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Abstract:

This paper presents a two-stage robust model predictive control (RMPC) algorithm named as

IRMPC for uncertain linear integrating plants described by a state-space model with input constraints. The
global convergence of the resulted closed loop system is guaranteed under mild assumption. The simulation ex-
ample shows its validity and better performance than conventional Min-Max RMPC strategies.
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INTRODUCTION

Model predictive control (MPC), which is
also known as moving horizon control or receding
horizon control, has captured much attention of
both industrial and academic control communities
in the last couple of decades because of its widely
successful applications in the processing industries
(Qinetal. > 1997; Morari et al. » 1999; Mayne
et al.» 2000, Li et al., 2001). Currently,
MPC is generally considered as an effective
means to deal with multivariable constrained con-
trol problems. While MPC is successful practical-
ly and its theoretical properties such as feasibility
of the on-line optimization, stability and perfor-
mance are also being explored deeply with regard
to linear systems, very little is known about the
rigorous analysis of its closed-loop performance
and stability properties in the presence of plant-
model mismatch.

The introduction of uncertainty in the system
description raises the question of robustness, 1. e.
the maintenance of certain properties such as sta-
bility and performance in the presence of uncer-
tainty> which are dealt with in robust control
theories. Most studies on robustness consider un-
constrained systems. The problem of stabilizing
robustly a linear system subject to input and out-
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put constraints, especially in the context of
MPC, has received much attention in the recent
control literature. Various modifications proposed
in these literature can be generally grouped into
two main categories: the first one is to minimize
the worst-case controller cost and named as Min-
Max algorithms (Lee et al. » 1997). The main
disadvantage of the Min-Max approaches is that
the computational control performance may be
too conservative for some cases. The second cat-
egory is to minimize a nominal cost under robust
constraints. A significant disadvantage of most
robust control algorithms is that all possible plant
dynamics are considered to be equally likely.
Typical statistical assumptions for a process iden-
tification experiment lead to an estimate of the
joint probability distribution function for the
plant parameters, providing a clear indication of
which parameter set is most likely to be encoun-
tered. So the most robust control algorithms,
such as Min-Max controllers, generally lead to
too conservative performance. Optimizing per-
formance objective based on a nominal model
which is generally the most likely to occur, while
guaranteeing the closed-loop robust stability, is
preferable from the practical point of view.
Keeping to the above argument. Badgwell
and his coworkers developed an alternative

% Project supported by Education Bureau of Zhejiang Province (No.20010539), China



Robust predective control of unceriain intergrating

419

method for achieving robust stability using cost
function constraints. This approach involves op-
timizing process behavior using the most likely
parameter vector (nominal model), while adding
constraints to guarantee robust stability. Badg-
well (1997) showed that the use of cost function
constraints leads to robust stability for a finite set
of stables multivariable systems, subject to hard
input and soft state constraints. Ralhan and
Badgwell (2000a) extended the algorithm to the
case of an infinite dimensional uncertainty de-
scription. Borrowing from the ideas first present-
ed by Lee and Cooley (2000), Ralhan and
Badgwell (2000b) also showed that the cost
function constraints based approach proposed o-
riginally for the stable uncertain systems can be
generalized to the linear integrating systems with
hyperellipsoid uncertain parameters set. But the
convergence property of their methodology is
weak.

This paper develops further Badgwell and
coworkers” algorithm for linear integrating sys-
tems with a bounded set of input matrices. In
order to obtain better dynamic performance, we
use a two-stage optimization algorithm, which
can guarantee the global asymptotical stability of
the closed-loop system by introducing a contrac-
tion factor to the first stage optimization. Even-
tually, one simulation example based on a simple
scalar integrating plant is used to validate its ef-
fectivity and compare its dynamic performance to

the conventicnal Min-Max robust MPC methcd.

PROBLEM DEFINITION

Consider discrete-time linear systems with
simple integrators. For convenience of exposi-
tion, we assume that the model is given in the
following form:

[ 7§+1} [ g } [ 73] [ S( k)}
Z]£+1 0 I z;g BI( (913) k
\ A

A . B3,

% %

QW)

where z;, € R”" represents the state of the
system and w, € UC R? is the limited input to
the plant at time £. The assumption here is that
the current state z;, can be measured perfectly.
A, has all eigenvalues strictly inside the unit
disk. The above form of model can be derived

easily by performing an appropriate state coordi-
nate transformation. All the elements of B(9)
are assumed to be affine functions of ¥, which is
an uncertain parameter vector that belongs to a
convex, compact set 2. The goal of the control
system is to bring the state of the system from an
initial nonzero value to the origin with input con-
straints when the input matrix B (9) is not
known exactly. Let us assume that we have se-
lected one plant from the set 2 as the most likely
plant that will be encountered by the controller,
and that we will use this as the model for the
MPC algorithm. We will refer to this as the
nominal model @. Simultanecusly, 9 denotes the
actual plant parameter, which is not known ex-
actly. The input constraints set U is defined as
the following special convex polyhedral:

U= {u: a™ < oy << o™} 2

CONTROLLER COST FUNCTIONS

MPC controllers typically regulate the plant
state by minimizing a cost function that penalizes
deviations of the state and input away from their
targets. Rawlings and Muske (1993) showed
that infinite horizon cost function based MPC
strategies have good stability property. Similarly
to their formulation, we define the following op-

timization formulation for the proposed system
(1):

rrnn@( 2> 7T L9) =

ret”
S Qs Qu=
[ e 15 e,
JZO FONE Qg Q -tz T
3>
with
2 = Az + D2, A B, @D
i=1
ujGU,jZO,‘“,m—l (5)
ey = 0,01 (6
= Ludsuiul J"
U'=UXxXUX-""xU 7
Here, =z, represents the current measured

state value of the plant, z; are the predicted fu-



420

ZHANG Liangjun, LI Jiang et al.

ture states, and u; are the future inputs consid-
ered by the controller; the constraint u,,+; = 0>
0<</, is artificially imposed in order to control
the size of optimization. The weight matrices Q@
and R are chosen positive definite and Q' =
Qs . Under this constraint, for the stable plant,
its state asymptotically converges toc the origin
and we can easily compute the infinite horizon
controller cost. For integrating plants, however,
setting the input to the origin does not imply that
the plant state will converge to the origin.
Hence, for the integrating plant case we cannot,
in general> bound the infinite horizon controller
cost. One way to solve this problem is to impose
an end-point equality constraint on the optimiza-
tion formulation to force a finite cost value.
However, this end-point equality constraint is
usually infeasible for robust controller designing.
In order to overcome this difficulty, a robust
MPC controller considered here uses two cost
functions: one for the primary optimization to
consider the steady performance, and the other
one for the secondary optimization tc guarantee
the dynamic performance over the whole control
horizon. This two-stage optimization strategy
was proposed first by Lee and Cooley (2000,
then developed further by Ralhan and Badgwell
(2000a, 2000b) for the open-loop stable plants
and pure integrating plants toc design more practi-
cal robust MPC controllers. In this paper, we al-
so adopt this two-stage optimization strategy:
Definition 1: IRMPC At time step k, the
two-stage integrating robust model predictive
controller (CIRMPC) is defined as:

Stage I: Steady-State error minimization

mgw(zk’wk'ék)i(;/£+7n)TQlﬂzv/£+m (8)

w, €

subject to

‘If(zkywk,t9k)<a11f(zk,ivk,t9k), Vﬁkéﬂ
9

w/eGW; Wy — ukJr uk+1+ e+ Up+m—1
10>
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Stage 11: Dynamic error minimization:

m=1

mlv{@( g o l9/e) - 2 szerzleJrz
€

(z/eer) stszrm + 2(2k+7)1) QSIz/e+n1

2 uh Ruy (13)
j=0

subject to:

(‘D(zk’ﬂ/e’&k)< @(z/e’;rk’gk)’ ng 6 Q

QEY)
117'l']e = 'ZJU/;e (15)
U'=UXUX- XU (16)
Up+] — 0’ 0< s (17)
;Ck = STCZ_l’;CO = [0"'0:|T (18

Here z; is the current measured value of the
plant states @y, and 7, represent respectively the
feasible solutions for the two optimizations at
current time step k; w;, and 7, represent re-
spectively their optimal solutions. The current
actual input v, is set as: v, = u; =L 1,001
7, . The weight matrices Qs and Qg are respec-
tively the solutions to the following matrix equa-
tions:

ARAs + Qs =Qs: Qg = Qg + A

Comment In the above, wj, represents the
sum of u, through w, . ,, -1 and W represents the
feasible set for w, + wp+1 + = + wp+,,—1 as de-
fined by U”. Obvicusly, W is a convex compact
set provided that the input constraint set is se-
lected as the special convex polyhedral Eq. (2).

As defined above, the two-stage robust MPC
algorithm consists of two semi-infinite programs.
In stage-1 the overall control action wy, is deter-
The opti-
mal input vector 7, is then computed in stage-11
over the entire prediction horizon with the con-
straint that the sum of the predicted input vector
satisfies optimal solution in stage-1.

19>

mined to minimize steady-state offset.
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ROBUST STABILITY

In this section, We show that the state vec-
tor of the closed-loop system comprised of the
above IRMPC algorithm acting on the plant is
convergent to the origin. To show this, let us
first consider the feasibility of the optimization
propositions in IRMPC formulation under certain
conditions.

Lemma 1 Assume that for all 9€ Q, B,(9)
has full row rank and the individual matrix ele-
ments have the same sign, w, =[0-01" is the
interior-point of the overall input constraint set
W then there exists some 0<< a<<1 for which
the constraints (9) — (12) in the stage-1 opti-
mization remain feasible throughout for any initial
state value and for all possible parameter values &
cn.

Proof At the initial time step,» we adopt the
feasible solution wy =[0+--0]" as in (11 such
that the initial cost function value for any model
is:

‘1’(20,‘{00, 19) — (Z{))TQIZ{) (20)

If the initial state 2} is zeros the constraints Egs.
(9) — (12) are obviously feasible; Otherwise,
we can estimate the gradient of the cost function
under zero input as follows:

Vo, OCz0s wir 9| i, =2B1(9) Qg
Q1D
Since Bj (19) has full row rank and its elements
have the same sign for all ¥ € 2, and z, is
nonzero and & > 0. On the other hand, the
overall input constraint set W' is a convex> com-
pact set that includes the origin as an interior

point. Hence, there exists wy& W such that
Vwollf( 2o Wy 9) HE,O:ljUOwo = (ZB}F( 9)e
QIZO)TUJO<O’ V@GQ (22)

So there exists wyFwgr wyE Wi 0<a<1
such that:

‘I’(z()’ wy» z9)<a‘1’(zo,{o0, L9)’ V @6(2
(23>

It means that the constraints Eqgs. (9) — (12) of
the stage-1 optimization are always feasible for
any initial state value =z, with wy,="L[0-0]1" at

the initial time step.

Assume that we have found the optimal solu-
tion at time step £ —1 ¢ £ > =1), given by
w1 for the first stage and 7, for the second
stages then the feasible solution to the stage-1
optimization at time k£ is:

(245

~ .
wp = 115wy — vy

where v, ; is the plant actual input at £ —1, so
the feasible cost for any model at time step £ can
be written as

U, =Wz, 9) =2l () Qe
(b o)) =
C2t + B(9w ) '@ + B (9w, )=
| =i+ B9, =l 2Q,:
| el B |3 =

(z,ﬁ,ﬁm(w*k,l))TQIzi,Hm(wg,l) (25)

If the predicted state =} 1+ ,,Cww; 1) is zeros
the constraints Egs. (9) — (12) are obviously
feasible; Otherwise, we can estimate the gradi-
ent of the cost function under the feasible input
wy, at time step k:

Vwk‘lf‘(zk, Wy » ‘L')|wk:1‘vk :ZB}F(@)QI(zé +
B[(:Uk):ZB?(lg)quéfl.pm(wgfl) (26)

Similar to the argument at the initial time step,
we can see that there exists 7wy w, € w3 0

< a<1 such that:
‘P'(zk, Wy, » 19)<a‘1f(zk,7jvk, L9)’ V &6(2 (27)

In light of the above argument, the constraints
Egs. (9) — (12) in the stage-1 optimization re-
main feasible throughout for any initial state val-
ue and for all possible parameter values 9 € (.
Remark 1 Though the feasibility of stage-1 op-
timization formulation can be guaranteed
throughout for all the initial state values under
certain mild hypothesis, there is a possibility that
the constraints of stage-1I optimization formula-
tion become infeasible because of the constraint
Eq. (15) on =, (which may be different from
wy ). Hences it should be implemented as a soft
constraint. But according to the following lem-
ma, the optimal plant cost function of the stage-
I optimization formulation converges exponential-
ly to zero and w; —><, such that the constraint
can be guaranteed to be feasible eventually with-
out softening.
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Lemma 2 Assume that for all 9€ Q, B,(9)
has full row rank and that the individual matrix
elements have the same sign. w, = [0 == 01" is
the interior-point of the overall input constraint
set W, then the optimal plant cost of stage-1 op-
timization formulation converges exponentially to
zero and w; —>w, for all initial conditions =, and
for all possible parameter values 9 & 2.

Proof Let us assume that we have found the
optimal solution w); of stage-1 optimization for-
mulation at time step k> then the optimal plant
cost at time step k is given by:

@g i?(zk’w;’5):(;1£+7)7,>TQIZ/£+W:
(2/Q+B[(l§)w/j )TQ[(Zk+BI(l§)w;)
(28

At time step £ + 1, we can obtain the feasible
solution as: w1 = I1Sr, = w; — u; and its
relevant feasible plant cost can be written as:

§k+1i?k+1(zk+l’zbk+l’§):(z/£+1+BI(‘§).
w0 @l + B (9w ) Q9

The predicted state of the plant at time step
k+1 is given as:

2=+ Buy (300

Substituting for =} ., in Eq. (29), we get:

Gy = || e+ BCOuf + B9y |3 =
I 2+ B(Dwy |G =) (31)

On the other hand»> the robustness constraint
Eq. (9) holds for all the model in the uncertainty

domains

T =a W, =W} (32)

Hence;
T, <<d'Uy

Since the plant cost is bounded below by zerc and
0<a<1, we can conclude that the optimal
plant cost ¥, converges exponentially to zero
and w: _>7:U]e .

Then the robust convergence of the state
vector of the closed loop system comprised of the

IRMPC algorithm acting on the plant is summa-
rized as the following theorem.

Theorem 1  Assume that for all 9€ Q, B;(9)
has full row rank and that the individual matrix

elements have the same sign. When the feedback
law v, = u " (2,05 where u”(z,) represents the
optimal solution to the two stage IRMPC algo-
rithm, is applied to the system Eq. (1) with 0,
=39V k then 2,0 and v,~—>0 as £—><° for all
initial conditions zg and for all possible parameter
values 9 € Q.

Proof According the robustness constraint
(14) of the stage-11 optimization formulation and
the weighting matrix Eq. (19), we note that:

@k+1(2k+1’ﬂ:+1’l§)<@k+l(zk+1’ 7TC';€+1’ 5):

D,y »9)—2401Qz 01 — Ui Ry, + ¥,
(33>

Since ¥, is an exponentially converging se-

quence as indicted by the above lemma 2, there
exist a<<1 and b<< oo such that:

W <<bd" V (34D
Hence>

(Pk-*-l < ®k - Zk+1Q2k+1 - ‘UkR'Uk + ba <

k k

D — 2 (271 Qe + viRv) + 2 ba
i=0 i=0

(35

Since the stage-11 cost function is nonnegative,

1.e. (.Dk >0, then:

k
D2 Qriy + vIRY) < By
i—0

VE>0 (36>
For any 0 < a <1, the above right-hand side

sum is a positive finite term when £—>°°, which

k
+ 2 bai ’
i=0

k
means the left-hand side sum Z (27 Qziy +
i=0

v Rv;) also converges to a finite term in the lim-
it which implies
2,—>0 and ©v,—>0 as k—>o°.

Remark 2  Note that Ralhan and Badgwell
(1999, 2000) gave some two-stage RMPC algo-
rithms respectively for stable or pure-integrating
systems without input constraint. The robust
stability guarantee of their algorithms, however
were all weaker, in the sense that if the system
reaches steady-states it reaches the correct
steady-state (no steady-state offset). Our im-
proved algorithm presented here guarantees the
global convergence of the integrating system with
input constraint.
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Remark 3 In Lee and Cooley (20000 a two-
stage Min-Max RMPC algorithm is given for in-
tegrating system with input constraints. Their
algorithm can only guarantee the robust stability
for the systems with time-varying uncertain pa-
rameter. Thus it leads to conservative result for
time-invariant uncertain parameter. Though it
can also improve the stability for time-invariant
parameter by adding contraction constraints, the
resulted optimization proposition is computation-
ally intractable.

COMPUTATIONAL ISSUES

In general, the analytic solution of the IRM-
PC algorithm defined above cannot be obtained
explicitly so that it is necessary to develop a reli-
able numerical solution method. However, the
two semi-infinite programs included in the IRM-
PC algorithm add difficulty in solving effectively
this algorithm numerically. Kassmann (1999 )
concluded five solution methods for this class of
problems. Ralhan and Badgwell (20000 adopted
methods based on discretization and local reduc-
tion for the general case of uncertain variable B.
Discretization methods rely on replacing the infi-
nite-dimensional uncertain set {2 with a finite-di-
mensional approximation. However, this is not
always the case and in general, there is no dis-
cretization set to guarantee that the solutions of
the two optimization propositions are identical.
Local reduction methods rely on replacing the se-
mi-infinite constraint with a single constraint
based on the most limiting parameter, which is
obtained by an inner optimizer in the set. In the
most general cases though, the inner optimiza-
tion must be solved numerically, it is possible in
some cases to obtain the analytic solution by a
conservative approximation.

SIMULATION EXAMPLE

In this section» we will validate the perfor-
mance of the IRMPC algorithm compared to the
algorithm proposed by Lee and Cooley (2000).
For the sake of clarity> Let us define the corre-
sponding algorithm given by Lee and Cooley
(2000 as below:

Definition 2 Min-Max RMPC. At time step

423
ks the Min-Max RMPC is defined as»
Stage 1 Steady-state error minimization:
min maxllf( Zpo 19, Wy, )i( 2/£+WV)TQ[Z;€+W (37)
wEW 9EQ
Stage 11 Dynamic error minimization:
m—1
Inin rnaz@( Zpo Ty 19) = 2 zZ+ink+i -+
rely" V€0 -1
( zl§+m )TQSzEer + 2( ngrm )TQSIzI£+m +
m—1
ug+jRuk +j ( 38 )
j=0
Subject to:
Im,=w, (39
UJGU, ]:07 s m— 1, (40)
u?)7,+1:0’0<l’ (41)

We consider the case of a scalar integrating
plant:

(42>

1= 2+ by,

The actual plant input parameter & is only
known to lie in the range.

1< bbby (43>
The plant input is limited as follows:
—0.15<<u(£)<20.15 (44>

To compare performance for a specific cases
let us assume b, = 4 and by, = 12. When the
nominal model 4 and actual plant input parame-
ter b are both chosen as b,,,> i.e. there no mod-
el mismatch existss the plant responses with
IRMPC and Min-Max RMPC controllers under
the following controller parameters settings are as
shown in Fig. 1.

Q=1; R=0.1; m=3; «a=0.95 45>

Both the IRMPC and Min-Max RMPC al-
gorithms bring the state to the origin from an ini-
tial state of 1. The IRMPC algorithm responds
faster than Min-Max RMPC as the latter still
considers the worst objective in the whole uncer-
tain range, though there is no model mismatch
exists practically.

Fig. 2 shows the same test for the case when
the nominal model 6 =1/2Cb,;, + b, ) =8 and
the actual plant parameter b = b, = 125 i. e.
the worst possible plant on the uncertain inner-
zone. Here the tuning controller parameters are
selected as:
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Fig.1 Scale integrating example responses with no model mismatch
(a) actual plant state response; (b) actual plan input
“+—": IRMPC-based response curves; “ % —”: Min-Max RMPC-based response curves
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Fig.2 Scale integrating example responses with worst model mismatch
(a) actual plant state response; (b) actual plan input
IRMPC-based response curves; % —”: Min-Max RMPC-based response curves
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Q=1; R=10; m =35 «=0.8 (46)

Again, both the controllers alsc bring the
state to the origin and IRMPC algorithm still
gives better performance than Min-Max RMPC.

In addition, from the numerical computation
point of view, IRMPC replaces the muti_- objec-
tive nonlinear optimization proposition. which is
involved in the conventional Min-Max RMPC al-
gorithm,» with a conventional convex nonlinear
programming problem so that it is more compu-
tationally efficient.

CONCLUSIONS

A two-stage robust MPC algorithm ( IRM-
PC) has been presented for uncertain integrating
systems subject to input constraints. Through
introducing a contraction factor to the robust
constraint of the first-stage optimization, the
global asymptotical convergence of the closed-
loop system can be guaranteed under mild as-
sumption. Simulation results for a scale uncertain
integrating system showed that the algorithm
performs well when compared with conventional
Min-Max RMPC algorithms. Further research
will be carried out on the disturbance rejection

property of the proposed algorithm.
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