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Abstract:

In this paper we will first prove that the nontrivial L, solutions of the vector refinement e-

quation exist if and only if the corresponding subdivision scheme with a suitable initial function converges
in L, without assumption of the stability of the solutions. Then we obtain a characterization of the con-
vergence of the subdivision scheme in terms of the mask. This gives a complete answer to the existence
of L, solutions of the refinement equation and the convergence of the corresponding subdivision

schemes.
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INTRODUCTION

Let @ be a function vector ¢ = (¢!, -,
)" on R, {aCa)} be a finitely supported
sequence of r X r matrices. An equation of
the form

d =D ala)P(2 +— o) (D

is called a vector refinement equation. The
sequence a is called refinement mask.

We consider the solution of Eq. (1),
which is called a refinable function vector.

Let
Dlala)/2

As usual, we assume that the » X » matrix M
has the following form

M: =

10>

0 J 2>

M= (

where lim,, o J" =0.
It was proved by Heil and Colella (1996 )
that if M satisfies Eq. (2) there exists a
unique vector @ of compactly supported distri-
butions such that @ satisfies the refinement e-
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quation Eq. (1) and ¢C(0) = (1,0, =+, 0)7,
where @( &) = (L&), =+, ¢ (£DT denotes
the Fourier transform. Such a solution is
called the normalized solution of Eq. (1).

In order to study the solution of the vector
refinement equation in (L,( R (1< p=
oo ) we define a linear operator:

(3>

The operator T, is called cascade opera-
tor> and the iteration process T.f is called a
subdivision scheme associated with the mask
a. Choose an initial function vector with
compact support fo € (L, (R D))" satisfying
the following moment conditions of order 1:

el fo(2kx) =8y k< Z

where e;(j =1, ", ) denote the jth col-
umn of » X r identity matrix. If the subdivi-
sion scheme T f, associated with the mask a
converges, that is» there exists a function

vector @€ (L,CR D)D" such that
i | 720~ 9 1, =0,
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we obtain that the function vector @ is the
L ,-solution of the refinement equation. Con-
versely, Jia» Riemenschneider and Zhou
(1998) proved the following result on the
convergence of the subdivision scheme:
Theorem A Let a be a finitely supported se-
quence of » X 7 matrices such that the matrix
M = >, aCa)/2 satisfies Eq. (2), and let ¢
=($!, -+, ¢ DT be the normalized solution of
the refinement Eq. (1). If ¢!, =+, ¢" liein L,
(RI(1=p="o0), (!, -+, ¢ are continuous
in the case p =°°), and the shifts of the so-
lution are L, stable, then the subdivision
scheme associated with the mask a converges
to @ in the L, norm.

When the shifts of the solution are not
stable, the situation is completely different.
Even if in the simplest case » = 1 the follow-
ing example is given by Cavaretta et al.
(1991) to illustrate that the corresponding
subdivision scheme may diverge if the shifts of
the solution of the refinement equation are not
stable.

Example: Consider

7

&= Da(HP2 +— )

j=0
The symbol of the mask a is
alz)=1+z2— 23— 2"+ 20+ 27,

It is known that @( ) =(B,(x) + B, (x
—3)+ B,(x—6))/3 is its solution. Here BB,
is the B spline of order 1. It is easy to verify
that the solution is not stable. It was shown
that the corresponding subdivision scheme di-
verges. Refer to Cavaretta et al. (1991) and
Jia (1995) for the details.

From the above theorem we know that
the stability of the solution is crucial for the
convergence of the subdivision scheme. Be-
cause of the importance of the subdivision
schemes for studying the L, solutions of the
vector refinement equation, the relation be-
tween the existence of L,(1<<p=<0) solu-
tions of the refinement equation and the con-
vergence of the corresponding subdivision
scheme has attracted much attention Ccf. Jia
and Han ,1998; Jia, 1995; Jia» 1997; Jia et
al.» 1998). Most related works are based on
assumption of the solution stability.

In this paper we will first prove that the
nontrivial L, solutions of the vector refine-
ment equation exist if and only if the corre-
sponding subdivision scheme with a suitable
initial function converges in L, without as-
sumption of the stability of the solutions.
This gives complete comprehension about the
existence of L, solutions of the refinement e-
quation and the convergence of the corre-
sponding subdivision schemes. Then we also
obtain a characterization of the convergence of
the subdivision scheme in terms of the mask.

First we introduce some notations. For 1
=p=20, (L,CRD)" denotes the linear space
of vectors @= (¢!, =+, )7 such that ¢ € L,
(R)> (1=<i=<r). The norm on (L,(R)" is
defined by

161, : =
J(Z)j’:l || ¢'I ||/§7)1//)’ for 1 <[) < oo,
maxy—;—, || ¥ || s for p = oo,

We say that the shifts of ¢ € (L, (R’
are L, stable, if there exist two positive con-
stants C; and C, such that

ji=1

120 206,Cad¢Ce—ad |,

=C > b,
j=1
Vb, € 1,(Z2),

Another concept related to the stability is
the linearly independent shifts. We say that
the shifts of ¢ = (¢!, =+, ¢")T are linearly in-
dependent if for any ;€ [(Z)(G=1,*s7)

ZZCZ](Q)S&('_ a) = 0,

ji=1 a
15", 7‘)

As usual, let /(Z) denote the linear space
of all sequences on Z, and let [,(Z) denote
the linear space of all finitely supported se-
quences on Z. By [,( Z—C") we denote the
linear space of all u: Z—C" such that u«(a)
=CuyCadss u,Ca))? for some wys s u, €
1,CZ). Obviously we can identify /,(Z—
C) with (/,(Z))" by a canonical isomor-
phism. The norm of u = Cuys=++s u, )" € (1,

(Z )7 is defined by
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||u||p.—<§1 1 1,0V

We also denote by [,(Z—>C""") the lin-
ear space of all finitely supported sequences of
r X t matrices and identify [, (Z — C ')
with ([,CZ>)7*" . Similarly we identify [,( Z
— (D =1,(Z—C") with ([,(Z))".

Furthermore we denote by (,( Z—C""")
the linear space of all matrix sequences b: Z
—C""" such that 6Ca) = (b Cadd ey 1y
where 0, € [,(Z)(1<<j<<r,1<k<<z). We
also identify £, ( Z — C ') with ([,
(Z))7". The norm of b= Cby )<, 1<p<,
in (£,(Z))7"" is defined by

loll,:= {Z,_,II

j=1 k=1

/)}I//)

Let b, be the sequence of r X 1 matrix
(b )i<j<r.1-1 corresponding to the kth col-

umn of the matrix sequence b =
Cbydi1<j<, 1<i<;. It is easy to verify that
ol , = OO Lol gy 4>
k=1
Obviously we have
Lemmal Let ¢ = (¢!, ==, D7 If the

shifts of @ are stable, then there exist two
positive constants C; and C, such that

Clloll,= I 2oCadCe—adl,
S hell, Vo e (,(zr

Throughout the paper the same constants may
represent different values in different places.

EXISTENCE OF L, SOLUTIONS

In this section we first study the relation
between the existence of L, solutions and the
convergence of the subdivision scheme . The
main idea is based on the structure of shift-in-
variant spaces. A linear space S of distribu-
tions on R is said to be shift-invariant if

feS=yfle—jdes, ;7.
Let ¢ be a compactly supported distribution

on R, the semi-convolution of ¢ with a se-
quence is defined by

¢*/a::

MNgCe— Dald

Given a finite collection @ of compactly
supported distributions on R. By Sy(®) we
denote the linear span of {#(* —;):¢ & @;
€ZJ} and by SC(®) the linedr space of all

distributions of the form Z *x ‘ag with ag

¢€<’D
being a sequence on Z for each ¢ & @.

The structure of shift-invariant spaces was

investigated by Jia (1997). We have the fol-
lowing lemma for our purpose.
Lemma 2 Let @ be the compactly supported
normalized distribution solution of the
Eq.(1). Then there exists a compactly sup-
ported distribution vector w = (gl ==+, T
<) such that

1. the shifts of v are linearly indepen-
dent;

2. there exists a finitely supported se-
quence of r X s matrices g such that ¢ =

M olayle— o);
'ysl}x}):S( {¢|" .’¢V});

4. vy is refinable function vector, that is»
there exists a finitely supported sequence b of
s X s matrices such that

v = 2 0(a)p(2 = g).

3. SC{gh

If, in addition @€ (L,(R )" for some p
(1=Cp=<o0), then ¥ can be chosen to be in
(L,(RD)".

Proof We prove 4. The other conclusions
can be obtained from Jia(1997) immediately.
Since SCA{g', ==+, ¢ P = SC{gl, ==+, ¢ ),
there exists a sequence of s X » matrices {d

(a)} such that
v = Zd(a)(ﬁ(’— a).

Noting that both W and ¢ are compactly sup-
ported distribution vectors on R, we have

v = Zd( dPCe— o)
= Ld( >La<5>¢<z-—2a—3>
= Z,(Z,d( )a(ﬁ—Za))Lg(/e)’

\[1(2’—3— k)
= D Cady(2 +— o)

a

(5



Vector refinement equation and subdivision schemes in L, spaces

335

where 6(a) = Zﬁde%)a(ﬁ—zk) .
gCa — B) .

It is obvious that {#(a)} is a sequence of
s X s matrices. We prove that {6(a)} has fi-
nite support. In fact, since the shifts of W are
linearly independent, to each ¢/ there is a test
function «; € C7CR) such that

<gbi('—a),uj>:8,78a0v Vac Z.
(Ben-Artzi and Ron > 1990 ). From Eq. (5 )

we have
w(e /2) = Zb(a)l[/('— a).

Noting that both y and «; have compact sup-
port, we know that 6(Ca) =0 for a large e-
nough.

Assume that f* = Cf1 =, 7€ (L,
(R))". When s=<<r, we define the operator
f=Pf*=Cft -, T Based on the nota-
tions of Lemma 2 we have
Theorem 1 Let the mask a of refinement
Eq. (1) be a finitely supported se-quence of »
X r matricess and M = >, a(a)/2 satisly
Eq.(2). Let ¢= (¢!, -, ¢ )T be the normal-
ized solution of refinement equation Eq. (1)
and 1<C p<Coo. Assume that fj = Cfl,
f02" in CL,(Z))" is a compactly supported
function vector satisfying the moment condi-
tions of order 1. Then ¢ & (L,(R )" (con-
tinuous in the case p = ©0) if and only if the
subdivision T%$, converges to ¢ in (L,(R))"
where ¢, = > ag( adfole— a)d.

Proof Our proof is described for 1=<p < oo,
The case p = © can be treated similarly.

The sufficiency is obvious. Now we prove
the necessity.

Suppose @ € (L, (R D)D" is the compactly
supported normalized solution of the equa-
tion. There exists w = (', +++, ¢)T given in
Lemma 2 such that

v =2 0(Dp2 = o), (6)
O =D aladyle— ). 7

We define the symbol 6(2) for a sequence of
matrices b as follows

b(z) = Zb(k)zk.

Taking Fourier transform in Eq. (1), Egs.
(6) and Eq.(7), we have

PCe)=ule THP(E/2)/2, (8)
w(E) =pCe TDy(e/2)/2, (9
dle)=gle Oy, (10

where a(2), b(2), g(2) are symbols of a»
b, and g respectively.
Hence it follows that

gle Owle)=qle #gle ¥ y(E/2)/2,
Further we have

(;}(eﬂf)g(eﬁs/z) _ &(ew‘s/z)é(eﬂ‘s/z))ﬁ,
(&/21/2=0. (11>

Since the shifts of y are linearly independent,
we have
é,(e—is)g(e— €2y = [ (e im);}(e’ €2y
(12>

It is well known that compactly supported
wE (L, (R)) is L, stable if the shifts of y
are linearly independent. Now we consider
the refinement equation with the mask 6. By
theorem A we have

lim [| Tyfo —w Il ,=0. (13>
Set
Py = Zg(a)fb('—a), (14>

choosing $,(x ) as an initial function vectors,
we will prove

lim || Ty~ 1|, =0.

Define
al(a) == a(a)y
a,(a) = 2a, 1 (Pala —2p). (n=2)

Similarly define b,(a). It is easy to verify

Tidg(x) = Ea,,(a)sbg(Z"x —a)s
Tifolx) = Db, Cad fo(2"x — a). (15

Thus we have
Tio(x) = Dla,(ad$e(2"r — a)
= N (OO g (B (2% — B — @)
= 2,( Za,,uf)g(g — e (2" — B
_ %}d,,(amfo(z"x — B, (16
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where we write d,(f3) = Z aa,l( adg(B—a).
Using the symbols we have

a,(x)=a, (zDalz),

d,(2)=a,(2)g(2).
Consequently
5,l(z)za(z2“ l)‘“c_l(zz);(z). 17>

Noting

é(zz)[;(z)za(z)g‘(z), i

z=e
(18>
we have
d,()=alz2 Da(Da()g()
=a(z? l)‘“&(zz);g(zz)i)(z)
= g(22Dp (Y Db ()
=g(22)p, ().
For k€ Z and a € Z» set

»(a)y k=2"
(k)= {é’
&n 0, k52"

we have
2(22) = Dlglad?e = ggn(k)zk.
It follows
d,(B) = Dig, (kb (B — k)
= Zk:g(a)bn(ﬁ—Z"a).

Hence we obtain
Ty = D1 (D g(adb, (B —2"a)) f,(2"x — B
= Zp)g(;)an(B — 2" £ (2" — B
= Za:g(a)éjb,,(ﬁ)fb(?(x —a) =B,
19

For a € Z the r X s matrix g(Ca) corresponds
to an operator g (a) from (L,(CR)) to (L,
(R ))", the norm of which is denoted as
| g.Ca) |l . It follows

I Tigy — @Il , << D) Il g.Cadl =
| 206, (2" o= a) — ) — wCo— D |,
B

Q20>
Thuss combining Eq. (130, Eq. (15) and

Eq. (200 we have
lim | Ti#o— 611, =0

as desired.

CONVERGENCE OF SUBDIVISION SCHEMES

As shown above the key for studying the L,
solution of the vector refinement equation is to
investigate the convergence of the corresponding
subdivision scheme. In this section we study the
convergence of the subdivision scheme in terms of
the corresponding mask. The main tool is the
joint spectral radius of some linear operators.

The p-nom joint spectral radius of some lin-
ear operators was defined by Jia(1995) as fol-
lows.

Let X be a finite-dimensional linear space e-
quipped with a norm || * || 5 and A be a linear
operator on X. The norm of the operator is de-

fined by

A= sup [| Az |l .

|z l=1

Let «/ be finite collection of linear operators on
X. For a positive integer n» set

J»’/l L= {(Alv"'vA”) : Aly"'
For 1=<p<oo, let

A, € ).

|| o || » = ( Z || A]’...’A” || /))l//).
(A, ADES
For p=oc
|| 5"“/[ ||oo L= maX{H AI,"'yA" || : (Al,"',
A,) € oA

The p-norm joint spectral radius of <7 is de-
fined by
pp (et o= Tim || o 1)
It is well known that
lim [} <" 11} =

inf [| o2 || )7 Q1D

For the mask a € ([,CZ))"™" with finite sup-
port we define linear operators A.(e =0, 1) on

C(L(Z)
Aula) = Dlale +2a — Pulpds
B
u € (L2,

QGZ,



Vector refinement equation and subdivision schemes in L, spaces

337

Let u be a sequence in ([;(Z))" and V(u) de-
note the invariant subspace of A, and A, gener-
ated by w. It is obvious that V(u) is finite-di-
mensional.

Set of = {140’ Al} .

define

Given v € [((Z) we

|oroll, = C
|| A A 7)' ]))l//)

and for p= oo

| /0 || o : = max {|| As”"°Asl’U | o @ &gs"">

e, € 0,111

Consider the convergence of the iteration process
T'$, where 9, is given in the proof of Theorem

1.
T b ()= Tibo () = Da, i (ad P2 x—a)
—~ Za,,<a>¢0<2"; —a)
= >, Z;nqg)a(a — 2R $y(2" 2 — )
NV by (2 —
= _,a,l(aﬁ)( DlaCa) (2" 2 — 28 — o)
82— ).
Set
F(2) = Dlalad$y(2x — a) — ().

Without loss of generality we assume f70.
Now we have

T () — Tig () = _,a,,(,@)f(Z”x 3.

Based on the result of Jia(1997) there exists
compactly supported function vector 6 € (L,
(R >)! with linearly independent shifts such
that

f = Z){(a)ﬂ(‘— a)y

where A is a finitely supported sequence of
X ¢t matrices.

Thus
T S0 Cx) — T (2D
= Za”(ﬁ)( DA(ad)02"r — a — B
B a
= Z(Za,,(ﬁ))t(a - BOQ2"x — a)
a B

= DCa, ¥ 202"z — o)

Since the shifts of @ are linearly independents
by Lemma 1, there are positive constants C;

and C, such that

C2 " la,»all,<<Il T $g— Ti¢o Il ,
<C227ﬂ/l) || a, * A || P
22>

In order to estimate || a, ¥ A [ » We prove the
following lemmas.
Lemma3 Let € [,(Z—>C), 4 = {Ay»
A,}. We have

O la,*pll, = [ 2l s

(2) There exist two positive constants L
and L, independent from n such that

Lyill s vl p << Mot Il

< L, || o |V(/z) || b (23

Proof In order to prove (1) we only need to
prove

a, * pCa) =A A p(yd. Q24

for any a = e, + 2e, + =+ + 2" g, + 2%y,
where €5 ***»¢e,€ 0,1} and yE€E Z.

We use induction on n. For n =1 and «
=¢; +2y we have

ar% pCad) = MalPula - p
= Dlale; +27 — Pu(p
= Asllu()/).
Suppose Eq. (24) has been established for n
—1. Let a=¢€, +2e, + == +2" g, + 2"y,
where 15 ***» ¢, € 0,1} and ¥ € Z. Write
..+2n*2€"+2n*ly
Now for a =e; +2a; we have
an-x_#( )_ Ea”(ﬁ),u(a—ﬁ)
= J<>4an (Palp—=27Dula — B

= Zlan l(al y)Z/a(€|+27 ‘8)/&(3)

a; for e, +2e3+

= _)an—l( - 7)(A5 ﬂ)('}/)
- (a,,,l'X‘AEI/u)(al).

By induction hypothesis we have
a, * #( a)= A, .“Ael/l( 7)
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as desired.
It is easy to prove 2.

Lemma 4 Let A =3, )<<, 1<, € (,(Z
—C""") and A, = (1) 1<j<, we have

(1) |l a, >l » = Cl orxy ||f,' + e+
Y

(2) Let V(X)) be the common invariant
subspace of ../ = {Ay, A,} generated by A,
***» A,. Then there exists a positive constant
L independent from n such that

Ay S

max A vao Il
S

=L max e Tvao Iy (25>

Proof TFrom Eq.(4) and Lemma 3 we ob-
tain 1. Now we prove 2. Because V() is fi-
nite dimensional » there exist a positive inte-
ger [ such that V(Q) is spanned by the set

Y : = {AI.HA}AIQ : (Al’."’ Al) - A,
j:0v1,"'v[’k:1"“yt}.
Thus there exists a constant C; >0 such that

|yl , << C {Eiég( | e Il ,0

for any y&€ Y and all n =1,2,**. Moreover
there exists a positive constant C, such that

et Ty, < Gy fffl,?‘( eyl
(n — 1,2"“)-

Therefore, there exists a positive constant L
such that

It is obvious that
| v l, << T Tyl .

Summarizing the above discussion we now ob-
tain the characterization of the convergence of
the subdivision scheme T7¢, in terms of the
mask.

Theorem 2  The subdivision scheme T7¢,
converges in L,(R) (1=<p=<=)(C(R) if
p = 00D if and only if

0, CAG | v Ayl o) <2Ve,

Proof The proof is also described for 1=<p
< 0, the case p = °° can be treated similar-
ly.

For convenience let p denote p,CAg| viz)»
Al viy?. By Eq. (21) and Lemma 3,4 it

follows that there exists a positive C such that
o=l vl ,<Clla,*all,.
Thus
Q Vg2 " la, *a |l ,.
If T!$, converges, from Eq.(22) we have
im2 " || a, * A 1l ,=0.

n—>co

Hence
2 Vo<1,

Conversely, suppose p<2'”. Let r be a pos-
itive real number such that o< r<2"?. We
can find a positive integer N such that for n

>N
|t Tyoo )" < r.
By Lemma 4 for i =1,2,°**> ¢ we have

e 1y |l M <y

Thus by Lemma 4 there exists a positive con-
stant K independent from n

27 g, x A ||, <<KG27VPr, 3 >N.

Noting 72 Y#<1, from Eq. (22) T"$, con-
verges in (L,(RD)".
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