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Abstract:

This paper reports research on the effects of variations in injection velocity and permeability on

the heat transfer and flow through a highly porous medium between two horizontal parallel plates situated at
constant distance with constant suction by the upper plate . Due to this type of variation in injection velocity and
in permeability the flow becomes three dimensional. The governing equations are solved by adopting complex
variable notations to obtain the expressions for the velocity and temperature field. The skin-friction along the

main flow direction and rate of heat transfer are discussed with the help of graphs.
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INTRODUCTION

The flow of a viscous liquid over and through
a porous medium has been the subject of intens-
ive studies in recent years because of its natural
occurrence in the movement of water and oil in-
side the earth and the flow of rivers through po-
rous banks. It has applications in many engineer-
ing and biomedical problems. In view of the geo-
physical applications the flows through porous
medium, a series of investigations conducted by
Raptis et al. (1981a; 1981b; 1982) into the
steady flow past a vertical wall. Raptis ( 1983)
and Raptis et al. (1985) further studied the un-
steady free convective flow through highly porous
medium bounded by an infinite porous plate.
Recently Singh et.al (1983) studied a free con-
vective flow through a porous medium with peri-
odic permeability variation. Assuming periodic
permeability variation Singh et al.(1995a) stud-
ied the oscillatory flow through a porous medi-
um. Singh et. al (1995b) also studied the effect
of transverse periodic variation of the permeabili-
ty on the steady flow and heat transfer. Singh
(1999) studied three dimensional couette flow
with transpiration cooling. Also Singh et al.
(2000) studied the three dimensional fluctuating
flow and heat transfer through a porous medium
with variable permeability. However, to the best
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of the author’ s knowledge, the applications of
the variations of injection velocity and perme-
ability on three dimensional Couette flow has not
yet appeared in the literature. Therefore the ob-
ject of this paper is to investigate the simulta-
neous effects of injection and permeability varia-
tions on three dimensional Couette flow and heat
transfer through porous variable permeability me-
dium.

GOVERNING EQUATIONS

An unsteady Couette flow of a viscous incom-
pressible fluid between two parallel flat highly
porous plates is considered. The upper plate in
uniform motion U is subjected to a constant suc-
tion V, and the lower to a variation of injection

velocity of the form:

Vi C(z"5t") = VoLl + ecos(rz*/d —
w ") ]

Also the permeability variations of the porous

medium is of the form

EXCz"5t") = ko /L1 + ecos(mz” /d —
w' t’ )]

QP

2

Where k, " is the mean permeability of the me-

dium, ™ is the frequency of fluctuations, ¢ ™ is
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the time and € is a positive constant cuantity
( < < 1). Without any loss of generality the dis-
tance d between the plates equals to the wave
length of injection velocity and permeability dis-
tribution. The lower and upper plates are as-
sumed to be at constant temperature 7y and 7}
respectively, with 7, > T . All physical quanti-
ties are independent of x* for this problem of
fully developed laminar flow but the flow remains
three dimensional due to the variations of injec-
tion velocity and permeability of the porous me-
dium.

Thus> denoting velocity components w»> v> w
in the x, ¥, z directions, respectively and the
temperature by 0, the flow through a highly po-
rous medium is governed by the following non-di-
mensional equations:

(3

ww /A + vu, + wu, = (u” + u, ) /A= ACu —

v, + w, = 0,

IDVICHN 4
wv /A + v, + wv, = —p, + Qo+ v /A -
MlkCzs 8, (5
ww, /A + vw, + ww, = — p, + (w” + w, /A
—2wlkCzs ), (6>

w0, /A + 10, + wb, = (O, +...0.0/APr (7D

where kCzs 1) = ko/L1+ ecos(rz — )],
ko(permeability parameter) = k" Vy*/y?
y=y"Ild, z=z"1d> t=w"t" >
w=w"d*/v,p=p 1oV}

u=u" /U, v=0v"1V,, w=w"1Vy,
P,(Prandtl number) = v/a>

ACInjection parameter) = Vod/v, 0 = (T —
TOICT, — Ty)

are the dimensionless quantity and o> v> a and p
are respectively » density, kinematic viscosity>
thermal diffusivity and pressure. The ( % )
stands for the dimensional quantities. The bound-
ary conditions of the problem; in dimensionless
form, are:

y = » v(z) = 1 + ecos(mz — t),}

0:
w
y:l:

METHOD OF SOLUTION

Since the amplitude injection velocity varia-

tion and permeability variation e( < < 1) is very
small> we now assume the solution of the follow-
ing form:

f(y’Z’t) :fo(y> + €f1(y’Z’t> +

€2f2(y’2’t)+°' (9)

where f stands for u»> v> w>p and . When e =
0 the problem is reduced to the well known two
dimensional flow with constant injection/suction
and constant permeability. In this case Eqs.(3)
to (7) reduce to

voy = 0 (10D
u},o — )(UO uoy - /\zuo/ko = — )(2/1130 (ll)
(90”. — Uo)(Pr(goy = 0 ( 12)

The corresponding boundary conditions become

y:O: u0=07 1)():1’ (9():0
L

y=1l:ug=15 v5=15 0p=1

The solutions of Eqgs. (10) to (12) under the
boundary condition Eq.(13) are

ugCy) =1+[ePra’ et JiCer — ef),
vo=1>wy =0 }
0oCy) = et —1D/Ce” — 1), py = constant,
(14>
where a = AL 1+ (1 +4/ky>"1/2,
B=aL1-C1+4/k>"]/2.
When € 50, substituting Eq.(9) in Egs. (3) to
(7) and comparing the coefficients of identical

37 etc. »

power of €, neglecting those of €, &
the following first order equations are obtained

with the help of solution Eq.(14)

Ul}' + wy, = 0 (15)
wuy /A + viugy + uyy, = Cugyy + wp /A -

AAuy + Cug — DeosCrz — 1) Mk, 16>
CL)’UI[/A + Uly = _ply + (’U]},}, + v, )/A -

A vy + cosCrz — ) Mk, am
ww“/)(+w1y: —plz+(w1}.}.+wlzz)/)(—

Awl/ko (18)

(LﬂI,/A+U1009»+01y2(01},}»+01Z>/P7ﬂ 19
The corresponding boundary conditions become

y=0:u; =0, v; =cos(mz —t)>w; =0,6, =O}
y:l: 23] =O7’Ul =0’w1 =0761 =0
0
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The partial differentional Eqs. (15) to (19) de-
scribe the three dimensional flow. The solution of
these equations will be obtained in complex vari-
able notations, the real part of which will have

physical significance. Thus we write w;> wv;>
wi»0; and p; as

ul(y, 2z t) = ull(y)ei(”_’>,

’Ul(yy,Z7 t) = Ull(y)ei(nz—t>’

w Cyszot) = —vll(y)ei(“_t>/i1't 21D

ilrz - 1)
’

pl(y’ Z t):pll(y)e
(91(}/’ Z t) = ell(y)ei(nz—f)

The forms of the cross flow velocities v, Cy» z5 ¢)
and w,Cy, z,t) in Eq.(21) are so chosen that

the Eq. continuity Eq.(15) is satisfied, substi-
tuting the Eq. (21) into Egs.(16) to (19) re-

duces them to ordinary differentional equations:

ullyy — /\uny — (7[2 + A2/k0 — la)) U =

Avy gy + A2 Cug — 1)/ kg 22>
Vllyy — Avlly - (1'[.'2 + Az/ko - ia))vn =

Aplly + )(2/160 (23>
Vllyy — Avllyy - (1‘(2 + Az/ko - w) Vily =

APy (24>

611}/}/ - API’@IU, — (7[2 - inr)@n = Aprz)ll 00}*
(25>
Solving these equations under the corresponding
transformed boundary conditions; we get the fol-
lowing expressions for w;» vy» w;» p; and 0,

as:

w; =L Re™ + Se®” + 2 {Al(aeﬂe<“+7)y/cl _
,Be“e(ﬂJ'y)y/cz) + Ay Caele' 7 /ey —
Beae(ﬂm)y/c‘;) _ A3(aeﬁe<a +n>}»/05 _
ﬁe“e(/g”)y/cG) - A4(ae'ge(“_”)y/c7 -

Be” e P/ cg) — ABCaefe® — Be“ e )/

co 3/ {A Ce* — &)} — A2 (eBrar) _ glatpy)y
{k009(e“ _ eﬁ)}]ei(m—t) (26)

vy =LAe” + Ae” — Ase™ — Aye™™ + AB]e

el 27>
wy = —LA ve” + A, 8" — Ayme™ +
Ayme™™ 1™/ Aix (28)

p1=LAs A+ (A% kg — i)} + Ay, A —

(X% ko — iw) Y 1e" ™1 AxA (29)

0, =L Te™ + Me™ + 22 Pr? {4,727 [ ¢yy +
Ay 0t P e A3e(”+PrA)‘T/012 Pr +
A4e(Pr/\—n)y/Cl3 Pr+ ABePr/\y/cM 3 {ACerrr —
1)} el -0 (30)

where
Y =LA+ QA% +42 +42%/ ky — 4iwD"* 12
S=[A —(A% +42 +4X%/ ko — 4iO"* 112

A=28—)U+e7* )+ (x+y =8 — ¥5/m)*
(e(y—rr)+e(8+rr)) —(Tt—}’+8—}’8/7t)(e<7+“> +
(3—7())

e

A =(x=8)1 =B —(x+8)X1-B)e
e ™ 4251 = B)—(x—8)Be ™+ (t+ )+
Be™ —2B5¢°

Ay =C(+ )1 = B)7 ™ —(r—y)X1-B)e
7 _2y(1 = B)+ (=¥ )Be ™ —(xt+ y)e
Be™ +2Bye’

Ay =Cy =X = B 7" + (8 + y8/m)(1 — B)e
7 Cy + 5/m>(1 - B)e’ ™ — B(e —
e ™S+ ¥5/m) + Ble? —e ™)y + ¥S/m)

Ay =Cy =801 =Bl 7 4 (5 — y5/m)(1 —
B 7™ _ (y — ¥5/m)(1 — B)e'*® 4 B(&°
— )5S/ =68)+ BCe? —e™)(y — ¥v§/7)

B= - 222 + 221k by 2 + 2%/ K + 0” 1]
e=0aPr+ (A2 Pr* + 477 — 4iwPr)'? /2

7 =L0aPr — (A* Pr? + 417 — 4iwPr)'? 112

e = Qay + A ky)s ¢y =By + v ky)
c3=2a8 + A% ky)s ¢y =2B5 + ¥/ ko)

cs = Q2ua —An+ iw)s cg = 2nf — An + iw)
c7=(Am—2ma + iw)»r cg = (A — 273 + i)

co=(? —iw)s c1o=Ay(Pr+1) + iw(Pr —
1)+A2/k0

e =20CPr + 1D + iw(Pr—1)+ A%k,
CIZZ(TC)(‘F Z(,U)7 Ci3 :(T['A - Z(L))y Ciy =(ler
)

The coefficients R, S, T and M in Egs. (26),
(30) respectively are obtained by using trans-
formed boundary conditions but are not presented
here for the sake of brevity.
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RESULTS AND DISCUSSIONS

The important characteristics of the problem
are the shear stress and the rate of heat transfer
at the plates. Knowing the velocity field> we can
obtain the component of shear in the non-dimen-
sional form in the main flow direction as

. =1, UV, = (1/2) real part of (Jdu/

dyd, o=ty +elLl cosCrz -t + ¢;)) (31D

where 7, is the sinusoidal skin-friction and | L |
is the amplitude of skin-friction in the main flow
direction as given by
7 =Cae® —Bed/alet =), ILI =12 +12)"2,
tan @ = L;/L,
L=1L +il;, =CR, + S3)/A +[ A, {aefCa +
Y)ey —Be B+ ¥ ey} + Ay {laef Ca + 8)/¢s
—Be“(B+ 8 e, }— Ay {aef Ca + /es — Bet
(B+7/cg} — Ay {laef Ca —0)/e; — Be* (B —
/gt — ABCa?ef — BPe® /ey 1/ {ACe® — €D}
—ACaef — Be D/ {kycoCe® —ef )} (32>
The amplitude | L | >

component in the main flow direction shown in
Fig.1, It is observed that it decreases with the

of the skin-friction

k w
I'r 10 30 1
1 40 I

Fig.1 The amplitude, | L1, of the skin friction in
the main flow direction

increase of the permeability of the porous medi-
um k or the increase of the frequency w of per-
meability and injection fluctuations . The phase
tan ¢, of the skin-friction component in the main
flow direction is presented in Fig.2 showing that
for small values of injection parameter (A =

0.5), there is a phase lag and for A = 1, there is
a phase lead. The phase lag decreases with the
increase of the permeability of the medium while
phase lead decreases. The phase lead of skin-
friction increases with w . Fig.3 shows the sinu-
soidal skin-friction. It is noticed that it decreases
with increasing permeability parameter and in-
jection parameter; and that the sinusoidal skin-
friction increases with decreasing w .
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Fig.2 The tangent of phase angle tan @, of main
flow skin friction
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Fig.3 Sinusoidal skin-friction 7, in main flow direc-
tion

From the temperature field, the rate of heat
transfer in term of the Nusselt Number can be
obtained as:

NLL = qu /{OVO Cp< Tl - TO): - {k/deO Cp }(8(9/
ay)yzo =1/ — 1)+ el Hlcos(mz — t + g02)
(33>

|H| = CH? + H"Y, tan @, = H;/ H,

H=H, + ill; = CT¢ + Mp>/aPr + APr[ A, Cy

+ P20 ey + A (S + Pradl ey — AsCre + Pra)d/

cpPr+ Ay CPA — w)/cys Pr+ ABPrdlcyy 1/

LACe —1)] (34)
The amplitude | H1 of rate of heat transfer is

shown in Fig.4 and Fig.5 for Pr =7 and Pr =
0.71 respectively. Fig.4 reveals that amplitude
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decreases with increasing injection parameter.
The values of amplitude | H| are lower when we
increase the frequency of fluctuation. It is inter-
esting to note that the amplitude | H1 » of rate of
heat transfer vanishes for higher injection rate.
Fig.5 shows that amplitude increases with in-
crease of permeability parameter £ and decreases
with increase in w. In the case of air ( Pr =
0.71) for higher injection rate, the magnitude
decreases . It is interesting to note that higher in-
jection rate has no influence for the case of high-
er fluctuating frequency | w | . The values of the
amplitude | H | are lower in the case of water
(Pr=7) than in the case of air as evident from

Fig.4 and Fig.5.
0.008
0.006

0.004

[H]

0.002

[ 12 14 16 1.8 2
A

Fig.4 The amplitude | H | of rate of heat transfer
(For Pr=7)

12 14 1.6 18 2
A

Fig.5 The amplitude | H| of the rate of heat trans-
fer (For Pr=0.71)

In Fig. 65 we have plotted the tangent of
phase shift tan ¢, in Nusselt Number against .
The figure clearly shows that there is a phase lag
for Pr=0.71Cair) and phase lead for Pr =7
(water) . It is observed that the phase lead in-
creased with increase in A and for small/large
value of k. The phase lag is more pronounced
for large A . In the case of air the phase lag al-

most vanishes for large fluctuations of perme-
ability and injection while there always remains
phase lead in the case of water which goes on
decreasing .
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Fig.6 The trangent of phase angle tan ¢,, of the
heat transfer rate
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