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Abstract:

The main purpose of this work is to find for any non-negative measure, the relations between the

Gauss-Radau and Gauss-Lobatto formula and Gauss formulae for the same measure. As applications, the au-
thor obtained the explicit Gauss-Radau and Gauss-Lobatto formulae for the Jacobi weight and the Gori-Mic-

chelli weight.

Key words: Quadrature; Gauss-Radau formula, Gauss-Lobatto formula, Gori-Micchelli weight

Document code: A

INTRODUCTION

Throughout this paper> let N be the set of
the natural numbers and P, the set of all polyno-
mials of degree <<n, n € N. For any nonnega-
tive measure dy supported on the interval [ a»
b1, with a a finite real number and its moments
of all orders to exist, then it admits the Gauss
formula of the form

b n
| Cadptad = D wfCad + Ea (s
a i-1
D
as well as a quadrature rule of the type
b
["fCddutad = whCdd ftad +
N ek D+ By () (D)
i-1

which is exact for polynomials of degree <2,
that is»

E(fD=0, VfEP,,. (3)

The latter is called the (22 + 1)-point Gauss-
Radau rule for the measure dg: (There is also an
analogous Gauss-Radau formula, if dg is bound-
ed from the right> when a is replaced by & in the

CLC number:

o241.4

above formula. But the basic theory remains true
except for the obvious changes in symbol, so the
details are omitted). Its interior nodes xX’s are
known to be the zeros of p,(*:dp, s the poly-
nomial of degree n orthogonal relative to the
modified measure dy, = (x — addp(x). The
weights wf = wf(dg) are obtainable by inter-
polation at the nodes a» 25> 255 =++5 28, A more
elegant construction procedure proposed by Golub
(1973).

The first goal here is to show that for any
measure dg> supported on the interval [a> bl,
the Gauss-Radau formula is characterized by the
following
Theorem 1  Let dyt be any nonnegative measure
supported on the interval [ a»> b1 and 28, i =1,
255 1> be the zeros of the nth degree orthogo-
nal polynomial associated with the measure dys,
= (x — a)dp. Suppose further that the measure
dype assumes the following formula of Gauss-
Radau type

n

D) +

b
Jf(x)d;z(x) = wffla) + .
. 4

E,, (.

We then have for the weights
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R _ 1 Jb . that the measure dy assumes the following for-
0T pCasdp) ap"( i dps dpeCd, 5) mula of Gauss-Lobatto type
— ;o — eee b n
UJF - xi_awz’(dﬂa)’ 1 =1, s 7> Jf(.]j)d#(x) _ w%f(a)—F Zz@f’f(‘rf’)—l—

where w;(dg,)> i =15, n, are the Christof-
fel numbers for the modified measure dg, .

If further; the nonnegative measure dy is al-
so bounded from the right, then there exists a
so-called Gauss-Lobatto quadrature rule of the
following form

n

DTk ) +

i=1

Wb FCB) + Egy (s (6

b
[f(x)d)u(x) = whfCad +

a

which is exact whenever f is a polynomial of de-
gree at most 2n + 1,

E2n+1(f) = 0’ f 6 P2n+1'

The interior points a+ are the zeros of p, (*;
dsz,,, > the nth degree polynomial of orthogonal
with respect to the modified measure dg,,, = (x

7

—a)(b — 2)dp(x), and the weights wf are
obtainable by interpolation at the points a» wf»
eee, ,va; . b.

There is an analogous eigenvalue-eigenvector
procedure also proposed by Golub(1973) . Gauss-
Lobatto formulae are then computable by the QR
algorithm in light of Golub’s theorem. This
works quite well as long as n is not too large.
When 7 becomes larges one encounters solving a
singular system. For the Legendre measure, this
happens starting with 7 =79 in single precision,
and beginning with 7 =543 in double precision.
This phenomenon was reported in Gautschi
(2000b).

One way to correct this problem is to re-scale
the orthogonal polynomials. Accuracy, howev-
er»> is improved if the weights are computed sepa-
rately. We shall develop explicit expressions for
the weights in terms of n, a> 35 pletbary
(x; Vs which enable us to cbviate the need of
computing eigenvectors. This is somewhat anal-
ogous to that of the Radau case.

The second purpose here is to prove:
Theorem 2  Let die be any nonnegative measure
supported on the interval [a>bJ and ¥, i =1,2,
***» 1> be the zeros of the nth degree orthogonal
polynomial associated with the modified measure
detey = Cx — a)(b — x)dp. Suppose further

i=1

'w];ﬂf(b) -+ E2n+1(f)- (8)
We then have for the weights
L J— 1 L]
T (b — ap,Casdp,,,)
b
J b — 2p,Casdpy., 2 dpCa),
_ 1
W= (= (b — i)
1 = 17"" >
J— 1 L]
Wit = = p,Cbrdpy)
b
J (x — a)p,Casdp,,, 2dpuCxd, (9

where w,;(ds,,,)»i =1, **s n are the Christoffel
numbers for the measure dy,, ;.

Gori and Micchelli( 1996 introduced the fol-
lowing weight function class to consist of all non-
negative integrable functions w on [ —1,1] such
that

w N 1 - x2 - 2/‘01(71))’]‘2[,1(.2:)7 n 6 N9
=0
(10>

where the prime on the summation indicates that
the term corresponding to [ =0 is halved. They
proved in the same paper that for any weight o
& W,,» the nth orthogonal polynomial relative to
the weight w is T, (x> the Chebyshev polyno-
mial of the first kind. In the sequel, we shall call
it the Gori-Micchelli class and its element the
Gori-Micchelli weight. See Gori and Micchelli
(Goriand Micchelli> 1996) and Yang and Wang
(Yang and Wang, 2002) for the Guass-Turan
quadrature relative to it.

The last goal is to apply Theorems 1-2 to the
Jacobi and Gori-Micchelli weight functions to
find explicit expressions for the weights wf, i =
0515°*»n and wiL,i:O,l, *sn>n+1in the
Gauss-Radau and Gauss-Lobatto formulae re-
spectively. It should be mentioned that explicit
expressions of the Gauss-Radau and Gauss-Lo-
batto formulae for the Jacobi and Laguerre
weight can be found in Gautschi ( 2000a ),
Gautschi ( 2000b) and Davis and Rabinowitz
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(1975). But our method is simpler than theirs.
Besides, explicit Gauss-Radau and Gauss-Lobat-
to formulae for the Gori-Micchelli weight to our
best knowledge are new.

PROOES OF THEOREMS.

Proof of Theorem 1 It is easy to check that
the fundamental interpolation functions at nodes

a»xys» "t x, are
(
Pulxidp) -
plasdp)’ ifi=0
1.Cx) =
! (I — a)pn(‘r;dﬂa) i 0
Ca; — adp, CayidpD’ it220.
ap

So it is trivially true for the first equality in Eq.

(b

(5). For the seconds we have by interpolation
theory

ot Cx = ap,Casdp)

ujgz _Ja (xi_a)pn/(xi;dﬂa)
1 Jb ppCasdpe,)

x; —al, Caxp —adp, Caisdp,

dpCa) =

)d#a(x) =
mi(d/xa).

This proves the theorem.
Proof of Theorem 2 It is easy to see that the
node polynomial in this situation is
(x—a)Xa—]](x -2 =
i=1
(x—aXax—b)p,Caidu,,,)s

up to a multiplicative factor. Thus, the funda-
mental interpolation functions are

— 2)p,Cxsdpy,,,)

lo(x;d;za,b) =

(b — adp,Casdu,.,)’
(x —adXb— 2)p,Casdp,,,)

Zi(x;dpa,b) == (xi

(x —

—aXb— x)(x — 2)p, Caisdpy,,)

s 1 = 1s s m>

adp,Casdpy,,,)

ln+l(x; dﬂavb) =

The proof is finished after a direct calculation
b
using wh = | 4,Crsdu dpCads i = 0,150,

n,n—l—l.

APPLICATIONS OF THE THEOREMS

Theorem 1 is simple but very useful for de-
riving explicit expressions for the weight when
the measure is dy = w'“? dx, the Jacobi
weight.  More precisely, the Gauss-Radau
weight coefficient wf, defined in Eq. (2, is re-
lated with the Gauss weight(i. e. the Christoffel
number) .

_ L
W =

+ x,

w;a,ﬁJrl)

y 1 = 1’27"'771. (12)

i

In order to compute wh > we have by Theorem 1

1
“w}g = P(ﬂa,ﬁﬂ)(_ D ‘

1
j Pt D@ P d s
-1

where PP (%) is the nth Jacobi polynomials

b —adp,(bidp,,,)’

relative to w0 “?" P (). Gautschi(2000a) ob-
tained

1

|" PP Coda =

-1

I'Cn + a+ 1)
I'n+a+B+1)
(13

And it is well known from Szegs (1938) that

(= D2 PP+ 1)

Pes(— 1) = (= D™ : A aw
Thus,

ok = 24 P(B+ DI+ a + 1D

<n+f+1>l—‘(n+a+‘8+2).
(15>

Now explicit expressions can be found for wf, i
=051, """, n, since the Christoffel numbers
w P, =1, -, n, are exactly the coeffi-
cients for the Gaussian quadrature rule relative to
the weight function w'“#*”(2). From Eq. 15.
3.1 Cwith B replaced by B + 1) in Szego
(1938), we have
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B 20P2P(n + o + DI + B+ 2D B

C ICn+ DI+ a + 2201 — 2,001 + xi)z[Pfl“’ﬁH)/(xi)]z n
2°FQ2n + a+ B+ 3T (0 + a+ DI + B+ 22 — ) .

i+ Dt at B+2TCn +2ITCn + a + B+ DLP PP !

wff

= 1,

s M

since 2n +a+ B+3)(1 — 2DPEP Y () =
—2n+ 10+ a+ ,8+2)P§,“+’é?+1)(xi) by the
second relation in Formula Eq. 4. 5.7 of Szegs
(1938). Thiss together with Eq. (15), com-
pletely gives explicit expressions for the coeffi-
cients in Gauss-Radau quadrature rule with re-
spect to the Jacobi weight. Other possible explicit
expressions, such as in terms of n, a> 35
Pl (20, Plef™ (2D can be found in
Gautschi( 2000a). There, Gautschi uses a dif-
ferent method to get explicit expressions for wf»
i=0515°5nm.

From Theorem 2 to the Jacobi weight, we
obtain

(16>

for the Jacobi measure w'“® (x)dx, then the
Gauss- Lobatto weight wf for the same measure
can be obtained via

240 PCa + DB+ 1)

wh = whin = ICa+ B+ 3
(n+a+1>
n
(n+ﬁ+1)(n+a+ﬁ+2>’
n n
U)% = %‘U}Eai—l’ﬁ-ﬂ)’ 1 = 1’2,"" n. (17)
1_.2:1‘
Proof It is easy to see that wh = wk, | since the

change of variable +— — x converts w'“® (x)
into w®* (x). Using Eq. (13) (with a re-

Corollary 1 If w{*? is the i-th Ga ight
« s et Hss welg placed by @ + 1), one easily sees by Theorem 2
1 ! (a+1»ﬂ+l> (0(+1,ﬂ)
wh = S PETED( 1){71Pn (2w (x)dx

o (— 1)" a+f+2 F(n + a + 2)
) - 1)2 reg+ 1 I'Cn +a+ B+2)
(n + a + 1)
a+B+1
2 I'(ag + 2B+ 1D n (18)

I'a+ B+ 3

The last equality holds because of Eq. (14). The
second equality in Eq. (17) is a straightforward
consequence of Eq. (9),

This corollary, together with the explicit ex-

<n+ﬁ+1><n+a+‘8+2)'

n n

pression for the Gauss weight (Eq. 15.3.1 in
Szeg(1938) with a replaced by « +1, 8 by 8
+ 1 respectively), gives

(n + a + 1)
k= k., = 2 e + 220(E + 1D n
0 el I'Ca + B+ 3) <n+ﬁ+1><n+a+‘8+2>,
n n
ok = 253 (g + n + 2B+ n +2) e (19

This allows us to compute the Gauss-Jacobi-Lo-
batto weights directly and obviate the need of
computing eigenvectors. A different but some-
what more complicated method to derive explicit
expressions for wf»> i =152, "

posed by Gautschi (2000b).

**s ms Were pro-

I'Cn + DICa + B+ 0+ 3L — 2DOPE Y ()P :

Gauss-Radau and Gauss-Lobatto formulae for the Gori-
Micchelli weight

We first consider the Gauss-Radau formula of
the form
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1
J 1f(x)wdx%/1§(w)f(—l)+ that
- 1 > 1
(wde = 3 pCwd| )Ty,
N ARCa) fCa). Q0 J-lf Pwdr = 2w )T, (x
it . dx
which is exact for f& P,, -, and where the inte- VA
rior nodes ;5,7 =1, "> n — 1, are the zeros of 1 ¢ )Jl o dr
the (22 — 1)-th orthogonal polynomial p, ;Cx;s PR BT 1 - 2
(1 + x)w) relative to the modified weight (1 + i/ ¢ )Jl ) () dr
xJ)w. We have - o w 71f )Ty, (x m =

Lemma 1 For any weight & W,, n& N,

Dol (1 + 2w = V, (), (21D

up to a constant factors where V, (2D is the
(1 — 1)-th Chebyshev polynomial of the third
kind.

Proof For any ¢ & P,_,, we obtain from Eq.
(20) and orthogonality that

| o
J 1q(x)Vn,1(x)(1 + 2)wdx = Z/pz(w) .
- 1=0
Jl (xOV,_ (DT (I)(ler)d—x =
71q 7171 2[71 m
1 ! dx
—o0oCw) » (x) (2 ) —
5 ool w J_qu Vol + & m—!—
o] TadgladV, (T (a4 =
P1hw ] x/qix n—1~& 2~ m -
1 ! 1+
E‘OO(w)J,lq(x)V”’l(I) 1 _dex = 0.
Q2>

The third equality holds since (1 + x)qV, | &
P,, » and orthogonality.

We now derive the coefficients for Eq. (20).
The coefficients AXCw D> i =0,1,"»n— 15 in
formula Eq. (20) for any weight w& W, are e-

qual to py Cw ) times those for the weight
1

V1—22

Lemma 2 Let w& W, and AR (w), i=0,1,

***»n — 1, be the weights of Gauss-Radau for-
mula relative to it. We have

More specifically, we have

AF(w) = %‘Oo(w)wfe’ i =015n—1,
23>
where wf are Gauss-Radau coefficients for the

1
. 1— 22

Proof For any f&€ P,, ,» it is easy to check

weight

Zonw) b f— D+ guffui)}.

This finishes the proof. Next, we consider the
Gauss- Lobatto formula of the form

1
[_1f(x)wdx ~ 25Cw) (= 1) +
n-1

DIALC) ) + ALCw) F(1D) (24D
i=1

for any Gori-Micchelli weight wo. Here x;5 1 =
15**»n — 1, are the zeros of the (7 — 1) degree
orthogonal polynomial with respect to the modi-
fied weight (1 — x*)w(x). First> similar to the
Gauss-Radau case just treated> we have

Lemma 3 For any weight w& W,, n& N,

Puilas (1 — 2PDw) = U, (x5 (25

up to a constant factor, where U, ;(x) is the
(2 — 1)-th Chebyshev polynomial of the second
kind.

Proof The proof is straightforward, so we
leave out the details.

Analogous to Lemma 2, we have

Lemma4 Let w&e W, and AF(w), =051,
***, 1> be the weights of Gauss-Lobatto formula
relative to it. We have

A%(W):%po(‘H))‘LUfy ZZO’ 155 n>
(26)
where wh are Gauss-Lobatto coefficients for the
1
J1-22
This lemma in combination with Corollary 1

(with 7 replaced by n —1 and a = 3= — 1/2)
leads to the following

weight

25Cw) = Ah(w) = ﬁpo(w),

Af‘(w) = ipo(w), i=1,n—1. Q7
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Therefore, we conclude with the following.
Theorem 3 For any weight w& W, n& N,
the Gauss-Lobatto formula takes the following
form

1
[_1f(x)'wdx = %‘oo(w) {%f(— D+

S Ao ) L) + By,
i1 n

which has algebraic degree of precision 272 — 1.
We end this section with some examples of
Gauss-Lobatto formulae relative to weights in the
Gori and Micchelli class. The first and the sim-
pliest is the Chebyshev weight of the first kind.
It is trivial to see (py(20) =2 in this case) that

! dx
) —dr
J_l /1_x2

3 Hloos e Lo} v g, @
i=1

_om (1
_n{zf( 1+

The second example is when the weight wo(x)

B ’J[‘,Zlm(x)dx
V11— 22

to check that oy (w) =

s, neENU 0}, nE€N. It is easy

1 (2m

4m( - >, so the Gauss-
Lobatto formula associated with this weight as-
sumes the following

L IGodr e (2m (1

J_lf(x) J1- 2 22m,n< m >{2f(—1)+
n—1 .

Ef(cos%)—!— %f(l)} + Ey 1 CF).

i=1

When 7 =0, we get Eq. (28) again.

The last example is with the generalized
Gegenbauer weight ( see Gori and Micchelli
(1996) and references therein) | U, (x)/n
|22 — 2% €[ — 1,11, It is easy to see
that

_ LF L 2yig.. —

polw) = NETET 71(1 " tdx =
4)(-*-1 ( )
— 7 BA+ 1,4+ 1),
n* e

where B(*,*) denotes the beta function. Now
we obtain the Gauss-Lobatto formula for this
weight.

1
J_lf(x) U, Cx)/n 12271 — 22%dx =

222 B+ 1,4+ D1
. 5 { JC=10 +

2
ilf(cos%)+ %f(l)} + Ey (s

which is exact for f& P, .
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