand g. Given0< ¥ <
1, one assumes that KCx, y) satisfies the point-
wise conditions

[KCxry)1 << Ala —yl 7" 1
|K(x,y)—K(x’,y)| + |K(y,x)—K(y,x')|

— X7
N SE Sk 8 LV Y s%lx—yl.

2>

|x_y|n+}”

hardy space, wavelet coefficients, blocks

0177.8

T(1) thoerem states that: If T satisfies condi-
tions Eq.(1) and Eq.(2), then T can extend
to a bounded operator on L?, if and only if T
satisfies

(1€ BMO, T'(1>&€ BMO . (3

and the weak boundedness property:

l<TfHhg>l < CClfll o+t ll VAN 0.
(leglae+tll Vel <) viege s (R,
and max {diamsupp f> diamsupp g} < . (4

To establish the 7C1) theorem in different
function spaces, the pointwise conditions Eq.
(1) and Eq.(2) are not necessary. After David
and Journé have established their famous 7°C1)
theorem, many other researchers tried to estab-
lish a strong continuity under a more and more
weak regularity. Meyer replaced Eq. (1) and
Eq.(2) by the integral estimates:

su I__J"Iz(lK(x’y)l+|K(y,x)|)dygc’
(5>
su | {(lK(x+u,y+v)—K
ST < Pyl <2y

Cxrsy)l + 1 KCy +usx+0v) = KCys x)10dy )
= BCEk), where k = 1,2,3,**, and BC(k)
satisfy: (6)
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7

Meyer ( 1985) proved that: If T satisfies
Eqs.(4),(5),(6) and (7), and T satisfies al-

SO

S B < % |

(1 = 1T'C(1) = 0. (8
then T continues on B?'l .
Han and Hofman(1993) proved that: If T

satisfies almost the same conditions as Meyer s,
then V1 < prq <
and V1< p>qg< o, T continues on Fl?‘q .

. H0,
o, T continues on B, 1

But all these ideas cannot be applied to the
study of continuity on Hardy space H'. This
work uses a decomposition in blocks at the level
of coefficients for operators and for functions,
establishes a strong continuity on H', and thus a
strong continuity on I7(1 < p < o).

MAIN THEOREM

If T satisfies Eqs. (40, (6) and (8), then
one has:
(i), If T satisfies the following condition

S EBOR < . (9

then 7T is continuous on H'.
Gii) If T satisfies the following condition

,ﬁlk%B(k)<oo, (10
f=1

then V1< p < o, T is continuous on I/ .

PRELIMINARIES AND SOME IMPORTANT RE-
SULTS

In this papers B(x, R) denotes a ball with
radius R and with center at x> and denotes also
E,= 01\ ©) and A, = @ = Ce»jr
k), e€E,,jEZ, k€ Z"}. Then Ve &€ E,»

denotes @’ (x) wavelets of Daubechies in c3

(BCO,2")>), and @, (x) = <5)(x) = 22
@ (2x — k), and {@A(x)})(gA is an or-
thonormal basis for L*CR" D . According to Schw-
artz” s kernel theorem, a distribution KCx, y) &
S’CR" x R") is associated with a linear contin-

ous mapping 7: SCR")— S’CR")

T(x) = JtK(x,y)f(y)dy

Then one can analyse an operator on wavelet
bases in 2n dimension. One denotes I' = {(,
ks 1DsjEZs ks IEZ"), and A = Ay, = A
= Cese’sjr ks 1Dy Cer e’ DEE,,, (k. DE
I't = E,, x I'. If an operator T satisfies Eq.
(4), then one can define

a, = aje ]ié 1 = <K(x,y), @A(x,y)%

VACA. (1

and the following equality is true in the sense of

distribution:

KCx»y) = A;:‘aA@A(x,y). 12
The  Beylkin-Coifman-Rokhlin  algorithm

(Beylkin et al., 1991) says that {a; },c, be-
comes a new representation for an operator. VY a
€ 0,1}, one denotes 8, = 1, if a« = 0; §,
=0, if a 20. Furthermore; Y R >0, one de-
notes ACR) = sup

A .
k- <2”

| a, |. Then one has:

Theorem 1 If T satisfies Eq.(4) and Eq.
(6), then one has:
(i) Yt = 0, if T satisfies the following
condition:
> kB(k)<oo, (13>
then T satisfies
i}R’A(e)< © , 14
R =1
Gii) If T satisfies Eq.(14) with ¢ = 0 and

Eq. (8), then one has:
\‘ /k+m5 l+3, —O’V(€’€ )EEZH’leIIe

mE/
"= 0and G k» DET. (15

In Deng et al., (1998), such a result is
proved for n = 1 and ¢t =
peat almost word for word the same proof> and

1; here, one can re-

finishes the proof of this theorem.

let U = {u = Cere’s R (e’ DEE,,,
REZ,R = 0}. If T satisfies Egs. (4D, (6)
and (13) with ¢ = 0, applying Eq.(11), one
can decompose an operator into a group of com-
pact operator {7, },c, where T, = T3¢ is de-
fined by its kernel-distribution K%< Cx» y) =
Sa% (A D, o, Cxs y) (where a compact

operdtor means an operator maps a function with
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compact support to a function with compact sup-
port modulate a sufficiently regular function) . In

fact VA = (j, k> IDE I's one defines af*
(e,¢”)
, a., ) —
< () = { i
0,
If R >0, one defines:
a<€7€l7ﬂ>’
(l%el(l> — —(85+8€/) . E
m:2" < Ilm=k, -5,

0,

One sees that each T% ¢
tor> and here one calls it a pseudo-annular oper-
ator. One has:

Theorem 2

is a compact opera-

If T satisfies Eqs.(4), (6)

and (14) with ¢t = 0, then one has:
(DT = V T3¢
Cere’ R)EU i
(i) If R > 0, then || T%° || oo <
(8 +8 )
CR A CR)D, and these estimations are
sharps.

In Deng et al., (1998), such a conclusion
has been proved in dimension 1 with Haar’ s
bases,> and almost the same ideas can be used to
prove this theorem. End.

Now one presents two kinds of function
blocks.

Definition 1 For 1 <p < o, one calls a
(x) a p-atom with module C in H', if there is
a cube () such that (i), Supp a(x)c Qs Gi),

1 .
| alx) || p < Cl()ﬁ_]:and Giii)s | aCx)
dx = 0. If C 1, one calls also aCx) a p-
atom; furthermore, if p

= 2, then one calls a
(x) an atom.

If a(Cx) is a p-atom, then there exists a
constant C, such that |l aCx) | < C, . Fur-
thermore, according to wavelet theory, for each
function f(x )& H', there is a unique sequence
of numbers such that f Cx)

A;aAQA(x).VjER, k&€ R"> one notes Q;,

{a, }/\éA”

H[Z Ik » 271 Ck; + 1) 1. Then one introduc-

the second kind of function blocks:
Definition 2 One calls {q; },¢ A an atom

es

at the level of coefficients, if there is a cube
Q,,, > such that {a, }AgA” satisfies: (i), if Qi1
» then a; = 0; Gii),

is not contained in

|2 < ons

s p
Al
Ll(l)\

() as follows:

If R = 0, one defines:

(8 +8 )Eal k5+m8 k+mo, VA = (jskyk)?

otherwise .

28 V< Tk =11 <285

(ss
R //c+m3 l+md,
2

VA = Gk ks (16)

I <

otherwise .

Since a; (x) = A;:‘a,\@,\ (x> € H', and
a, (x) is a 2-atom with constant C, hence one
calls also a; (x) an atom at the level of coeffi-
cients.

About function blocks, one has the following
result:

Theorem 3 The following four conditions
are equivalent:

(D fxDE H'.

(ii) There exists a sequence of numbers
X doe 2 € 1! and a sequence of atoms {a,
(x)},e 4 such that: f(x) = %Dy)tmam Cx).

(iii) There exists a seqﬁeflce of numbers
A, tues € 1' and a sequence of oo - atoms
{a,,(x)},c , such that: f(x) = zl)t,,,a,,, Cx).

Civ) There exists a series of numbers
A, tae € 1! and a series of atoms at the level
of coefficients {{al },¢ A }me 7 such that: fCx)

= XA, 2ald,(x).
m?/ m/\?JA A A

In chapter 5 of (Meyer, 1990 — 1991), it is
proved that (i) (ii) e Civ); in Coifman and
Weiss (1977, one proved that (i) (iii).
Hences one gets the conclusion that i, ii» iil
and iv are equivalent in this theorem. End.

Let (x> €& CLCBCO,2"D), let R > 0»
{a, }ye y € ' such that a, = 0, Y | k| > 2F

and > a(k) = 0, then there is a constant C
ke /

which is not dependent on R, and one has the
following conclusion which will be used in the
following section:

Il L‘/a(k)qS(x -y <

Theorem 4
k€
CR || {ak }/re 7" || ll

Its proof can be founded in Deng et al.



Wavelet cofficients and T(1) theorem on Hardy space

97

ACTION OF 75 ON ATOMS

In this section, one considers the action of

s e
T

on an atom at the level of coefficient a

sip

(x) where a,,(x) = > , (A @,
Yol

(x). One decomposes T3¢ a,, o (x) into two

parts: 15 Chs s» p)Cx) and ¢ ClLs sy p)
(x). For each R >0, fixed> one considers two
cases for &’ .

If ¢’ 0, decompose aj, p(x) in two parts

ahp( ) = > a,, (AP, (x) and af-,p
(f“c(5>R
'S ) ) )
(x) = > a(”( ) where a, ”( ) = >

u = A€M -5 = u
0, cd,,

aé,p(/\)@,\(x). Then one has:

Saé,p(x) = ﬁ’s/a?’,p(x)+ Tf{s/ai,p(x) =
LS Chysspd(x) + ;¥ Clyss p)(x).

If e’ = 0, then I Chss, p)(x) = |

AGFE ’EE(A)@(EE »(xsy) a,,,Cy)dy and
’ ’ = . E o
“ (1, s p)Cx) JAEF,Ogj—ssRaR Cx
@(e,e/,“(x, y) as,p(y)dy.

One has the following conclusion:

Theorem 5 (i) 5 Ch, s, p)(x) is a 2-
3 +5
atom with module CR™ 2 ACR).

Gi) || e (l,s,p)( )| < CR

ACR), and these estimations are sharps.
Proof .

(i) Let Z);

—22")), then

Supp i< Chs 55 pX(2)C Q..

According to (ii) of Theorem 2, one has:

1 Chyss p() || p <

CR A(R)H a,, p(x)H 2.

Furthermore, one has:

| ;¥ Chy s, p)(xddx = 0.

Then 15 Ch, s, p)Cx) is a 2-atom with con-

5 + (?
stant CR™ 2z ACR).

(ii) Now one calculates || 15 Cls s, pdCx)

I+28 +0,

= H[27(p, = 2,275 (p,

0+

| ;> and considers three cases.
(1) If ¢ = 05 one has:
| 7%<al,, (o) |l <

R-1 ,
CS T al ol

CE I TaR
1"

Then one applies Theorem 4, and gets:

| 'e/aé () || p < CR || \ “Cu+ s,
' p H
k l)au+s [@u+a k(x) || L
Therefore, one has:
| 7% <al,,Ca |l
CRACROS > 2-"53 la, | <
w=00,,,C0,

_s R-1 \ , 1
CRACR?27 > (X Ia§+u,z 1?)2 <

u=0 0,,,C0

3 -5, R ’ 1
CRIACRRT (S S la, ., 177 <
w=0Q,,,c0,

CR> ACR).
(2) If e’ = 0, then one has:

I EOCL s p) ||y =

\ - o ’
I JA€F0<, ,<,\ (/\)‘P(eom(x y)a ( ).
dy |l <
|| I Aeroz; ,<h O(A)(PQOA)(x,y)a‘ p( R
dy | B <

SN a0 G ks DO 2y — D).

O<j-s< R ey

a,,,(ydyl <

IS4

> sup\ Iao(],k 1D sup > e
0<j-s< ez
2y = D1 | la,,(y)1dy <
CRACR).

(3) If le || €120, then one has:
|| ](Re,e/>(l9 .59p)(x) || u =

|| \/_: _/(lR (]yk l)a‘ l,(€/’j’l).
O<sj-s<s R-1 ez
()
SCa ||y
R—‘I N _uts ¢
CACR) >3 > 2 lal, | <
u=00Q, ,C()’

_ 5 R-1 \ , PRt
CACR?27 X (X laj,, 1”)2<

u=0 ()H,,_,C((.,,

s k-l
CRIACR2Z (S

, 1
| 12)2 <
=00, 0, s+ ul ) =

Cu+ ss ks l)ai/+s,l@§t0_zs,k(x)
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CR2 ACR).

(iii) Finally, one proves that these estima-
tions are sharps. For simplicity of notations, the
verification is restricted to dimension 1. One
considers three cases.

(1) If e = 05 one chooses
Ki{e/(x,y) = RTEM ?(@5025121(‘%)_
j=M+3 e 7'

@(0)72R l(x)) lei(y)

and chooses

BN S USSR
alx)= (R=-2M =202 > > o'V (Yx-k).
j=i+2 k=0
(2) If & = 0, one chooses
O( ) Rg“‘M P QM‘ ot
Ko y2 = j=es k—2_1—2

D (D) () = D)1 Cy )

and chooses

alx) = &V (%),
(3)If le || €120, one chooses
KZ€ Cxry) = ) > 2 (k- k).
€7 g k-1<2”

DV (2y — 1)

and chooses

~1R-1 2 -1 D .
alx) = R7 > 20V (Q2x—-k).
i = k=0

i=o
Then> one can use the above three examples to
prove that all the estimations in (ii) are sharps.

PROOF OF MAIN THEOREM AND TWO RE-
MARKS

First, one proves (i) of Main Theorem. For
(x) at the level of coeffi-

VR

an arbitrary atom a,,,

cients> according to Theorem 5, one has:

, l+213‘ +0,
>0, || ﬁ’easp x)“ 0 < CR 2 A(R).
If R = Oand le || €1 = 0, it is evi dent that

[ 77{5/ as,l,(x) | ) < C. Further more, if
TC1)> = T'C(1) = 0, one applies (ii) of Theo-
rem 1, if R = Oand le || €| = 0, then 7‘,{5/

= 0. One applies (i) of Theorem 1, and gets:
if T satisfies Egs. (40, (6), (8) and (9),
then T is continuous on H'.

Then, one proves (ii) of main theorem. Us-

ing Theorem 2, Y R > 0’ one has:

| Tﬁg’e/ | Pt < CR “ACR). Then one

has:

Ve L [T < A 2.
a7m

Hence, for an arbitrary o -atom a,, (x)> one

ns

has: || Ta,, ( ) < €22 .
T satisfies Eq. (13D with ¢

Jb Ix—yl = 2ly—yI |K(x,y)—K(x,y’)|dx< @ .

Furthermore, if
= 0, then one has

s
YV Q,,,» one denotes $,,(x)E CoCB(27%p,
2"*37)) such that ¢, (x) = 1, if x €
B(27°p,2"*37% ) Then one has: ,(x) =
¢S (x )Ta (x)+(1—95 ( ))Ta ( ) =
¢~p(x)Ta”)(x)+(l—95s,p(x))_f(K(x,y)
- K(x:27pla,,,(yddy = Ii(x)+ L,(x).

One applies Eq. (170, I, (x) & L;
plies Eq.(18), I,(x)& L'; then Ta,,,
L.

Hence one has:

one ap-

(x)€E

T is continuous from H' into L'. (19)
Using the interpolation theorems one has:
T is continuous from I/ into /> Y1<p < 2.
Q0

Since I/ (2<p’ < o, p’ = ]%) is the dual

space of I7(1 < p <2, one gets (ii). End.

Finally, one gives two remarks.

Remark 1 In Han et al., (1993) and
Meyer> (1985), it is proved that: if 7 satisfies
Eqs.(1), (40, (5), (6) and (8), and if T
satisfies Eqs.(13) with ¢ =
then: (i), T is continuous on B,(,) 5 Y1l<sp
and (i),
V1< p>q < . In our Main Theorem, one
proved that if 7 satisfies Eqs. (1), (4), (5),
(6) and (8), then one has: (i) If T satisfies

1 in some sense»

g < o T is continuous on F%1,
[}

Eq.(13) with ¢ = %’ then 7 is continuous on
H'; Gi) If T satisfies Eq.(13) with ¢ = %,

then T is continuous on > Y 1< p < o . That
is to say, to establish a strong continuity for an

operator on different function spaces> there ex-
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ists three cases for the index t in Eq.(13): ¢

= %, 1, % The natural problem is that: for

each p and ¢> what is the smallest index ¢ in
Eq. (13) such that if T satisfies Eqs. (1), (4),
(53,06, (8) and Eq.(13), then T is contin-
ous on B,(,)’ 7 or T is continous on F' ,9’ 17

Remark 2  Given two operators T as be-
low:

A continuous Hilbert transformation, whose

1

kernel distribution KCx, y) = or a di-

verse Hilbert transformation» whose matrix ele-

. . 1

ment on diagonal are zero, otherwise E—1"
Given &, a sufficiently small positive real

number, a continuous operator 7> whose Ker-

nel -distribution K Cx, y) = > af,’;fiz D, Cx)

D, 1), where

1

ere’

3
a1

24 k= 11" log2 "5 (24 1k — L1

Applying the three following steps, we see
that the above operators are continuous from H'
to H':

e

(i) Calculate the coefficients ap =

( T@JE 1> @5,;) under the B-C-R algorithm.
Gii) Calculate ACR) = sup > {I

12" < Ik3—l|<2R
aji’;f/,l [+ | qf,’f,/k | }» and verify that > RZACR)D
< + .

Ciii) Verify that u,, = %;a_?,’f,’k = 0.
1€7
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