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Abstract:  The authors present their analysis of the differential equation dX(¢)/dr = AX () — XT()
BX ()X (), where A is an unsymmetrical real matrix, B is a positive definite symmetric real matrix,
X € R"; showing that the equation characterizes a class ol continuous type [ull-feedback artificial neural
network; We give the analytic expression of the solution; discuss its asymptotic behavior: and finally
present the result showing that, in almost all cases, one and only one of following cases is true. 1. For
any initial value X,& R", the solution approximates asymptotically to zero vector. In this case, the real
part of each eigenvalue of A is non-positive. 2. For any initial value X, outside a proper subspace of R”,
the solution approximates asymptotically to a nontrivial constant vector Y ( X,). In this cases the eigen-
value of A with maximal real part is the positive number A = || Y ( XD |l % and Y ( X, is the corre-
sponding eigenvector. 3. For any initial value X, outside a proper subspace of R”, the solution approxi-
mates asymptotically to a non-constant periodic function Y (X o» ). Then the eigenvalues of A with

maximal real part is a pair of conjugate complex numbers which can be computed.
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INTRODUCTION

It is now well known that principal com-
ponent analysis (PCA) can be realized in vari-
ous ways. A PCA network is a one-layer feed
forward neural network that can extract the
principal components of a stream of input vec-
tors. Typically Hebbian type learning rules
are used based on the one-unit learning algo-
rithm originally proposed by Oja (Oja, 19823
1989). Many different versions and exten-
sions of this basic algorithm have been pro-
posed during recent years ( Chen et al.,
1998; Lei> 1993; Wang et al. » 1996; Yang
et al.» 2000, Zhang et al.,» 2000). But all
the versions and extensions had the limitation
that the matrix for extraction must be sym-
metric. The new algorithm presented in this
paper does not have the limitation.

Let A be an unsymmetrical real matrix.
We shall use neural network dynamic system
to compute the eigenvalue of A with maximal
real part and its corresponding eigenvector.

PCA, Unsymmetrical real matrix, Eigenvalue, Eigenvector, Neural network

The problem had been investigated for the
case when A is symmetric. The correspond-
ing works are presented in many papers.

We consider the following neural network
dynamic system:

dX()/de =AX()— X" (OBX ()X ()
1)

where B is a positive definite symmetric real
matrix. X € R" may be viewed as the status
of neural network. Then Eq. (1) character-
izes a class of continuous type full-feedback
artificial neural network. It is known from
non-linear circuitry that Eq. (1) may be sim-
ulated (Luo et al.» 1994; 1999). Since this
network has the power of parallel computa-
tion» continuous dynamics and global network
connection, it has high-speed computation a-
bility.

We shall give the analytic expression of
the solution of Eq. (1) in Section 2 and dis-
cuss its asymptotic behavior in Section 3. The
method of computing the eigenvalues and its
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eigenvectors are presented in Section 4. Fi-
nally we give an example in Section 5.

Notation:
<w v>p=u'Bvs lullg=v<wu>g | ul =
Voulu.

Also “deg” means the degree of a polynomial, and “Re” and “I,,” rep-
resent the real part and imaginary part of a complex number.

ANALYTIC EXPRESSION OF THE SOLU-
TION

In order to give an analytic expression of
the solution of the Eq. (1), we shall first
choose a suitable basis of C" in the following
lemma.
Lemma 1 There is a basis {v,,; }QGA,Igig,,”
of C" and a collection {A, },c, of complex
numbers such that:

AUQ,[: ‘Ua,[fl‘k Aa’l}a”‘y aeA,i: 1,2, cee, 7,
2>

where, for convenience, it is assumed that
vavOZO’ QGA (3)

Proof DBy the theorem of Jordan canonical
form (Stephen et al. » 1989), there is an n X
n nonsingular complex matrix S such that
S TAS=] 4)
where J is the Jordan’s canonical form of A.
We put J into the diagonal form:
I 0 0o - 0

R
0 0 0 I
A, 1 0 0
where J, = 0 A 0 0 (6D

0 0 0 o2,

is an 1, X n, Jordan block. Let A = {1,2, -+,
k} and Ug,i = €y 4+ tn IH’QGA’ i =1,

2,y n,» where ¢, is the column vector of C”
whose entries are 1 on the k-th component

and O on others, £ =1,2,**,n. By Eq.(5)
and Eq. (6),

Jug, ;= ugi-1 7t Ay, ;0 a€E A i=1,2,""sn,
7

where u,,0=0, a € A.

Let ‘Ua,z‘:Sua,i’ aC A i:1,2,"',na (8)

Since {u,,; }aeA,léigna is a basis of C" and S
is a nonsingular matrix> {v,,; }.ca, 1<i<, s a
basis of C" as well. By Eq. (4,

AS=S] 9
By Egs. (7), (8) and (9) we have Awv,,; =
Suavi—l + A01(‘Suoui: Vayi—1 + Aa‘va»i’ aEA’ )
=1,2,+,n,. The proof is completed.
Theorem 1 For any X,& R”, there is a u-

nique R"-valued function X(z) defined on R
satisfying Eq. (1) and

X=X, (10>

Furthermore if we write
Xo = Dody Vi (1D

1252,
where d,,, € Cra€ A i =152, """, n, and

denote Ay = {a € A: i€ {1,2, =, n, }
takes d,,;70} and m,= max i &€ {1,2, -,
n,t:d,; 70}, a & A, then, the solution

may be written as

X(t) = DX P, ()& »
a€ A
I=<i=im,

1

, 1
(12 11X POy, 113d60) 2o,
0 BeA,
l=oj=< my

(12>

m, =i

WherePa,i = Z(da,i+r/r!) i’y a & A5
r=0
- 1’2,'“

s My, .

To prove theorem 1, we first give the fol-
lowing lemma:
Lemma 2 Assume the functions f,(z), £,

Cedses 7,Ce)s fr1Ce) and h () satisfy:
dfiCed/de = £ Ced+ (e f,Ce) (13D

and [f;(OO=d,» i=1,2,">Fk (14>

where d;» i = 1,2, ***

stants and

» k are complex con-

Jr+1=0 15>

Then we have f;(z)=0, i =1,2, 5k, in
the case of d| =d,="""=d, =0, and other-
wise
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(5 0 if i>m (16
SO = e 0@ i 1< i<,
where m = max € {1,2,,k}:d;50},

Pi(t) = Z(diJrr/T‘!) e t’s i =152 m.
r=0
17>

Proof of Theorem 1 Assume X () is a
function on R with values in C" which satis-
fies Egs. (1) and (10). Taking their conju-
gate on both side of Egs. (1) and (10), we
conclude that X (¢ ) also satisfies Eqgs. (1) and
(10). From the uniqueness of the solution of
an ODE with an initial value (See David Be-
tounes,> Differential equations: theory and ap-
plication: with Maple, Springer-Verlag New
York, 2001, p.89.), it follows that X(z) =
X(t), thatiss X(zDER", t & R. Hence

X'BX(:)=X{)'BX()= || X || 3
(18>

Assume that

X(t): Efa,i(t)va»i’

a€A

I=<i=n,

19

where f,,;(z) is a complex-valued function.
(19, we have f,,;(00=d,,;» a€EAs i=1,

2,y n, and

Z (M)Uavz‘zxﬂyz‘(t)(’va,z‘—ﬁr/\avm)—
e At
I XCONE 20 foilDv = 20 (o) +

a€A

lsissn,

A = X510,

a€A

I<lisin,
20>
where Sarn +1=0s a & A. Comparing coeffi-

cients of v,,; on both sides of Eq. (200, we
have

df;Ced
dz

By Lemma 2, when a € A\ Ay, f,,; ()=
0, i=1’2,""na’ and when QEA]’

jO if 7 > m,
I P R R

=fin(+ = [ XG5 ).

SaniCt) =

Define a positive function E(z) =

: .
e_Jo X0 Thys we have

X)) = Efa,i(t)%,z = Zfayi(t)‘va,i
aC A a€ 4,
Ississn, 1<,
= Epa,i(t)ejé(h— ”X“)“pd‘?‘va,i
aGAl
I<<isin,
S B+ N g (O,
a€ A,
I<<isin,
-2
and it follows that» % _ 5.
2
E Do i (M, ; But EC0) = 1.
aeA‘ B

Is<isam,

Therefore we get

EC() =
( 1

¢ 3
Il +2.[0 ‘ Z,

2 -3
dé
€4, B
1<i<m,

Now, we can conclude Eq. (12) from
Eqgs. (200 and (21). It is not difficult to veri-
fy that Eq. (12) actually satisfies Eqgs. (1)
and (10). That completes the proof of
theorem 1.

pa,;(e)e/‘ﬁ’va,i (21)

THE ASYMPTOTIC BEHAVIOR OF THE
SOLUTION

In this section, we analyze the asymptotic
behavior of X (z), the solution of the Eq.
(1). First we give the following three lem-
mas.

Lemma 3 Suppose that P(z) is a polynomi-
al with complex coefficients and Q (¢) is a
nonzero polynomial with complex coeffi-

cients. If deg P(z)<deg Q(z), then lim

PC)/QCt)=0. If deg P(t)=deg Q(1),
then lirlrgo|P(t)/Q(t)—a/b| =0 where a

and b are the leading coefficients of P(z) and
QCz), respectively.

Lemma 4 If A is a negative real number,
and PCz), Q(z) are both nonzero polynomi-

als with complex coefficients, then lim | e

(PC(/Q0))| =0.

Lemma 5 Let A be a positive real number,
o be a complex number, and P(z), QC(z) be
nonzero polynomials with complex coefficients
whose leading coefficients are a and b, re-
spectively. Then
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(1) when either Re x> 2, or Re ;#= A and
degQ()>degP () then
lim | P(t)e“/J;Q(ﬁ)e""dG 1=0.

(2) when either Re #+ <2, or Re #= A and
degQ(z)>degP(z) then
lim |

lim [;Q<9>e/‘5d<9/13<z>e“ l=0.

(3) when Re p2= 2 and degQ(z)>degP(z)
then

lim |

1>+ 00

[;Q(@)e/’odﬁ/P(t)e)“’ — b/ pa ¢
eV =0

Theorem 2 Use notations in Theorem 1 and
denote Ay = {a € A;: Re A, = max {Re A,: 8
€A, }>0}. If A,is nonemptys denote As=
{a € Ay: m, = {max mpg: B € A, ). Set
FC) = 272/ + A)<Eg(2), E,(¢)>y,

BEA,
7€ A,

where E, () = d,,,, e/ "y 1y a € As.

Then for any t € R, F(z) is a positive real
number and

lm | XCoO-yo | =0 (22
where

0 if A, = o
Y = (F(t))’EI%A:Ea(t) if Ay~ o0
Proof Let f..;(e) = p,.: (et
+ 2[(1 I ﬂ%} o0y 13d0) 2,0 €

ljssmy
Ay or 1=<Xi<Cm,. If A, is nonempty, let R
max {ReA,: a € Ay }» m = max {m,:a €
Azl

GC) = " VG — 1)1 e el e

1
2 2

[ —
1+ 2[ Z /)‘3,1'(8)6)\!’07)5,]‘ d@J .
TO ] pea, B
l<j<<m
I X = YOI = || X foildv,, — >
a€ A, a€ Ay

I=<"i<im,

s
2
a€ A \A3

I=<is=m,

| feiCed e o,

Then R is a positive number and 72 is a posi-
tive integer. We introduce a new norm ||| * |||

1
on C" ||| Zaa,i’va,i n = « 2 | ag,; 12)2

a€A a€ A

1<, i,

where a,,; € C> a € A> 1=<i< n,. Since any
two norms on C" are equivalent to each other
(Bryan et al., 2000), there are positive
numbers C;> C, such that: for any v & C”
Cilllo <<l vl 5=<C; lllv [ll. Now, us-
ing Lemma 3, 4, 5, we can prove the theo-
rem in 4 steps.

Step 1: To prove that [1irlrc}o | £..:Ce) ] =0 when

a€A1 \ A3 or l<i<7’/la.
Step 2: Assuming A, is nonempty, we can
show that

lim | (G 2—F()| =0.

t>+ o

(235

Step 3: Assuming A, is nonempty, we can
prove that there exist positive constants Cj»
C, such that for any t € R,

Cy<F(2)<C,. (245

Step 4: We will prove Eq. (22). We know
from Eq. (23) that when ¢ is large enough, |
(G 2= F()|<<Cy/2. Then by Eq.
(24D, we know that when ¢ is large enough,

C3/2<<(G())2ZC,+ Cy/2. (25
For any a € A3» by Lemma 3,
' P () _q
Tl G — D1 =
m—1
ZdohlJrr/r! ® tr
lim | =0 —1/=0 Q6

1>+ da,,,,tm_l/(m _ 1)|
Thus it follows from Egs. (26), (24), (25)
and (23) that when « € A; and t is large e-
nough, | f,,,(t) — (F (¢ M) e iy

—0, as t—+ o°. Finally we have

Al 20 A e o+
a€ Ay

l=<i=im,

as»m |
a

1
(F( i ) )—ie\/jl lm)\uldmm v

A

a1
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S funCe) = FG e/ g, e o, || >0

aC Ay

as t—> + oo, The proof of Theorem 2 is done.

PRINCIPAL COMPONENT EXTRACTION
OF MATRIX

We now consider the function Y(z). As-
suming A, is nonempty, set K3 = {A,: a €
Azt and As ;= @€ As: 2, =2} for A€ K.
Then

Y() = (Ezem(lmﬁJrInm)l/(;‘ + o).

HEK,
vEK,

1
T2 Z‘ /=11
< U, Uy >B> € mMu)(

AEK,

27>

where u; = Zda,m Vg1 - It is seen from

«€A,,
Lemma 1 that u; is an eigenvector of A with
respect to A € K3. Since A and X, are real,
we know that A: A € K3} =K; and » uz =
w A€ K. Also from Eq. (27) it follows
that

Y(:)=Y(). Thus Y(:)ER", tER
(28>

Denote by V¢ and Vj the complex and re-
al subspaces spanned by {Y(z): & R} re-
spectively. It is known from Eqgs. (27) and
(28 that V, = P Cuy» Vi = Ve N R

Thus dim V7 is equal to the number of ele-
ments in K3 and

AVie=A(V.NRDZAV. AR"
Q(A@ CAu, ) R" :A@ CQu; )N R"=

V(. m R” - VR (29)

that is» Vj is an invariant subspace of A. It
is also known that any eigenvector of A in V¢
is a multiple of u,. Hence its corresponding
eigenvalue is in Kj.

We may use the identity

Y = (D2 < B0 E,(e) >/ 2y +

BE A

yEA,
U
2,0) 2D E (o (300
a€ A,

where E, () = éd,,,, v,.1» a € Az to verify

that Y (z) also satisfies the neural network
Eq. (1). Before stating Theorem 3, we shall
give some notions.

Definition Let X,(z) and Y,(z) be R"-
valued continuous function on R. We say
that X, () approximates asymptotically to
Y, (e if lim | X, ()= Y, ()] =0 and Y,

(#) is a periodic function.

Clearly, if X,(z) approximates asymptot-
ically to both Y;(z) and Y,(z), then Y,(z)
= Yz( t ).

It is known from algebraic geometry that
there exists a full Leabegue measure densely
open subset of R"*" such that each corre-
sponding n X n matrix A has different eigen-
values and if 2> A, are two eigenvalues of A,
then that Red| = ReA, implies that A{ = A, or
}\1 = }\72 .

Therefore in the case with noise, A al-
ways satisfies the following weaker condition:
If A; and A, are the eigenvalues of A with
maximal real part, then

A1 =2Ay0r A= A,. (31>

The following lemma is easy to check and left
for readers.

Lemma 6 If W is an n X2 real matrix with
rank 2, then the matrix W' W is invertible.

We shall now give the main theorem of
this article.

Theorem 3 Assume that condition Eq. (31)
holds. Then one and only one of the following
cases 18 true.

A. For any initial value X,& R", the so-
lution of Eq. (1) approximates asymptotically
to zero vector. In this cases the real part of
each eigenvalue of A is non-positive.

B. For any initial value X, outside a prop-
er subspace of R"s the solution of Eq. (1) ap-
proximates asymptotically to a nontrivial con-
stant vector Y(X,). In this case> the eigen-
value of A with maximal real part is the posi-
tive number A = || Y ( X0 || % and Y’(XO) is
the corresponding eigenvector.

C. For any initial value X, outside a prop-
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er subspace of R"> the solution of Eq. (1) ap-
proximates asymptotically to a non-constant
periodic function Y(Xj, 7). In this case, the
smallest positive period T of Y (X, ) is in-
dependent of X,. Take z,,,& R with 2(z,
1)/ Te&Z ~and denote t}le real n X 2 matrix
by W = (Y(XO’ i D, Y(XO’ tz)). Then
W'W is invertible. Now we set (W W) !
- a

W AW = <c d )
with maximal real part is a pair of conjugate
A =a +d+ /-1
V2ad —4bc —a’—d*/2 and X. Z=0bY (X,
1)+ A —a)Y(Xyr#,) and Z are the eigen-
vectors of A with respect to A and A» respec-
tively.

Proof Clearly only one of A, B and C. can
hold. Due to Eq. (310, we may only consider
the following three cases.

(1) The real part of each eigenvalue of A
is non-positive. In this case, for any X, &
R", A,is empty and Y(z)=0. A holds by
Theorem 2.

(2) The eigenvalue of A with maximal
real part is a positive number A .

Denote by U the proper subspace of R”

» then the eigenvalue of A

complex numbers

which is the intersection of R” and the com-
plex subspace spanned by {v,,;: a € A A, 7
A»1=<i<<n,}. Then it is known that for ini-
tial value Xy &€ R" \ U we have K;= {1 }.
Set Y’(XO)Zﬁu,\/ | w, Il 5. It follows that
A= | Y ( X2 |l % and Yy ( X, is the eigenvec-
tor with respect to A. By Eq.(27), we have
Yt )=Y(X,). It is also seen from Theo-
rem 2 that the solution of Eq. (1) with initial
value X, approximates asymptotically to Y
(Xy). Therefore B holds.

(3) The eigenvalues of A with maximal
real part is a pair of conjugate complex num-
bers A and A with ImA >0, Re A >0.

Denote by U’ the proper subspace of R”
which is the intersection R" and the complex
linear subspace spanned by {v,,;: a € X5 A, 7
As )La;éA ’ Aaii ’ 1<z<na } Then when X()
& R \ U, K';: {/‘\’X} Set

?(X()’t) || u, ||2+%2\/7]mll<u7

(e

1
Uy >B+%ezmlnw<uw u;>3>2

( e V=T1Ima /*_Umitu/T ) (32)

u, +e

By Eq.(27), we get Y1) =Y (X 2).
It is known from Eq. (32) that the smallest
positive period of Y (X £) is T =2x/Ima

independent of X. It follows from theorem 2
that the solution X(z) of Eq. (1) with initial
value X approximates asymptotically to Y
(X(), t) When L1s tzGR and Z(tly t2)/’][‘6
Z,» Y(Xyr2,) and Y(X»2,) are linearly in-
dependent and form a basis of V. Therefore
the rank of W=C(Y (X4 2,05 Y( X452, is
2. By Lemma 6, W'W is invertible. It is
known from Eq. (29) that there exists a real
2 X 2 matrix A suchjhat AW = WA. Thus
WIAW = (W 'W)DA and A = (W W) !
T — a b

W AW (c d ) )

Let A, and A, be the eigenvalues of A. Set

Zi=bY (Xgr 1)+ A —ad)Y( Xy 125
1=1,2

Since A2—Ca +dOA; + Cad — bc) =0, i
=1,2, we may easily verify that AZ; =2,Z;,
i=1,2. Due to Eq. (300, A, 24,€ a0,
We may assume A; =245 A, =A. Then
A= /11 -

Ca+d+v =1V 2ad — 4bc — > — d? /2>

and Z = Z,» Z = Z,. Therefore C. follows.
That completes the proof.

EXSAMPLE

Considering a 2 X 2 real matrix A =

( _% 2>, and a random initial value X, =

(8 §>, system (1) will evolve asymptotically

to a non-constant periodic function X(z).

We take

(= 1.91865905
X(t')_<—1.25761778>’
[ —0.81851740
Xt = 1.08864150)’

that follows

w :(X(tl)9X(t2))
_ ( —1.91865905

—0. 81851740>
—1.25761778

1.088641507"
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A :(WTW)*WTAWz(? 2)
:( 5.01225265 0.62137115)
—3.25836731 2.987747357°

_a+d+v —1V2ad —4bc — a® — d?

2
=4+ -1
Z =bXCt D+ A —a)X ()
3 [7.08024231 —0.81851740 m}
 12.99580040 +1.08864150 v —1)

then the eigenvalues of A with maximal real
part is a pair of conjugate complex numbers A
and A, Z and Z are the eigenvectors of A
with respect to A and A, respectively.

CONCLUSIONS

We would like to list two most important
cases:

1. The eigenvalue of A with maximal real
part is a positive number A with multiplicity
1. Let v and — v be the eigenvectors of A
with respect to A such that || v || 5 = A.
Then (A — A)CR") is a hyperplane of R"
which separates the whole space into two half
spaces. Any solution of the Eq. (1) with ini-
tial value in the open half space containing ©
always converges to v, while any solution
with initial value in the open half space con-
taining — v always converges to — v.

2. The eigenvalues of A with maximal
positive real part is a pair of complex numbers
A and A> and the multiplicity of A is 1. In
this cases R"=Ker(A?—2 Re A*A + | A%+
DIDCA? =2 Re A*A + [A*[=I(R"), and
Ker(A*—2 Re A*A + | A%+ D) is a two di-
mensional space denoted by P. The closed or-
bit {Y(X,2):2€ R} in Theorem 3 does not
depend on the initial value X, in R" \ (A%>—2
ReAd*A + |22+ DD(R. Y(X,y 1) is just
the periodic solution of Eq. (1) with the ini-
tial value X’y» where X' is the intersection
of the closed obit and the straight line from 0

to the projection of Xy on P.

Hence, all of the constant solutions in the
first case and the periodic solutions in the sec-
ond case have good stability. In fact, in some
sense> most matrices satisfy case (1) or (2D,
or all the eigenvalues have non-positive real
part. In the last cases we can adjust the ma-
trix by adding a suitable positive scalar matrix
so that we can apply the method to compute
the eigenvalues and eigenvectors.

The method is also suitable for complex
matrices with only a little change.
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