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Improvement of the termination criterion for subdivision
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By using some elementary inequalities, authors in this paper makes further improvement for esti-

mating the heights of Bézier curve and rational Bézier curve. And the termination criterion for subdivision of the
rational Bézier curve is also improved. The conclusion of the extreme value problem is thus further confirmed.
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INTRODUCTION

It is a fundamental problem in computer aided
geometric design ( CAGD) and manufacture to
find the intersection (Lane et al., 1980; Wang,
1984; Sederberg et al., 1986) of the parametric
curves.
denoted by polynomials or rational polynomials.,
to find their intersection is to find the set of roots

Since most of the curves in CAGD are

of their equation system. So finding their inter-
section is a difficult non-linear problem in math-
ematics (Wang et al.> 1991). One of the meth-
ods used to solve it is subdivision algorithm (Filip
et al., 1986; Sheng et al., 1992; Anglada et
al.> 1999). The basic idea of subdivision algo-
straightening”. The
is the process of splitting

rithm is “subdivision” and “
so-called “subdivision”
the curve into the true curve segment by central
point subdivision algorithm and the so-called
“straightening”
ment being approximated (Nairn et al> 1999) by
Thus, it is
a key for a termination criterion to determine the

is the process of each curve seg-
the chord between successive points.

more or less of calculation. We ask, under what
condition for a curve may the stop
and then the “straightening” can begin? In other
words> what is a termination criterion for subdivi-

subdivision”

sion of the rational Bézier curves is better? For
the following rational Bézier curve of degree n»,

CLC number:

TP391.72

pa(2) = ZB‘(t)wP /ZB;(t)w,
(P 6 R s w; > 0, 0 = 1)’ (1)
(where Bi(t) = C.#(1 = ¢)""%) when w; 1s a

constant, the curve Eq. (1) degenerates into the
following Bézier curve:

p. (1) = ZB‘(t)PL,(pl€R3 O<it<1).
@)
In 1980, Lane and Riesenfeld ( Lane et al.>

1980) proposed a convergence test for piecewise
linear approximation of the curve Eq.(2),

diz = d(Plsl(P()’Pn)) = €

(l: 1’27"'771—1). (3)

Where [( Py, P,) is the line segment from P,
and P,, and dCP;, [C Py, P,)) are the Euclid-
ean distances from P; to the straight line [( Py,
P,), and € is not greater than the tolerance de-
sired . This eriterion is simple and rough. Some im-
provements were made on it in Wang et al.

(1991). Let h, (t) be the height of the rational

Bézier curve corresponding to parameter ¢, that is

hn(t) = d(pn(t),l(PO’Pn)), (Os T << 1) (4)

Wang et al. (1991) gave the following two theo-
rems.
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Theorem A  For the Bézier curve Eq. (2) of
degree 3, we have

3 ax d; . (5>

h3(t) = 4 nax

therefore the termination criterion Eq. (3D for
subdivision of the curve Eq. (2) may be im-

proved into the following expression: %max d; <

i=12
€ ( t=1, 2) .
Theorem B  For the following rational Bézier
curve of degree n, we have

hn(t) =
{1— [1+

By the theorem B, we have
Corollary A  For the Bézier curve of degree n >
we have

i=0n l<ign-1

(maxw; ) max w;) -
(2"‘1)] } max d; .

l< i<n-1

(6)

Wy Wy

2"—2)

= 7

h, (1) < (

max d; .
l<i< n-1
Therefore the termination criterion for subdivision
of the Bézier curve of degree n may be improved
into the following expression:

,n—l).
(8

Eq. (7) becomes Eq.(5) when n =3. We point
out the equality sign in Eq.(5) and Eq.(7) can
be taken, so in some sense the constants in Eq.
(5) and Eq.(7) cannot be improved.

Let [ be a straight line and let ¢ (e >0) be
the tolerance desired. The closed cylinder with
radius € and central axis / can be expressed as

NCe, 1D = {P1d(P,1)<e, P E R}
(9

and for the rational Bézier curve (1), the ex-
pression of the relations between the maximum
normal distance d, and the tolerance € can be

(2 :2) max d; < € (i = 1,2,
2 l<isn-1

written as

S5, = sup d(P,Ct),1CPy, PO, (10D

O0<gi<l!
P €N, ICP, P )
Gi=12,n-1)

Thus, Wang et al. (1991) obtained the follow-
ing theorem on an extreme value problem:
Theorem C  For the rational curve Eq.(1),

if we write the maximum value points of the ex-

treme value problem Eq.(10) as P € N(e, [
(PO,Pn))(i=1,2,‘“,n—1), t” 6[0’1]’ then
PO’PI*’

This paper makes further improvement for the
results of Wang et al. (1991).

==+, P,_;» P, must be coplanar.

RESULT AND PROOF

Theorem 1 For the degree n rational Bézier
curve (1), d;Ci =1,2, 5 n — 1) defined by
(3>, Pys Pys+**5 P, must be coplanar and P,
P,
line Py P, when &, attains its maximum.

**» P,_{ must lie on the same side of the

Proof By the geometric invariance of Bézier
curves, without loss of generality, choosing the
x-axis and the origin of coordinates to be the
straight line Py P, and the point Pj, respective-
ly, and writing P; = Cx;5 9,520, Ci =051, ",
n), then the rational Bézier curve can be ex-
pressed as

pn,(t) = ZBil(t)wl/PZZBi,(t)wt .
i=1 i=0

The condition of the theorem and choice of coor-
dinate system imply that

di = A/ _”y% + Z%’ PO = (0,0,0),

Pn, = (xn”O’O)’

then the square of the height of the Bézier curve
corresponding to parameter ¢ is

n-1 n
( Z B, ( t)wiyi/z Bi( t)wi)z +
i=1 i=0
n-1

( Z B:,( t)wizi/i Bil( t)wi)2 .
i=1 1=0

On the other hand, when Py, P>
planar and Py, P> ***
of the line Py, P, choose Py P, and P, as x-ax-
is and the origin of planar coordinates system re-
spectively, write P; = Cx;, d; ), then the square

hn2( t) =

<=+, P, are co-
» P, _| lie on the same side

of the height of the Bézier curve corresponding to
parameter ¢ is

n-1

P2 = (N BICOwd ) BiCw,)
i=1 i=0

To finish the proof of the theorem; first we need
to prove

2 < B2 (1D
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holds for every parameter t &[0,1]. Write

Bfl(t)wi/z Bfl(t)wi,
i=0
1,255 n — 1)’

C;
(i =
then we only need to prove the following inequal-
ity

n-1 n-1

(Zj/ Ciyi)z + (2 Cizi)2 = (

i=1 i=1

C; v y% + Z%)z

or

n-1

(;Ciyi)(:z:cj%) + (Z—:CLZL)( -
(zciVy? + Z?)(:Z;?Cij? +2).

The above inequality can be obtained by the fol-
lowing obvious inequality

< CC vyl + 22yt + 2
12>

n—

1

Ci ijlyj + Ci CjZiZj

summing up for > j from 1 to n — 1. Finally, we
point out the equality sign in Eq.(12) is taken if
and only if

zy; = ziyis zz = 05 vy, = 05

(L’] =15""">n — 1>

Thus, the equality sign in Eq. (11D is taken if
and only if
Zi

v, = kizi =00r (< 0y, =00(< 0. 3

. .0
Where k is constant and setting o= k. The ex-

pression Eq.(13) means P> P,>***> P,_; lie in
the plane z = ky and on the same side of the line
Py P, . This completes the proof.

By the above theorem> the conclusion of the-
orem C can be strengthened. We have
Corollary 1  For the rational curve Eq. (1), if
we write the maximum value points of the ex-
treme value problem (10) as P, € N (e, [
(Pys P, =1,2sn—-1)¢ €[0,1],
then Py> P »***» P, _» P, lie on the line which
is parallel Py P, and the distance from the line
to PyP, is .

Proof By theorem 1, Py, Py>***

coplanar when &, attained its maximum. By the

» P, must be

geometric invariance of Bézier curves, we can

choose the plane determined by Py, P> > P,

and Py P, as the xy plane and x axis, respec-
tively. Let P, =Cx;5 9,0 (i=0,1, *=*»n), let
the rational Bézier curve be as expressed in Eq.
(1), thus its height corresponding to parameter
t1s

n-1

B = S BCOwpd S B D,

i=1
Noting that the condition P, € N (e, [ ( Py,
P,O)Ci=1,2,""
in substance, it is easy to see that when y; = ¢
(i=1,2,
n —1), namely, h,(t) gets its maximum when
P> Py,
pletes the proof .

Theorem 2 For Bézier curve of degree 3, we
have

»n — 1) has become |y, | <e
on—1Dory, = —e,(i=1,2,",

>+, P,_; are on the line. Thus com-

2
h3(t) < l (\/Z + d] + d2)

a4
3 ZN/Z + d] =+ dz

(n = 3),

where A = d} + d3 — dy1d,. Eq.(14) holds ac-
curately for the plane curve with two central con-
trol points lying on the same side of the line con-
necting two endpoints .

Proof By theorem 1, we only need to consider
the plane curve with two central control points
lying on the same side of the two endpoints. It is
easy to see that for this case, we have

h3(t> = 3t(1 — t)zdl + 3t2(1 — t)d27
(dl >Os dz?O)(Og tgl).

=

In order to find the maximum of h;(z) in [0,
11, differentiation of h3(z) yields

h3Ce) =3L34% —4s + Dd, + (2t —3:2)d, ]
= 3[(3d;, —3d,)t*> — (4d, — 2d,)t + d,].

It is easy to calculate the exireme points of

hyCt) as follows:

2d; — dy — /A
3(d, — dy)

2d; — dy + /A
3Cd, — dy)

t, = s Iy =
Without loss of generality, suppose d; > d,» by
elementary calculations we may only find one
extreme point of h;(¢) in [0, 1], that is

2d, — dy — VA
3Cd, — dy)

1, =
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Noticing that h3(0) = h3(1) =0 and h;(t) =
0> it is easy to see that ¢; is the maximum point

of h;(¢) in[0,1]. We have

h3( t) =< }13( tl) =

d _2d2+ﬂ) 2d, — d, —/Zd .
3Cd, — dy) 3Cd, — d,) !

d, — 2d, +M(2d1 —dy - /A
3Cd, — dy) 3Cd, — dy)
1
§E:2;—:T:2;3§((i1-— 2(i2 +-V/Z&)(21i1 — dg —
VA, — dy)Cdy + dy + VAN =
dl +-(i2 +-V/Z£
old, — d,?
V[Z£] _ Cil + (iz + V/ZS
T old, - dy?
((il + (iz +-W/Z&)2 .
old, — d,)?
4A — ((il +-(i2)2 _ ;L (V/ZS +-(i1 + (l2)2
d +d, +2/A 3 2/A+ d, + d,
Because of symmetry, it is easy to see the above

result still holds when d; < d,. Note that Eq.
(14 still holds when d; = d,. This completes
the proof.

Corollary 2 For plane Bézier curve of degree 3
with two central control points lying on the two
sides of the line connecting two endpoints, we

3

3 d2=

Ld} + d3 —4didy + (dy + dy) *

[2VA - (dy + dy)] e

[V/ZS + (il + (ig:] =

have

max h;(1) =

O<t<l]

;L (\/ d% + d% + dltiz + | d] - dg |)2
Z/V/(i% + (i% + (iltig + | (11 — (iz |

Proof The proof of Corollary 2 is similar to that
of theorem 2, so we omit it.

According to Theorem 2, the termination cri-
terion for subdivision of the degree 3 rational
Bézier curve may be improved into the following
expression:

_l.(w/zg =+ d] +-(i2)2
3 2/A+dy + d,

Theorem 3 For the Bézier curves of degree 3
or 4, we have respectively

&+ &
hyCt) <% /% =J§8«/3d% + 3d3

(n =3, (15>

«/4d2 +6d2 +4d2 (n = 4.
(16

h(t) < 16

Proof The proofs of Eq.(15) and Eq. (16)
are similar, so we just prove Eq.(16). From
the proof procedure of Theorem 1 and Theorem
2, it is easy to see that

heCt) < 4:C1 — £%d; + 66°C1 — %dy +
4t3( 1 - t)(i3.

Using Cauchy’ s inequality, we have

haCt) < 4d} + 643 + 4d5 +

Va1 — 0 4 617 (1 — D 4 415C1 — )2,
write

St i= 42201 — £° 4 6141 — ) 4

)%,
Differentiation of f(¢) yields

£ = 8:C1 — D1 =200 201 — 2L - 1D
—%t? +%(1 — 2% + 2471 —%(1 - P}

4:°C1 =

From the above equality, we may see that (1)

. . 1
possesses the unique extreme point ¢ = B and

att=l Thus

that fCt) gets its maximum %46 5
Eq.(16) holds.
Remark 1  The estimate Eq. (15) is better
than Eq.(5) and worse than Eq.(14), however
Eq.(15) is more simple and elegant than Eq.
(14>

By Eq.(16) in Theorem 3, the termination
criterion for subdivision of the degree 4 Bézier

curve may be improved into the following expres-

sion:
max (1) < —V1164 4d + 63 + #dy < <.

Note that from considering Eq. ( 15) and
Eq. (16D, it is natural to think that the following

inequality

hy (1) < “2—2\/2(;"(12 (n =

i=1

=5 (7D

holds for the Bézier curve of degree n. But this
is not true. To show it we just put up an exam-
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ple. Let the plane Bézier curve of degree n such
that dy =d; =" =d,_; =0 and d; %0, then

pn(t) = nt(l _ t)n_ldl,

By straightforward calculation, we have limmax

n>o0<st<sl

h,(t) = %dl . However, according to the esti-

mate Eq.(17) we have limmax h,(t) =0. This

n>o0gt<l

criterion shows that Eq.(17) is not true when n
is large enough. By more careful calculation, we
can prove Eq.(17) is not true when n=5. To
establish better estimation when n =15, we will
obtain it by different method than that above .

Theorem 4 For the rational Bézier curve of de-
gree n( =4), d;Ci=1,2,"*, n—1) is defined

by (3D, write D = 1 max_ldi, w = max w;;
then C o
h,l(t) =
minCwg > w, ) -1
1+ 1 D
(2"_1—1)w—7min(2(n—1)w, B) ’
18>
Where B =
2 Z Ci v/ Cw — w))w — w,_;)sn is odd>
i=1
2 Z CovCw — w))w — w, ;) +
=1
C%(w — w%), n is even.
(19

Proof From the proof procedure of Theorem 1
and Theorem 2, it is easy to see that

n-1

ZBZ(t)widi
(D <=t
Bfl(t)wi
1=0
thus,
n-1
Bfl(t)wi
(1) < 5D =
Bﬁ,,(t)wi
i1=0
wo(l — )" + w, "\
(1 SERE J D. (20D
ZBZ,(t)wi
=1

Therefore

n-1

N BICOw = D) B(Dw -

n-1

ZB;(t)(w — wi) =
w—Lt"w + (1= D" +

N B — wd]. 2D

Using the following inequality
Bi()(w — w,) + B ()(w — w, ;) =
2C47C1 = )7/ Cw — w,)Cw — w,_,)>
(i< 5)

1 < 5 )
We have

n-1

MBUCOw, < w-L"w+ 201 — DIB +

(225

(1 - . (23)

Write

g(t): = t"w + 12C1 — 2B + (1 — D"w,
(24>

then differentiation of g(¢) yields

g (1) = " w +gt%‘1(1 _ (121,
B —n(l - )" 'w = n(2t — DL 4

30— ) e (= " 2w+ %t%_l .

(11— 3 - 208 = n(2e - D{[ 2 4

"3 =)+ (1= "2 Jw — %t%_l .
(1 - 5B}

Therefore

Lo+ " — ) o+ (= )" 2 Jw —
%t%‘l(l —)77'B = %t%_l(l — )3 .

2Cn — Dw - B). (25)

Now we distinguish two cases:

1. When B< 2(n — Dw, from Eq.(25),
we know that g’ (z)has only extreme point % I

n

. 2
is easy to see g(t)==—w + —B.

2” 2",
2. When B=2Cn — 1) w, noting Eq.
(25), we know that

g(t) = t"w+ 2:2C1 — D3Cn — Dw +



52 ZHANG Renjiang, WANG Guojin

iw +*2(n— Dw = 2lw

(1 - D"w
1 t 2” 21’[ 2"

Combining 1 with 2, we have

2—nw + ?mln(Z(n — Dw>B). (26)

Using Eqs.(20),(21),(24), (26) and the fol-

lowing obvious inequality

2g(1) =

N minCwy > w, )

wo(1l — )" + w,t

= 2n,—l ’
we get  h,(1) <
wo(1=1)" + w,t" -1
LT D <
— w0 — —mm(2(n Dw> B) =
2” 2n
minCw > w, ) -1
1+

(2"_1—1)w—%nﬁn(2(n—1)w, B> D.
This completes the proof.

Corollary 2 For the Bézier curve of degree n
(=4, d;(i=1,2,n —1) is defined by

Eq.(3), writing D = max d;, then

l<isn-1

ROME = I - (2~ DD, D). (2D
Where T =
NER
2> Ci /(D = dO(D = d, ;) nis odds
i=1
5]

(D —-d)>)(D—-d, ;) +

2> ¢
i=1

C%(D - d%), n is even.

(28>

By Corollary 3, the termination criterion for sub-
division of the degree n Bézier curve may be im-
proved into the following expression:

(2" -2

2n iI'IllIl(Z(T‘L - 1)D, T) = IS

D —
) 2”

Proof The proof of Corollary 3 is similar to that
of Theorem 4, so we omit it.

Remarks 2:
1. When T=2Cn - 1) D, Eq.(27) be-

comes h, (1)< (%)D this is better than

Eq.(7).
2. When n =4 estimate Eq.(27) is some-

times better> sometimes worse, than estimate
Eq.(16). We suggest computing both estimates
and using their minimum.

3. When n is odd, degree elevation for the
Bézier curve before using Corollary 2, but this
requires increased calculations.

Finally, we point out that the estimate Eq.
(27) is accurate for some kinds of Bézier curve
of degree n. For example, for the plane Bézier
curve of degree 4 such that d| = d;>» di< dr <
4d,, the estimate Eq.(27) holds accurately.

We show it below. In this case we have

hyCe) = 4:C1 — £* dy + 66°C1 — t)°d, +
453C1 — dy = 23dy, —4dDLe(1 — DP +
4d, (1 — ).

Noting that 0< t(1 — t)g%, it is easy to get

O<t<l

max h,(t) = h( ): %dl +%d2.

On the other hand, by the definition of T’
we get T =8Cd, — dy) <6d,. From the esti-

mate Eq.(27), we immediately get

%d] + idz.

hn,(t) =< 3
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