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On the approximate zero of Newton method
HUANG Zheng-da( 3 IE35)
( Department of Mathematics> Zhejiang University > Hangzhou 310028, China)
E-mail: huangzd @ css. zju.edu. cn
Received Oct.15,2001; revision accepted Mar.21,2002
Abstract: A judgment criterion to guarantee a point to be a Chen’ s approximate zero of Newton method for
solving nonlinear equation is sought by dominating sequence techniques. The criterion is based on the fact that
the dominating function may have only one simple positive zero, assuming that the operator is weak Lipschitz
continuous, which is much more relaxed and can be checked much more easily than Lipschitz continuous in
practice. It is demonstrated that a Chen” s approximate zero may not be a Smale’ s approximate zero. The error
estimate obtained indicated the convergent order when we use | f(x)| < & to stop computation in software.
The result can also be applied for solving partial derivative and integration equations.
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INTRODUCTION We call xo& X an approximate zero of Eq.(2)

Many nonlinear problems, such as nonlinear
elliptic boundary value conditions; integration
equation in radical transfer, optimal solution in
operator theory, can be deduced to solve the

equation
A ) =0, (D

where f: X—Y is a Frechet differentiable non-
linear operator which maps Banach space X into
Banach space Y (Rheinboldt, 1998; Tsuchiya,
1999).
solving the ecuation Eq. (1) is the Newton
method defined by

=x, —f (a0 fx, s

The well-known iterative method for

TLBO’ (2)

Xp+1

provided that £ Cx, ) ™' exists at each step, and
its variant methods. ( Traub, 1963; Ostrowski,
19735 Rheinboldt, 1998 and references there-
in).

The notion of an approximate zero of Eq.
(2), a point where fast convergence to a zero of
f starts immediately under iteration, plays an
important tole in Smale’ s computational com-
plexity theory(Shub et al., 1996) .

Definition ( Smale’ s Approximate Zero)

for f> if there exists a positive number ¢(0 < ¢
< 1) such that the iterative Eq. (2) starting
from x, satisfies

|| Xpt1 — Xp || = (]2"_1 || X1 — Xy || s
n=051,2,"". (3)
Definition ( Chen’s Approximate Zero) We

call xy € X an approximate zero of Eq.(2) for
f> if there exist positive numbers ag> a;s ***>

a, > *** satisfying ag <1 and a, .| < a? such that

for all £=0,

1 ) fap i) Il a1l f (gt e
flx,D s n=0,k=0. (4)

Several versions of the definition of the ap-
proximate zero and many more studies of it exist
for the iteration Eq. (2) and its higher-order
variant methods ( Blum et al., 1997; Chen,
1994; Curry, 1989; Kim, 1988; Shub and
Smale, 1985, 1986; Smale, 1981, 1985, 1986,
19875 Wang 1997, 1998a, 1998b, 1999, 2000a
2000b; Wang and Han, 1990, 1997; Wang and

Li 2001; Wang and Xuan 1987) .
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Let aCxs ) = BCx, D ¥Cx, £ for f being

an analytic operator defined on X, where
ﬁ(x,f) = | f(x)_lf(x) Il » }’(x,f) =
supp=s | %f’(x)_lf(k)(x) ||ﬁ.lt was

proved in Wang and Han(1990) that x, is a
Smale’ s approximate zero of Eq.(2) for f with

q=5+ if aCxgrf) < ag=0.157671"**, which

improves the result in Smale ( 1986 ). Chen
(1994) showed that «x is a second kind approxi-
mate zero of Newton method for any analytic
function f in complex plane, if aCxy, f) + 8
Cxgs f) < ag=0.142301+* . It tells us that un-
der this criterion x is not only a Chen’s but also
a Smale’ s approximate zero of Eq.(2) for f be-
cause aCxys f) <0.142301** < 0.157671 .
Furthermore, it can be proved that x, is so also
if xy satisfies a Kantorovich condition in a re-
gion, or more generally, satisfies the weak Lips-
chitz condition in Wang(1999) . Since Kantorov-
ich condition had been successfully applied to
partial derivative equation ( Tsuchiya, 1999),
discussions of approximate zero is practical. A
question is whether a Chen’ s approximate zero is
a Smale’ s approximate zero. Example 3 shows
that a Chen’ s approximate zero may not be a
Smale’ s approximate zero. A problem arises.
Which condition can guarantee a point to be a
Chen’ s approximate zero of Eq.(2) for an ana-
lytic operator f in a Banach space X7
Question
point to be a Chen’ s approximate zero of Eq.
(2) for a Frechet differentiable operator f which
maps Banach space X into Banach space Y7
Based on the weak Lipschtiz continuous in
Wang( 1999; 2000a), we will answer the ques-
tion under the Generalized Kantorovich Condition
defined in Section 2,
Kantorovich condition and Smale condition as
special cases. From Theorem 1, we can see that
in order to verify a point to be a Chen’ s approxi-

Which condition can guarantee a

which takes the famous

mate zero> what we do is to determine that Eq.
(5) has a positive zero. Example 3 shows that
the condition obtained is checked easily and is
much more relaxed than the Kantorovich-type
and Smale-type condition, because we not need
get stricter Lipschitz condition and Smale’ s-type
relation in a region. We will state and prove the-
orems in Section 2, and give several application

examples in Section 3.

THEOREMS AND THEIR PROOFS

Let z& X and ¢ be a positive number. De-

fine

Blzt) = yexi lly-zI <t}
Blz,t) = ze X1 |ly-z| <t}
Definition ( Generalized Kantorovich Condi-
tion) We say z&€ D C X satisfies Generalized

Kantorovich Condition in a convex subset D for a
nonlinear Frechet differentiable operator f > if

||f(z)_1[f(x) —f(y)] I <

oClla=yll+ 1 x-21
J(H . LCwdus Y xry € D
P X—=2z

holdss and B(z,t*) c D, where t* is the
minimum positive simple zero of

)
hCe) =J LCuCt = o7 Cudddu — ¢ +
‘B(Z,f)s (5)

where L(u) increases continuously satisfying L
(u)=0o0nl0:R), €02 =0, and p'(¢) >0
is bounded on [0, R).

Theorem 1 If x, & D c X satisfies the Gener-

alized Kantorovich Condition in a convex subset

o

0

D for an operator f> then x, is a Chen’s ap-
proximate zero of Eq.(2) for f.

If hCt) has another positive zero, then we
can write a, in Eq.(4) much more precisely .
Theorem 2 If x, & D C X satisfies the Gener-

alized Kantorovich Condition in a convex subset
D for an operator f> and h(t) has another zero
* K

t < R, and p’ (¢ increases on [0, R,
then x( is a Chen’ s approximate zero of Eq.(2)

*

. t
for f with a, = q2"', qst** .

The following Lemmas are needed .
Lemma 1 Let h(z) be defined in Eq.(5),

then h’ (¢) increases and is negative on [0,

t* 1, and h(¢) has at most two positive zeros on
0, RO.
Lemma 2 Newton sequence {t, }; defined by

hCt,)

thy1 = 1y _m’ n =051, tg = 0
n

satisfies
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< t* ’
(6>

0 =1ty<t <
limz, = t”

t—>o

< tn < tn+1 < Ut

and

*

z — Iy = f-ln,(t

1reCe +0Ce ¢ )
” LCu)dudo

0 p(t">

Y2, (Ta)

where  p, = is

R Ce, 0Ce™ — )

a bounded sequence.
If h(z) has another positive zero t* " < R,

then

, Gt — 1% )gCn)

13 — tll+1 = 1 — q(n)8 5’ (7b)

¥ n-1

n-i-1
[I RS
i=0
Cpr ; 1ppCe+0C =)
o=l

! 0 p(fi>

o ; 1rpC 400" 00
o=t
! JOJp(ti)

Proof By induction, Eq.(6) and Eq. (7a)

follow immediately from the fact that the function

T % 2 q(n) =

LCu)dudl

i =

LCu)dudd

¢t — hCe)/h (¢ increases on [0s¢” 1, and
x __
12 — Iyy1 = — h/(tn)
1 p(t"+@(t*—£")) ]
” LG dudoCe” — 1) =
0J pCs )
[T QA A L
where ¢, = (¢, ) and
1roC+0C" -
JOJ o LCu)dudd
- _ [ —
(1) = hCeCe™ — 1) -
1
| 1C&0p Cppd0d0
- WD >0
is bounded on [ 05 ¢* ), where 0< &> N <L+
0Ct™ —1).

If h(z) has another positive zero t* " < R,

then

N MO
LrpCe 407 =1 D

” LCu)duddCe™ ™ — ).
0J pCs D

509
o tt — 1, \?
# = An(**in) = q(n)8
t — Iy41 t -1,
Eq.(7b) follows.
Lemma 3 If x; € D satisfies the Generalized

Kantorovich Condition in D, then {x, } defined

by Eq.(2) converges to a solution of Eq.(1),
and

(8
D)

|| Xntl — Xp || = tn+1 - tn’
||f(x0)_1f(xn+l) || h( tn+1)
17 Ced T = hCe,D

Proof Eq.(8) and Eq.(9) hold for n = 0.
Suppose they hold for i << &k, then

k
Z | Xit1 —
=0

i

k
Z(tm — ) =ty <t
=0

i

|| Xyl — X0 ” | =

By

f(xk+1) = f(xk+1) —f(xk) —f(xk)(xk+1 -
1

X)) = L)(f(xk + 0Ca,, — x)) —

£ 00d0Ca,y — x5 (10
and Banach Lemma, we have
£ ) ) || < hCyyy). (1D
and
1

| Cop 7 x|l <
— hCy Dt
509

1 -+ Wy D~

lapo =2 |l < I = fFCoap 07" Cagd || e
1 f ) ) | <= W Ctp )7 R Gy )
= tpy2 — lpyro

which proves Eq. (8) by induction. From Eq.
(110 and Lemma 2, Jx" € Dc X> s.t. f

(x*") =0 and limx, = x” . By Eq.(10), we
have

|| f(xo)_lf( xk+1) ||

hCtyy)

h(]; 1) ||f(x0) f(xk) Il »

which completes the proof of Eq.(9) by induc-
tion.
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Proof of Theorem 1 By Lemma 2, for all n=

1,
, , t" —t,
t" _tn,:#n—l(t* _tn—l)z’ and*iz
=1,
po1CtT =, ) <1. (12>

Since {u, } is bounded and ¢t* — ¢,—>0 as n—

©, s0o 4 nyg>05 0< g <1 such that

Os#n0+k(t* _tn0)$q<1 VkBO’
from which it can be derived that
t* — Iy 1kl k-1
0 * *
t*_—w = #n0+k(t - tn,o)g[#no+i(t
k-i-1 k
-,0F  <¢ s Vk=0. (13>
Define {a,} as
i n = ng

a, = 1
max{a2+1,#n(t* — 1,0} n < nys

then 0 < a,,; < a*> < 1 follows from Eq. (12D

and Eq. (13). Since

th*( t) decreases on [0,

t* ) we obtain

hCt,. )
h(tn+1) t* — luy1 . t* — Iyl
hCt,) = () t* —t, =
tT -1,
t* - tn+1
oy, S

from which it can be deduced that

||f(x0)_1f(xn+1) ||
a, ||f(x0)_1f(x,,) || ’
Vn=0

N

and

1 Cxo 2™ fCo i) |l <

a{‘l ||f(x0)‘1f(x,,,) Il > Vvn=0Fkk >
1

by Lemma 2 and induction. That is, x, is a

M4 .
Chen’ s approximate zero.

Proof of Theorem 2 let A = max {4, }, ¢ =
A0 » where 4,5 & is defined in Lemma 2. From

oCt+v)

J LCwdu ),

p(l/) =
12

oCt+0)

S 2o+ 025G [* 7 1G]

o)

= %[L(p(t + v))‘o’(t +v) —

L(p(z‘))p’(‘q)] =0
v< < t+vs:¥Yo=01t=0

—

we get 0< A, <1 for all n=0, ¢(n) decreases

as n increases and 0 < ¢ << 6 < 1. Thus, we
have

h(tn+1) [ t,.1 _ 1 - q(n)8 .
h(e, D = tt - t, T 1-qgCn+ 1)
dnsD o

qCn> < T

which implies that

If g™ 0 | <

A G A, Yn=0k > 1

by Lemma 2 and induction, where a, = q2" .

That is> x( is a Chen’ s approximate zero.
EXAMPLES

In this section, we give some application ex-
amples of the Generalized Kantorovich Condi-
tion.
Example 1
dition in D5 a convex subset of X, then it sati-
sfies the Generalized Kantorovich Condition in
D . Therefore x, is a Chen’s approximate zero.

Proof Given x, € D satisfy the Kantorovich

condition, that is, there exists a constant K >0
1
such that KBCxy» f) < 5

| FCx L Cx) — FOO]] < Kl x -
yll» Va.y €D,

If x, satisfies the Kantorovich con-

and BCxy, 1-/1-2KB(xy>f)) < D. We
have x, satisfies the Generalized Kantorovich
Condition in D with LCu) = K5 pCt) =1, and

h(t) = %Kt2 —t + BCxgs )5 which has two

positive zeros t* =1 —./ 1 -2KB(x¢> ), t**
=1++/1-2K3Cxyf). So» xg is a Chen’s
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approximate point of Eq. (2) for f with a, =
1- 2[{.8( X0 ,f)
1- 2K8( X0 7f)

2" _t* _1_
q q T,

by Theo-

rem 2.

Example 2 There is a constant ag =3 — 225
such that xy is a Chen’ s approximate zero of
Eq.(2) for f5 if aCxgs f) < ag» where f is an
analytic operator defined on X .

Proof When a(xgsf) <3 -272, we have
||f(x0)_1[f(x) —f(y)] [ =
ol a=ny I+ 1T x=y
J LCuw)du
| V2
-2
Vx 6 B(x()’ﬁ/ xO,f )
27(x0,f)

(1—}/(x0yf)u)3’
and function h Ct) = B Cxyr f) — ¢t +

oClha=xy 1D

With L(u) =

‘O(t)= ]

¥ (x> 1 . .
W has two positive zeros 0 < ¢~ <
12
t < Y agr It follows that x satisfies Gen-

in B

eralized Kantorovich Condition

J2

X0

1_72 Sos> xg is a Chen’s approximate ze
y( X0 7f) : ’ 0 bp
ro for analytic operator f with a, = q2" and g =

tt*—* by Theorem 2.

Example 3 For a large enough positive con-
stant ¢> ty =0 is a Chen’ s but is not a Smale’ s
approximate zero of Eq.(2) for the function de-

fined by

—lln(l + )+ ¢

() = (larctant - 1)t 3

4
t € (2 o, 4 )
Proof It can be verified that A () = f(¢)

with L(u):%, p(t):arctan t. Since

h’(t):%—l<0 VieE (- oo,
—+ 00)’ h(O) = C >O,11mh(t) = — O,

>+

so> hCt) has only one positive zero t* . There-
to satisfies the Generalized Kantorovich
Condition in ( — 0, + ). As a result of The-
orem 1, Y ¢ >0, tyis a Chen’ s approximate
zero of Eq.(2) for the f defined.

Suppose {t, } is the iterative sequence start-
ing from ¢y, = 0 defined by Eq.(2) for f.

fore

Since lim ¢Carctan ¢ — 1) — lln(l +c2) =

>+ o 4

+ o, so for a large enough ¢

lc arctan ¢ — lln(l + ) >

4 8
c( 1 - %arctan c) .
It follows that

1 1 ’
anrctan c — gln(l + ¢?)

Iy — 1t = ( 1 ) >

1 - Zaretan c
c =t — Iy

which implies that Eq.(3) does not holds for n
=1, namely, ¢, is not a Smale’ s approximate
zero of Eq.(2) for the f defined.

On the other hand, since | A’ Cx) — B’ Cy )|

<Klx — y| with K:%, for all x,» y€ ( -

®, + ©), if t; = 0 satisfies the Kantorovich

condition, then Kc=<1/2, or c<?2.

, , L | y

O < A’ Cy) — B Cx) :L = uzdugL

uzi};wdu’b’—w<x<y<+wwith

a constant ¥ > 0, then T+’ ., <

(127};%)3 » or %sZ. When 3 = O sati-
- u=0

sfies the Smale’s condition, then ¢ =2(3 -2

V2. So, It is failure when we use Kantorovich
condition or Smale condition to judge #, = O to
be a Smale’ s approximate zero for ¢ > 2, in oth-
er words, a point much more closer to zero is
needed> which shows that the condition obtained
in this paper is easier to check and is much more
relaxed than that before .
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