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Abstract:

The separation of variables method was successfully used to resolve the spherically symmetric dy-

namic thermoelastic problem for a spherically isotropic elastic hollow sphere. Use of the integral transform can

be avoided by means of this method, which is also appropriate for an arbitrary thickness hollow sphere subject-

ed to arbitrary thermal and mechanical loads. Numerical results are presented to show the dynamic stress re-

sponses in the uniformly heated hollow spheres.
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INTRODUCTION

Temperature field change will produce ther-
mal stresses in structures. It is well known that
different materials generate different stress re-
sponses> and that in some cases> thermal stress-
es are large enough to cause structure failure. So
it is meaningful and important to study dynamic
thermoelastic problems. Tusi and Kraus (1965)
used Laplace transform to study the thermal
stress-wave propagation due to thermal shock in
an arbitrary thick-walled spherical shell. The
dynamic thermal stress responses in a spherical
shell subjected to arbitrary spherically symmetric
temperature fields were investigated by Zaker
(1968), whose technique was based on the inte-
gral theorem of hyperbolic initial value problems
together with the construction of image tempera-
ture fields in the regions outside the actual body.
Hata ( 1991a, 1993 D used the ray theory to ob-
tain the dynamic thermal stress responses in a
uniformly heated, isotropic hollow sphere, solid
sphere; and transversely isotropic solid sphere.
Wang (2000 applied finite Hankel transform
and Laplace transform to analyze the thermal
stress concentration in a spherically isotropic sol-
id sphere.

Dynamic thermoelastic problems are usually
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solved by Laplace transform technique. But such
method will involve the difficulty of inverse
transform in some special cases. The ray theory
is a good tool for Laplace inversion, but needs a
large number of rays for a very thin spherical
shell and hence becomes impractical ( Pao et
al., 1978). In this paper, a separation of vari-
ables method is applied to solve the spherically
symmetric dynamic thermoelastic problem and
avoid use of Laplace transform. First, a new de-
pendent variable is introduced to rewrite the gov-
erning equation> the boundary conditions as well
as the initial conditions. Then the thermal and
mechanical loads are treated as inhomogeneous
boundary conditions and a special function is in-
troduced to transform the inhomogeneous bound-
ary conditions to homogeneous ones. After which
the orthogonal expansion technique is used to de-
rive the time variables equation whose solution is
easily obtained. The theoretical solution of the
spherically isotropic hollow sphere for dynamic
thermoelastic problem is finally obtained, and
can be degenerated into that of the isotropic hol-
low sphere in a rather straightforward way. The
dynamic thermal stress responses of spherically
isotropic and isotropic hollow spheres are consid-
ered and relevant discussions are presented.
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BASIC EQUATIONS

responses of a thermally

shocked transversely isotropic solid sphere were
considered by Hata ¢ 1993 ). If a spherical co-
ordinate system (7, 0, @) with the origin at the
center of the sphere is used, then for the spheri-
cally symmetric problem, only the radial dis-
placement u, = u,Cr, t) is nonzero. The strain-

The transient

displacement relations are simplified

du,

yrr— ar’ }I@@—}IW }I¢r=0’

QP

ur
7 Tw = Ve =

where 7,;(isj=71,0,¢) are the strain compo-

nents. The constitutive relations are
1 Uy
Y =0, —20p +a,TCrst),
E. E,
1 )
U — Vhy
Yo = — 50, +——og + agTCrst),
E " E,

where o, and oy are stress components of r and
and E,

Young’s moduli of r and 6 direction, respec-

¢ direction, respectively. FE, are

tively. vy and vy, are Poisson’ s ratios. a, and
ay are the coefficients of linear thermal expan-
sion of r and 0 direction, respectively. TCr, ¢)

is the temperature change. Eq.(2) can be re-

written as

O =C11 7 +2012730 _181 T(r’ t)’

3
0@@:012}’,7+(c22+c23)759—‘82T(r,t), 3

where ¢;(i,j=1,2, 3) are elastic constants and

BiCi =1,2) are stress-temperature constants,

respectively. The equation of motion is
do on — O I’u
T T — r , ( )
ar T2 EPe 4

where o is the mass density. Substituting Eq.
(1) into Eq.(3), we obtain

du,
O =C11 5 a

du,
Cgp = Cr27—> ar

—BIT(T’t>7

+ 2012

(5>
+(022+023)——‘82T(r,t)

Then substituting Eq. (5) into Eq.(4), yields
the following governing equation

92 u, zaur #_%
2

ur
3,2 + 3y 5 +g(r, ), (6)

where

2 Cp + € —Cp cq
#1 = 2 I CL = b
(S]] 0

“
( ) BI_BQT(I',K) BlaT(I’,t)
g\rst =2 T ar -
C11 r 011 r
The boundary conditions are
r=as 0, a>t)=p, (e, (8a)
r==o, O‘,r(b’t)ZpQ(t)’ (8b)

where a and b are the inner and outer radii of
the hollow sphere, respectively. p,(t) and p,
(¢ are the prescribed pressures on the internal
and external surfaces, respectively. The initial
conditions (¢ =0) are

u,(r,0)=u0(r), d,(r,O)sz(r), (9)

where a dot over the quantity denotes its partial
derivative with respect to t> and u, (r) and

vo(r) are known functions.

THEORETICAL DEVELOPMENT AND THE SO-
LUTION

First; a new dependent variable w(r, t) is
introduced as

w, =1 "wlr, ) (10
Then Egs. (6, (8) and (9) become
Pw  1dw 2 1w
8—r2+r3r %w=0_23—t2+g1(r,t)’(11)
r=a- 881: h— p.Ct)s (12a)
r=b, aaw h——pb(t)s (12b)
wCr,0 =u; (s wir,0 =v,(r, (13
where
pw=vy i+ 14 g Crotd)=r"gCr, 1),
cp 1
h = 20—11—7,
pa(t)=ij[ﬁlT(a,t)+pl(t)]: (14>
1

py () =i—l_?[,81 TChys 1)+ py ()],
2 0Cr).

ul(r)zrmuo(r),vl(r)zr
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the
boundary conditions into the homogeneous ones
by assuming

Then we transform inhomogeneous

wlrs ) =w(rot) +w,(rst), 15>

where w, ( r, t) satisfies the inhomogeneous

boundary conditions> which can be taken as

ZU2(7" t): dl(r— a)mpb(t)+

dz(r—b)m a(t)’ (16)
where
1-m

d1= l_) ’

m(l =)™ 14 h(1 =)™
g = b'-m am
2 mCs— D" Ty hCs —DmYs

a
SZK ’

in which m =2 is an arbitrary integer that sati-

sfies

[m(1—s)" '+ h(1 =" ILmCs —1D" 1 4
h(s —10"/s1£0. (18)

Substituting Eq. (15) into Egs. (11) — (13D,

gives

82wl 1 dw, #72 19

8r2 +7ar —r2w1= QLat (rst),
(19)
d
r=a» 5+ h=l =0, (202)
r r
d
r=b, S+ h-l=0, (20b)
r T
wl(r,O)zug(r), wl(r,O)zvz(r), (21)
where
Jw,Crse)
gl(r,t)—gl(rst)+ lwza—trt
2 d ( ’t) 821,0(7"15)
e _ A Jwanre 7 T s
rquQ(r7 t) r ar arz ,(22)

UQ(I'): ul(r)—wz(r,()),
v,Cr) =0, () — 2, (s 0D

By using the separation of variables method>
the solution of Eq.(19) can be obtained in the
following form

wl(r,t) = ERi(r)Fi(t), (23)

where F; (t) are unknown functions about ¢,

and R;(7r) are given by

Ri(r)= ]#(kir)Y()u, ki’ a)—
Y/l(kir)]()u,k (24)

in which ]/l( k;r) and Y/l( k;r) are Bessel func-

tions of the first and second kinds, respectively,

and k;, arranged in an ascending order, are a

the

is(,l)s

of positive roots of following

eigenequation

J(#’ki’ a)Y(/_,(’ ki’ b)—](/_,(’ ki’ b)Y(/_,(y

series

ki’a):O’ (25)
where
_d]/j(kir) J#(kir)
](#,ki,r)_ dr +h - ’
Ch;r) Chir)
Y(ﬂ’ki7r>:dyv/jdklr + va klr ’ (26)
r r

It can be shown that w,(r, t) given in Eq.(23)

satisfies the homogeneous boundary conditions in
Eq.(20). Substituting Eq.(23) into Eq.(19),

gives

ZA0N
CANEECOR G = dF i

ZR(r)

g Crot). (27)

By virtue of the orthogonal property of Bessel

functions, it is easy to verify the following
equation
b
| RCORCOAr = Ngy (28
where & is the Kronecker delta, and
dR; ()] dR;Ca)]?
N = 2k2 [ [
ERLW2RY(b) - a R%<a>]—
LRI - RCad} (29)

In the above equation, we denote dR;Ca)/dr =
dR;Cro/drl,_, and AR, Cb)/dr = AR, Cr)/dr
|, _,. Utilizing Eq.(28), we can derive the fol-
lowing equation from Eq.(27)
d*F.()
— s+

- (30)

(U%Fl(t): qi(t)’

where

w; = kicL ’

2 0h
qi(t> =—%Jarg2(r, t)Ri(r)dr. (31)



Theoretical solution of a spherically isotropic hollow sphere 11

The solution of Eq.(30) is

F.(1) = Gycoswit + Gy sinw;t +

L[ g Cosine (- de (32)
w;Jo
where
G =% J fruz(r)Ri(r)dr,
G, = ! [ by CPOR, Crddrs (33)
N‘(Ui

Finally, the displacement solution can be
obtained as follows

wCrs ) =r "Lw Crs )+ w,(rsed]. (34D

SOME PARTICULAR CASES

1. Isotropic material
If

C11 =022=E(1—’U)/k’ Cip = Cp3 = FEv/k,
E=Cl+0)(1-20)a5=a, =a (35>

where E and v are Young’ s modulus and Pois-
son’ s ratio» respectively, the solution obtained
above then degenerates into that of an isotropic
hollow sphere for the dynamic thermoelastic
problem. If a solid sphere ( @ = 0) is consid-
ered, we can just set p;(t) =0, p,(t)=0, J
Cpskisa) and YCus k;s a) =1 in relevant for-
mulations to obtain the solution of an isotropic
solid sphere for the dynamic thermoelastic prob-
lem.

2. Elastodynamic solution

If the temperature change TCr, t) =0, the
solution becomes that of a spherically isotropic
hollow sphere for the elastodynamic problem.

3. Fixed boundary conditions

For a hollow sphere fixed at the internal sur-
face, instead of Eq.(8a), we have

(8a’)
Consequently, we have the following equations

instead of Eqs.(12a) and (20a),
wCast)=0, w,;Ca>t)=0. (12a’), (20a’)

r=a> u,Ca,t)=0.

Then, we can just set p;(¢t) =0, p,(¢) =0,
J(;,Ls ki’ a) = J/j(kia) and Y(},Ls ki’ a) =
Y,Ck;a) in relevant formulations to obtain the

solution of the dynamic thermoelastic problem for

a spherically isotropic hollow sphere with fixed
internal surface.

NUMERICAL RESULTS AND DISCUSSIONS

In order to examine the present solution,
both spherically isotropic and isotropic hollow
spheres are considered to analyze the dynamic
thermal stress responses. Suppose the spherical
shells are subjected to the following loads

p1(t)=p(t)=0.0, TCrit)=TyHCt),
(36>

where Hy) denotes the Heaviside step function
and T, is a prescribed temperature change, re-
spectively. For the spherically isotropic hollow
sphere, the constants of the material are list in
the following

E, =100GPa,> E; =300GPa,
vy =g, =0.3, @y =2a, =2.0x 10"°/K, (37

and for the isotropic hollow sphere, we take
E =200GPa; v=0.3, a =1.0x107%/K. (38

The time, coordinate and stresses are normalized
as follows

x Cy, r—a *_@ .
t = t> E—b_ ’Gi_do (L—r,(9),
(39
where
aETo
60_1_21} (40)

In the following calculation, we take m =2,
s=0.2, To = 100K, uo(r) =0, ’UO(I‘) =0.

Figs. 1 and 2 depict the dynamic stress re-
sponses of a uniformly heated spherically isotro-
pic hollow sphere and Figs.3 and 4 show the dy-
namic stress responses of a uniformly heated iso-
tropic hollow sphere for s = 0.2. The dynamic
stress responses of the uniformly heated isotropic
hollow sphere had also been studied by Hata
( 1991b V. Our results (Figs.3 and 4) agree
well with Hata’ s results (Figs.2 and 5 therein) .
Thus; the validity of the method presented in
this paper is verified. Comparing Fig. 1 with
Fig.3 and comparing Fig.2 with Fig.4, we find
that the peak values of stress responses in the
spherically isotropic hollow sphere are larger
than those in the isotropic one for the same inner
to outer radius ratio.
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Fig.1 History of dynamic stress ¢, for spherically
isotropic hollow sphere (s =0.2)
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Fig.3 History of dynamic stress ¢, for isotropic
hollow sphere (s =0.2)

It is noted here that the constitutive relations
Eq. (2) for spherically isotropic material are val-
id only for hollow sphere. For a solid spheres
the center is actually a special point, where it is
impossible to separate the r» 0 and ¢- direc-
tions. That is to say, the constitutive relations of
Eq.(2) are invalid at the center. The dynamic
stress responses in a solid sphere with spherical
isotropy had also been studied both by Hata
(€ 1993 ) and Wang C 2000 ), and the particu-
lar discussion are concentrated on the dynamic
stress responses at the center. Apparently, it is
meaningless to discuss the dynamic stress re-
sponses at the center by virtue of the theoretical
solution, which is derived on the basis of Eq.

2.
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Fig.2 History of dynamic stress ¢, for spherically
isotropic hollow sphere (s =0.2)
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Fig.4 History of dynamic stress ¢, for isotropic
hollow sphere (s =0.2)
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