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Abstract:

Jajcay’ s studies(1993;1994) on the automorphism groups of Cayley maps yielded a new product

of groups, which he called, rotary product. Using this product, we define a hyperoperation (® on the group
Sym,( G, the stabilizer of the identity e € G in the group Sym( G) .
We prove that (.Sym,( G) , ®) is a hypergroup and characterize the subhypergroups of this hypergroup.

Finally, we show that the set of all subhypergroups of Sym,( G) constitute a lattice under ordinary join and

meet and that the minimal elements of order two of this lattice is a subgroup of Aut( G) .
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INTRODUCTION

We will first recall some algebraic definitions
that will be used in the paper. A hyperstructure
is a set H together with a function *: H x H—
P* CH) called hyperoperation, where P* C H)
denotes the set of all non-empty subsets of H.

Following Marty (1934), we define a hyper-
group as a hyperstructure ( H, .) such that the
following axioms hold: (1) Cx.y).z = x.(y.
z)forall x» vy, zin H; (20 x. H=H.x=H
for all x in H, which is called the reproduction
axiom.

Let G be a group> Sym(G) be the group of
all permutations on G and Sym,( G) be the sta-
bilizer of the identity ¢ € G in Sym( G). Given
two permutations ¢ and ¢ from Sym,( G) and an
element g & G, we define a new permutation $
®g gb = [495(g>’1 95 Lgt/)’ where L¢(g)’1 s Lg &
Sym( G are left multiplications by the elements
$(g) ™! and g, respectively.

According to Jajcay’ s(1994), a subgroup H
of Sym,( G) closed under taking products of this
form is called rotary closed, i.e. H < Sym,
(G) is called rotary closed provided that ¢ ©,
o€ H, for all $, ¢ &€ H and g€ G. A nice
family of rotary closed subgroups of Sym, (G,
for finite G's> comes from the theory of Cayley
graphs and can be obtained in the following way .
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Let Q2 be a set of generators for a finite group G
not containing the identity element e but con-
taining x ' together with every x contained in
Q. The subgroup Rotn( G) of Sym,(G) of all
permutations preserving e and satisfying the con-
dition $Ca) '¢Cax) € Q, for every a € G and
x € 2> is rotary closed (Jajcay, 19935 1994) .

Suppose that ( G, *) is a hypergroup. A
non-empty subset K of G is called a sub-hyperg-
roup of G, if a*K=K*a =K, for all a &€ K.
We now assume that X is a set. The map ©: G
x X—>PCX)" is called a generalized action of
G on X, if the following axioms hold:

1. Forall g, h€ G and x€ X, (gh) Ox
ce®OCh®x),

2. Foral g€ G, gOX=X.

Where, for any g& G and YC X, g@OY =
U.cyg®x» also for any x€ X and BC G» B
Ox =U,epb © x. If equality holds in the
axiom (1) of definition, the generalized action is
called strong ( Madanshekaf et al., 1998).

Suppose that G is a group. A permutation f
on G such that fCxy) = fCy)fCx), for all x,
y &€ G, is called an anti-automorphism of the
group G. Throughout this paper all groups con-
sidered are assumed to be finite groups. Our no-
tation is standard and taken mainly from Biggs et

al., 1979; Birkhoff, 1967; Corsini> 1993; and
Vougiouklis, 1994 .
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MAIN RESULTS AND THEOREMS

In this section, we first introduce a hyperop-
eration & on Sym, ( G) and prove that ( Sym,
(G) s ®) is a hypergroup. Next, we charac-
terize the sub-hypergroups of this hypergroup and
construct some of its sub-hypergroups. To do
this, assume that ¢, ¢ € Sym,( G, we define:

QY= 3O, 0lge GI. QD)

Proposition 1  (Sym, (G, ©) is a hyperg-
roup .
Proof Suppose $, ¢ and 7 are arbitrary per-

mutations of Sym,( G). Then we have,
SIONPIOrES

#O,01 g€ C)O 7=
U3O,¢009=

U (40,00 m1he ¢} =
®,0>00uml g hE 6.

Using similar argument as that above, we
can show that

pO(pO P = O, (¢O,nd1g, hEGT.
(3

2

We now assume that g, h & G, then we have,

(3O Dy =

Lo g O glyy =

Lo 107 900 PO phlyym =

Lscagnn 3¢ L BLyplyy =

L gyn! ¢Lg‘7bLh77 =

Ly 10~ PLogr> Lyt plyy =

PO i (pO P ESOCPO 7D 4>

Therefore, ¢ © (y © 77) C (¢ ® ¢ ©®
7. Using similar argument we have, ¢ © (¢
© ) c (¢ © ¢ © 7 and the associativity
is valid. Next we assume that $ € Sym,( G) and
we have,

$® Sym, (G =
PO Y =

$E Sym (6

U $#®,p1¢€ 6.

$E Sym, (6

(5

Suppose 6 € Sym,( G) is arbitrary and ¢ =
Lg1¢_1L¢(g>8. Then, ¢®g<,b = ¢ and so Sym,
(6D =3O Sym, (6. Similarly, Sym,(GXO ¢

= Sym,( G), which completes the proof.

In what follows, we characterize the sub-

hypergroups of the hypergroup ( Sym,(G), ).
Proposition 2 let G be a finite group and H
be a non-empty subset of Sym,( G). H is a sub-
hypergroup of Sym,( G if and only if H is a ro-
tary closed subgroup of Sym,( G).
Proof (—) Suppose H is a sub-hypergroup of
Sym, (G . We first show that H is a closed sub-
set of Sym,(G). To do this, suppose ¢ and ¢
are elements of /. Then ¢ = ¢ O, o€ P ©
¢ C H and so $¢ € H. Next, for ¢, ¢ € H
and g€ G, ¢ O, ¢p€ ¢ © ¢ C H> as de-
sired .

(&) Suppose H < Sym, ( G) is rotary
closed and $ € G . Since H is rotary closed ¢
®© H c H. Suppose p& H. Put = g~ ¢
and g = e. Then, $ O, 9 = ¢ ¢ = ¢
€ © gandso H = ¢ © H. Similar argu-
ment shows that H © ¢ = H, proving the re-
sult.

It is a well-known fact that the set of all sub-
groups of a group G has a lattice structure under
the ordinary operations of meet and join. In gen-
eral, it is far from true that the set of all sub-hy-
pergroups of a hypergroup has a lattice structure
under these operations. In fact, the intersection
of two sub-hypergroups of a hypergroup is not
necessarily non-empty .

Let Z£CSym,( G)) denote the set of all sub-

hypergroups of the hypergroup Sym, ( G). In
what follows, we show that Sym,( G) has a lat-
tice structure under the ordinary operations of
join and meet.
Proposition 3 . 4( Sym, ( G)) has a lattice
structure under the ordinary operations of meet
and join.
Proof It is easy to understand fact that {1}
and Sym,( G) are rotary closed. Suppose that H
and K are two rotary closed subgroups of Sym,
(G). It is clear that H () K is rotary closed.
We claim that (H, K) is also rotary closed. To
do this, we assume that $& H, $€ K and g€
G . Then we have:

PO, =
L¢(g)'1 ¢Lg¢ =
L¢<g)'1 gbnglx,b_l‘]S =

PO, dE(H, K) (6)
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AISO’ for (7[11’ SZJQGH’ ¢'1’ ¢2€Kand gGG’

we have

¢1¢1®g¢2¢2 =

Ly g o D11 Ly $r =

Leg o con™ drLs oo ¢ slffqusl(g)’l b1 Lgdr s =
C¢y ®¢1(g) P gr ' ( 1O ) E

HK c {H,K). 7

Using similar argument as that above, we
can show that ( H, K) is a rotary closed sub-
group of Sym, ( G). This shows that ~£( Sym,
(G)) has a lattice structure under ordinary op-
erations of join and meet.

In the following simple lemma, we introduce
a most important class of sub-hypergroups of
Sym, (G .

Lemmal If H<Auw(G), then H is a sub-
hypergroup of Sym,(G).

Proof Suppose ¢, & H and g & G. Then ¢
O = $pE H> so H is rotary closed and by
Proposition 2, the proof is complete .

Lemma?2 Let HC Sym,(G) and | HI =2.
H is a sub-hypergroup of Sym,( G) if and only
if H<Aw(G).

Proof Suppose H = {5, &}. By proposition 2,
we can assume that £ =1, . It is easy to under-
stand fact that for every g € G, 6 ©,1; = 0.
This shows that ¢ is an automorphism and so H
< Aut ( G). For the converse, we apply the
Lemma 1.

It is far from true that each sub-hypergroup
of Sym,(G) is a subgroup of Aut( G). In the
following example, we obtain a sub-hypergroup
of Sym,( G) which is not a subset of Aut(G).
Example In this example we show that if G is
a non-abelian group, then ACG) is a sub-hyper-
group of Sym,( G and Aut( G)c ACG). lLet f
be the mapping that maps each element onto its
inverse. Then f is an anti-automorphism of G
and that f€ /Aut( G) . Therefore, ACG) 5= Aut
(G). Suppose ¢ JEACG) and g€ G. If ¢
is an automorphism of G then $© ¢ = ¢p € A
(G . Otherwises ¢®gt/) = ¢(g)_1¢¢)¢(g)€
ACG). Thus, $©,ACG)CACG). We now
assume that ¢ is an arbitrary element of ACG).
Set § = ¢ "'¢. Then

$®,5 =
L¢(g)’1 ¢Lg8 =
Ly LD ' p=90O ' p=¢
and we can see that 6 € ACG) . This shows that
ACG) is a sub-hypergroup of Sym,( G) and Aut
(G)<ACG).

Suppose Alt, ( G) is the set of all even per-
mutations of Sym, ( G). In what follows, we
characterize all finite groups G such that Al
(G is a sub-hypergrup of Sym,(G).
Proposition 4 let G be a finite group> then
Alt,( G is a sub-hypergroup of Sym,( G) if and

only if one of the following holds:
(a) G has odd order;
(b) G is a non-cyclic 2-group;

(¢) 1 Gl =2"*m>, n is a positive integer,
m > 1 is odd and G does not have a cyclic Sylow
2-subgroup .

Proof (—) Suppose Alt,( G) is a sub-hyperg-
roup of Sym,(G). We can assume that | G| =
2"*m, for some integer n=1 and odd m. We
first assume that m = 1 and G is cyclic. Choose
an element x of order 2", an element y of order
2"~ and a different element z >« ¢ of G. Sup-
pose ¢ = Cxyz) is a cycle of Sym(G). Then ¢
€ Alt, C G) and by assumption ¢ ® ¢ & Alz,
(G, a contradiction. Next, we assume that m
> 1, p is a prime divisor of m and a Sylow 2-
subgroup of G is cyclic. Choose an element x of
order 2", an element y of order p and an ele-

ment z 5 e different from x> y of G. Suppose ¢
= Cxyz) is a cycle of Sym( G ). Then ¢ € Alt,
(G and by assumption ¢ ©, ¢ € Alt, ( G),
which is a contradiction.

(&) Suppose | Gl =n, x€ G, olx)=m

and —— k. Then it is easy to see that L, is a

product of k£ cycle of length m . We first assume
that G has odd order, then L, is an even permu-
tation, for all x &€ G. This shows that for every
$ ¢€ Alt,(G) and g€ G»> we have $© Y€
Alt,( G) . Using similar argument, in the case
when G is a non-cyclic 2-subgroup or a Sylow 2-
subgroup of G is not cyclic, Alt,( G) is a rotary
closed subgroup of Sym,(G).

In the following example, we define a gener-
alized action of Sym,(G) on the group G.

Example 2 Suppose [ ]: Sym,(G) x G—P"
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(G) sends (¢, g) to $({g)). We show that
[] is a generalized action of Sym, ( G) on G.
Then we haves

$L1Cp[ g =

¢|:|</)( <g> ) =

z%JZSéI:ISb( gi):

,»Qf(w(gi»):

{pCopCg' DD li,jez}
and ¢¢[ g = ¢ ((g?) = {p(p (gD IiE
Z}. This shows that ¢¢[ g c ¢[1C¢[lg).
On the other hand, ¢[ ]G = Uge(;?" Llg =
Ugec¢(<g>) = G> which shows that [ ] is a
generalized action of Sym,( G) on the group G.

We end this paper with the following open

problem:

Question When is this generalized action
strong?
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