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Abstract:  In this paper, we prove some limsup results for increments and lag increments of G(¢), which is
a stable processe in random scenery. The proofs rely on the tail probability estimation of G(¢).
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INTRODUCTION details. For example, the model can be viewed
as follows: if a random walker has to pay the

Let Z, Ny and N denote the sets of inte-
gers, non-negative integers and positive integers,
respectively. And let ¥ = {X;},c, denote a se-
quence of real-valued random variables such that

EX, =0and EX} =65 Vi€ Z.

Any realization of the sequence {X;};c, is called
a “random scenery”. Let y= {Y;};cy be a se-
quence which satisfies

EX; = 0and EX? = 6% Vj € N.

We will assume that the collections y and y are
defined on a common probability space and that
they generate independent o fields. Let Sy =0

and, for each n© N, let S, = 2 Y;. then S=

{S, },,EN is a random walk on R starting at Sy

=0. If v is a sequence of integer-valued random
variables, then S is a random walk on Z. Now
for each n€& Ny let

g, = DIxASD. (D
k=0

The process G = {g, : 7€ Ny} is called random
walk in random scenery, on which see Kesten

and Spitzer (1979) and Révész(1990) for more

amoumt of X; dollars whenever he visits the site
i» then g, is the total amount he pays during the
first n steps.

There is a continucus analogue for G intro-
duced and analyzed by Kesten and Spitzer
(1979). To describe this, Let Y. = {Y ()¢
=0} denote two standard Brownian motions and
let X = {X(2):22=0} be a strictly stable Lévy
process with index a(1<a<<2). We will as-
sume that Y., Y_ and X are defined on a com-
mon probability space and that they generate in-
dependent o-fields. And we will define a two-
sided Brownian motion Y= {Y(z):: E R} ac-
cordint to the rule

=y (- ifr<o.

Give a function f: R—>R, we will let

| peadayCer = [ ptaddy. (o
R 0

+ J:ﬂ— dY. ()

provided that both of the Ito integrals on the
right-hand side are defined.
Let L= {L(z, 2):22=0, x& R} denote the

jointly continuous version of the local time pro-
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cess of X» in the sense that for any measurable
function f: R—>R and for each =0,

th(X(s))ds = J JCadL(tradda.
0 R

With this in mind> we can define the following
process well. Let

G(): = JRL(t,x)dY(x) Vi=0 (2

then G = {G(z): =01} is called a stable process
in random scenery.

Remark A Since X is a strictly stable Lévy
process of index a(1<a=<2), it is self-similar
with index a '. The process of local time L in-
herits a scaling law from X: for each ¢ >0,

{Il(CtLI):Z > 0, x &€ R}; {Cl_l/aL(t’
V)1 =0, € RY.

Since a standard Brownian motion is self-
similar with index 1/2, it follows that G is self-
similar with index §=1—1/2a).

RESULTS AND PROOES

Before we state the results, we shall give a
notion. Throughout this paper we denote log x
=In max f{e>x}. And let G be a stable process
in random scenery, defined by Eq. (2). (1<«
<2) is the index of the Lévy process X.

Cséki et al. (1999) and Zhang (2001a, b)
proved that g, can be approximated by G (z)
under some suitable conditions. This work is
aimed at studying the increments of G(z). Here
are our main theorems.

Theorem 1 Let h >0 be a real number, we
have

GG+ 5)— G|
2 28 0 og(1/ D/ 7OV

<1 a.S.»
3

where 3=2a/(1+a), §=1-1/(2a) and ¥
= y(a) is a positive real number whose value
will be defined in Lemma 4.

Theorem 2 Let ay be a continuous function of
T, 0<ar<<T, then

OsupBT|G(t+s)—G(t)|<1
4)
= a) Llog CT/ar) + loglogT )/

hm sup su
O

hm sup _sup

oo T 0]

a.s.»

where 87!

Y Ve,
If we have also (1D ITLrET =p» 0<p=<l1,
then

lir{mljoupﬁﬂ G(T+a)—-G(TY|=1a.s., (5
1irgg§oup0<§y£ BrIGCt+ar)— G| =1a.s.,

(6)
hmsupsg;z,@ﬂG(TﬂLs)—G(Tﬂ =1 a.s.>
B 7
hrfLiuPO\,S\Pa 0<Nﬁ,@ﬂ Gr+s)—-G()| =1
a.s. (8
Theorem 3 We have
hmjoupoggglc}(?r)—(;(?r—t>|/d<7r,z>_
a.s.» 9
hmsupsug 215_1?|G(5)—G(s—t)|/d(]“,t)
=1a.s.> (10>

where dCT5 ) = 2 {log(C T/ ) + loglogt )/
Y.

The proofs of the theorems depend on the
follwing lemmas.
Lemma 4 (Khoshnevisan and Lewis, 1998) Let
A=0, then there exists a positive real number ¥
= v(a), such that

limA PlogP {G(1D=A1}= —

A—>00

(1

Lemma 5 For any € >0, there exists a con-
stant C= CCa»e)>0 such that the inequality

P{(ng ]0§u9h|G(t+s)—G(t)|>h8)t}<
@7lexp{ (1—e)*} 12>

holds for every positive A and h<<1, where ¥y =
¥Ca) is a positive real number which is specified
by Lemma 4.

Proof By Lemma 4 and Remark A, we obtain
obviously, for any € >0, there exists a positive
real number Ay = A¢Case)s such that

PG+ h)— G| =2 I<<2exp {—
(1—e/2>7%} (13>
holds for every positive h<<1 and A=2,.

Using again the above notations, for a posi-
tive real number # and integer r, let z, =

[2:1/27 = 2<e<z>/2f>,

j=0

where ¢ =
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Z(sj(t)/Z]), Eo(t) = 09172""; Ek(t) - 09

=0
1, for k=1,2,*5 and &,(z) should not be i-
dentically 1 from some %k on. Alsc write R=2".
Clearly, for each w& Q, and s, 2, fixed, We
have

| GCt + s — GG || Gz + 5),) —
G I+ 2 1 Gt + s, — G +

J=0

S)r+j) |+ Z | G(tr+]‘+1) - G(tr+]) |

-0
Observe that
su sug)h|(t+s)r—t,|<h+R71,

O<<r=<1—h 0<s2
sup sup | Cz+ 5D — (e + 5D, | <<
0=<=<1-1h 0<s%h

27(r+j+1),

-(rtj+1D
sup sup | &4 iip— 44| <2
Oétép—h o<s£/z| rritl r“'\ ’

for any positives & <1, and non-negative inte-
gers r»j. So by Eq. (13) and the definition of
the stochastic process G = {G(z): :2=01}, we
have

P{lsup sup | GCt + 50 — G | = Ch +

O===1-h 0<s=h

R™D% + 22,27 )%} << 2R(Rh +

=0

Dexp{— (1 — /2>y } +8R D) 2exp -~ (1 —
=0

6/2)}/1}8}

for any positive u = A¢» x; = Ag. Put x; =

Y B BYI/B
((1_6/2)y+u) » then
Plsup sup | GCz +5)— G 1= ulCh +

<<r=_1-h 0<s=h

R 4 2(R™1DT(2771)0) 4

=0
2R

j .2l Ve
(1 —e/2y 2 e’ =

(2R(Rh + 1) + 8R >, (2/e)exp {— (1 —
j=0
e/ 27},

Put R =2" such that R<<k/h<2R, where £k is
a positive constant which is large enough and will
be specified later on. Then

2RCRR + 1)+ 8R >, (2/e) << 2kh '(k + 1)

J=0

+8kh ' 232/ =: A 'RCE+ 1) = Ch ',
j=0

where A is a positive constant which does not de-

pend on k. Here C= C(k) is a positive constant

only relying on k. In the sequel, C only indi-

cates a constant> which can take different values

in different places. Alsos

u(Ch + R™D? + 2(R™DI 727D +
=0
2a—1

> : /g
-1y¢ - +a('+1)
2(R™D ]20:(%(1 iR ) <

wh®CC1 + 2/kD% + 202/ > (2771)9) ¢
j=0

A Goye

5 SNV i
2n°(2/ k) Zé((l_ L5y

R Cu (1 + i/k)ﬁ + G/FE + B/E,

where G, B are positive constants not relying on
k. Now letting A = «((1 +2/k)° + G/E) +
B/, then

P{suwp sup | GGz +5)— G | = A <<

O=r=1-h 0<s=h
Chilexpt (1 — /207 << Chlexp = (1 —
S))/Aﬁ}s

where the last inequality follows from the in-
equality

_ A=B/E A
CAH2/R+ G/ ((2—e)/(2—2e VP
for any given e >0 upon taking % large enocugh.
This proves our lemma with A=,(e), while it
is trivially true for A € (0, Ay). Sinces in the lat-
ter cases the right-hand side of Eq. (12) is larg-
er than one for C big enough.

Lemma 6 For any € >0, there exists a con-
stant C= CCa>e) >0 such that the inequality

P {su | GCt + ) — GG 1= AT <<

O=<t=_1-h 0<s<h
CTh 'exp & (1 — eDyf}
holds for every positive A» T  and h<<T"» where
y= 7Ca) is a positive real number which is
specified by Lemma 4.
Proof This lemma follows from Eq. (12) and
the following observation: for any fixed T >0,
we have

G 01T G e/ T 0==1=T).

Remark The proofs of Lemma 5 and Lemma 6
come from the idea of Cstrgd and Révész

u

SU]
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(1981).
Proof of Theorem 1 Let A, = sup. suph| Gz
+s)—G()|. We apply Eq. (12) with A = (1

+3e) (og(1/h)/ YV, for any 0<e<1/3,
then

A, } L.
Pta(log(l/h)/y)”ﬁ =1+ 3e|< O
exp {— (1 — )1 + 3e)Plog(1/h)} << Ch
Take T>1/e> and let h,=n" "5 for n=1,2,

***, then
=1+ 3€}<

and the Borel-Cantelli lemma implies that
Ah"

18 QogC1/ h, )/ yOVE

1+ 3¢ a.s.

Let us take h, . < h<<h,, for n =1,2, ***,
then for each w € 2, and 0<e<1/3, we have
Ah"

R Uog(1/h)/ OV

Ay,
R Cog(1/ D/ Ve
A, (o)
R CogC1/ k) ¥V R,
1+ 3¢ a.s.

Whence we obtain Eq. (3).
Proof of Theorem 2 This will be given in two

[~

P Ah
= (R og(1/h, )/7)1/5
CZ n < oo

n=1

<

lim sup

n—>00

=

lim sup
h—>0

<

lim sup

n—>00

steps.
Stepl: Let ACT)= S Sup gup,@ﬂ GCr+s)—
G()|. We will prove

lirrleoupA( TO=1 a.s. s>

Proof For any 0<<e<1/3, take a positive real

number 0 such that 1<<0<1 +e, write

A= {T:0<T/ar<6"')

A/ej: - {T1@j<af<0i+1, TEAk}s

for any integers £—=0 and j. We have

hm supA(T) = hm sup su EA( 'J[‘)<l11k'n sup
(96|G(t+s)—G(t)|

(O {ogl Flogd )/ y Ve
(16>

Sup
0=

sup
Po<s<g

On the other hand, by Lemma 6, we obtain
|Gt +5)— G|
(G {og(Blogd 7))/ ¥ 3Ve
>1+3e}<W texp (= (1= (1 + 3¢ ) Hog
(G logl D= " 1" (ogh) 1",

Observing

i ie—ksj—(krs) < oo,

i=1 k=1
together with Eq. (16), we proof Eq. (15), by
the Borel-Cantelli lemma and letting § —1.
Step 2: Let B(CT) =B, (G(T + a;)— G
CT)). Suppose that Condition (1) of Theorem
2 is fulfilled> then

linleoupB( TO=1  a.s.

P{ sup

sup
Po<s<d !

0=

17>

Proof Let T, =exp {k”} for k=1, where p>
1 will be specified later on. And for any positive
e<1, define ¢ = ((1 — &)/ yOV?, this implies
that y¢*=1—e.

It is easy to see that the proof of Eq. (17)

can be reduced to the following result: for each
0<e<1,

liIIkLOSOUpSIe>0 a.s.» a8

G(TkJFaT)—G(Tk)
where &, = s —
aTk

¢(log( ’][‘k/aTk) + IOgIOng )1//3’ fOI‘ k 2 1.

By the definition of 1}, there exists an inte-
ger Ny =1 large enough such that T} + a7k<
2T, =<<T}+» for each k==N,. Thus, by Propo-
sition 3. 1 of Khoshnevisan and Lewis (1998),
the collection of random variables {&,, k=N, }
is pairwise positively quardrant dependent. So it
would suffice to establish items (a) and (b) of
Proposition 4.1 of Khoshnevisan and Lewis
(1998). Using Lemma 4, we have

logP{5k>0} )/955:—(1—8).

lim =—

k>0 log(( Tklong )/aTk )

Let 1 —e<g<1, then there exists an integer
N,>=N, such that, for each k2==N,, we get

P {Ek >0}> (aTk/( Tklong))q

And let 0 < h < p=<1, by condition (1), we
know we can take an integer N;—=N,, which
satisfiess for each £ =N3> aTk/ T,=h. Hence



Scme limsup resulis for increments of stable processes in random scenery

83

taking 1< p=<<1/q,> we obtain

Z(QT/( Tylog T = CD k7 =

k=N; k=N;

COk! =
k=N,

co,

which verifies (a).

And clearly Var(CGCT; +ar ) — GCT;0)/
a’%)<00, forj=1,2, s Put 0<< A :1/(1

+h)<1 in Theorem 5.2 of Khoshnevisan and
Lewis (1998), then, there exists a positive con-
stant C= CCa> 1), such that

GCT + ar) — GCT)

Cov(£.8) = Coul

S ’

“r
G(T, + ar) — GC Tk)) T, + ap | V2
a%« ~ Tk i a’fk ’

k

for N3=<j<<k. While

T+ ar 27, Jk
L “r) _ -1
Ty + ar T, = 2exp { ) jxp dx } <

2exp — pi* 'k — jO}.
For j==N3» let b;=exp {—p* 1/(2a)}, thus

N<lj<h<oo
(k=) 1
CZij]<C1_bej<oo’
J=Nyk=j+1 1j=N,

which verifies (b). Thus Eq. (18) is proved.
Proof of Theorem 3  Similarly to the proof in
Theorem 1. 1.3 of Lin and Lu (1992), it is
easy to see

lim sup sup sup | GCsD = GCs = o [/dCT S )
<1 a.s. 19>
On the other hand> using a law of iterated loga-
rithm for stable processes in random scenery (see
Khoshnevisan and Lewis, 1998), we get

lim supsup | GCTD) = GCT = ) /dCT» )=
linleoqu( T/ TPy MoglogTOVH) =1 a.s.

together with Eq. (19), we obtain our results
immediately.

A NOTE

Let B= {B(#)::=0} and W= {W(x): x
€ R} be independent real-valued standard
Brownian motions with B(0) = W (0) = 0.
Now define the process G = {G"(): 1 =01,
which will be called Brownian motion in Browni-
an scenery> by

G(p) = JRL’(t,x)dW(x) Vi=0

where {L"C¢, 20::=0, x € R} is the jointly
continucus version of the local time process of B.
Then by the result of Csdki et al. (1999), we
get the following corollary immediately.
Corollary 7 If we replace G by G~ in Egs.
(3)-(10), then the above results hold with ¥ =
(81/32)3.
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