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Abstract:

The authors give the solution to the problem of one-dimensional consolidation of double-layered

ground with the use of the differential quadrature method. Case studies showed that the computational results

for pore-water pressure in soil layer agreed with those of analytical solution; and that in the computational re-

sults for the interface of soil layer also agreed with those of the analytical solution except for the small discrep-

ancies during shortly after the start of computation. The advantages of the solution presented in this paper are

that compared with the analytical solution, it avoids the cumbersome work in solving the transcendental

equation for eigenvalues, and in the case of the Laplace transform solution, it can resolve the precision prob-

lem in the numerical solution of long time inverse Laplace transform. Because of the matrix form of the solution

in this paper; it is convenient for formulating computational program for engineering practice. The formulas for

calculating double-layered ground consolidation may be easily extended to the case of multi-layered soils.
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INTRODUCTION

It is important to forecast and calculate the
role of consolidation in strengthening soft soil
ground. For convenient use in engineering, the
model of consolidation was reduced to a one-di-
mensional problem in spatial domain.
Terzaghi established one-dimensional linear con-
solidation theory and gave the corresponding ana-

Since

Iytical solution to predict the consolidation in one
layered soil under constant load> many research-
ers and engineers made contributions to develop
his theory. Wilson et al. (1974) and Baligh et
al. (1978) respectively developed an analytical
solution for consolidation of a soil layer subjected
to a cyclic square load. Alonso et al. (1974)
considered a random loading solution for consoli-
dation. Wu et al. (1988) gave the solution un-
der arbitrary cyclic loading using Laplace trans-
form method. Gray (1945) considered that when
two adjoining compressible strata are made to
consolidate under an applied load, the behavior
of each stratum is influenced by the presence and
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action of the other established a one-dimension-
al linear consolidation model of double-layered
soil and gave its analytical solution under a con-
stant load. Xie (1994) developed an analytical
solution for consolidation of double-layered
ground with arbitrary distribution of initial pore-
water pressure and casual variation of surface
load with time; Xie et al. (1999) presented a
fully explicit analytical solution for consolidation
of partially drained boundaries two-layered soil
subjected to a constant load.

The computation methods for one-dimension-
al linear consolidation of multi-layered soil based
on Terzaghi’ s theory mainly include analytical
method and Laplace transform method. For the
analytical solution, because the eigen-equation
deduced by variables separation becomes more
complicated with increase of layer number, the
solution of its eigen values is cumbersome. To
get a Laplace-transformed solution, the numeri-
cal inverse Laplace transform method has to be
adopted due to the difficulty in getting the direct
solution.
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In this paper, the differential quadrature
method ( DQM from here on) based on Xie’ s
work (1994) will be introduced for calculating
the one-dimensional linear consolidation of dou-
ble-layered ground. In the following section, the
basic mathematical concepts underlying DQM are
first presented; then the formulations for calcu-
lating the consolidation of double-layered ground
by using DQM are given. Finally, several com-
parisons between the analytical solution and the
DQM solution are presented .

DIFFERENTIAL QUADRATURE METHOD

Consider a function ¥( x) in which O x <
a . Let the function values fall on a set of pre-se-

’N). The

quadrature rules simply express the values of

lected sampling points x; (i =1,2,°**

function derivatives at these sampling points as
the linear weighted sum of the function values
W, = W(x;). Thus, one may write the quadra-
ture rule for an rth-order derivative as

B ZD(”WA" i1 = 1,2, N (1)
dx” Tx=x,
where i, £k =152, >+, N and summation on the
repeated index is implied. In the above
equation, DY’ is the rth-order derivative

weighting coefficient at the ith sampling point,
and r< N.

There are many methods for determining the
derivative weighting coefficients ( Bellman et
al.> 1972; Quan et al., 1989). In this paper,
the method for determining the weighting coeffi-
cients is introduced from Quan and Changs’
work (1989, in which the weighting coeffi-
cients were obtained by considering the test func-
tions introduced in a Lagrangian process as fol-
lows.

The off-diagonal terms of the weighting coef-
ficient matrix of the first-order derivatives are
given by

H (xi — xp)

v=Dlv#i

(xi — xk) H (xk - xb)

v=lvzk
for i k=152, N and k=<1.
The off-diagonal terms of a weighting coeffi-
cient matrix of the second- and higher-order de-

2

rivatives may be obtained through the following
recurrence relationship

D(r 1
D(r) D(“T_DD(‘I) (3)
i ik x; _xl.,
for i k=12, Nand ki and 2<r<=N
-1.

The diagonal terms of a weighting coefficient
matrix are given by

4>

N
> DY

v=lbo#i

DY = -

for i=1,2,"*>» N.

EQUATIONS OF CONSOLIDATION

Adopting Xie” s model (1994) shown in Fig.
1 indicating where the coordinates and the pa-
rameters of layered soil are. The basic equation
is given by

q(1)
LLHHHHOHHHHH
Free drammg
kl C, ] h,
zl
H
koo 2 h,
Free draining or undrained
Z»
z
Fig.1 Double-layered ground
9 i
5%=q2%+340 (5
for hi—l =z hi’ 1=1,2.
The conditions of solution to Eq. (5) are
",.0=0 (6)
| :l=u2|z:hl (7)
1
du
héz”m=%5znm 8
u’l,_,; =0 (Free draining)
2 9
{aa—u =0 (Undrained)
z lz=
uil,:0=a(z), (l=1’2) (10)
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Where u's ¢; and k; are the pore-water pres-
sure, the coefficient of consolidation and the co-
efficient of permeability of the ith layer, respec-

tivelys R (t) = % is the velocity of applied

load.

In order to apply DQM to Egs. (5) — (10D,
the layers must be discretized. The rule of dis-
cretization is one layer one differential quadra-
ture element. The number of nodes in element is
N' of which superscript i represents the corre-
sponding element and i = 1, 2. For using the
DQM conveniently, the local coordinate & is in-
The relation be-
tween local coordinate and global coordinate
adopted is expressed as

Z=00.5- 8>z +(0.5+ &)y

troduced into every element.

(11

where z' is global coordinate of ith element; z}
and zy are the global coordinates of the first

node and N'th node in ith elements —0.5< &
=<0.5.
In terms of Eq. (11D, the differential of z'

can be expressed as

dz' = (zly — 2\)dE = h;d& (12>

is the thickness of the ith element.

From the above equation, the following relation
can be obtained.

where h;

aui _lau’

dz - hl dE

I u 1 9%y (13
a(F2 T R og

Eq. (13) can be discretized by DQM into the

following form

a i N

1 l<1) i
aZ - L,}Z:;
82 (lz 1(2) i
()2 = hzZD

where 1 is the pore-water pressure at every node
in the ith element; D':ﬂl ’and Di:; )
weighting coefficient matrices of the first-order
and second-order respectively

(14

are the

derivatives>

where a =152+, N'.
According to the rule of discretization above

c1t hi C; , b _ kl

let T=h—l’ miZh—l’ ai=c—l i kl

and R’

hi .
(T):c—lR;(t), Eqgs. (50 — (10D can be de-
1

duced to the following form

9 B
e ZD“” Ly RLCTD
B=1
( [} ! )
8a 2, 3 : N -1 (15
e ZDM) 2 4 R2(TD
mz B=1
~(a = 2,357, N2 -1
ul =0 (16>
u}vl = u% (17)
b 1 b2 2(1) 2
WZ 2 D}, (18>
u2\— =0 (Free drammg)
21 (19
2 Dy 1 2 = 0 (Undrained)
ui |T:0 = G(E), (l = 172) (20)
Considering free draining in the lower

boundary and substituting Eqs. (16, (17) and
(19) into Eq. (18, yields

1 QP
{u}vl blmQZDllu}g—bngZDzl 2
ZL% h bzml D%il) — b1m2D1\(11;31
Q1D
Substituting Eq. (21) into Eq.(15) yields
—au 2 2)
Z Dl 2 uh 7D¢1ﬂ2
B=2
\J_l m 2D
101 1
brms 2y D - bzmlzD 4 R
. L R!
b2m1D2<1) " bym 1\<1i
8 ZDz(z) 2 Dz(z) y
m3 573 m3 !
V-1
(GP)]
bim, E D}\/llﬁu}g — bymy 2 D2<1) 2 B
SIey 2D + RLCTD
b2m1D11 — blsz\I\l
(22
Note that @ = 25 3, ***» N' — 1 in the first
equation of Eq. (22) and that a = 2,3, =+, N?
— 1 in the second equation of Eq.(22).
Eq.(22) can be written in the matrix form
4 _ Au+RCT (23

dT
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where where @ =1,2,***, N' =2 and B =1,2, ",
u= (' WY w'= W owleuly ) N'-2.
w= Gl Wiudo ) R= R RV Dy +
R' = {R} R?"R}w’lq} %= _%%Défil)Nl D%f\lz) 20 /r
R>= R} R}R%Y_,} my 72 W N+

. Ay Ap (30)
Let matrix A = , Azz]’ where A1 here @ = 1,2, N' =2 and 8= 1,2,

Aps Ay and A, are the sub-matrixes of A .
Also let A%, A%, A4 and A% represent the ele-

ments of Ay;» Aps A, and Ay respectively.
12
D(a+l)(,‘5’+l) +
a; 1(2) 1D
%@ =—| bimy D py DN1<,9+1) (245

m 2D D
bomy Dy = bymy Dy

where a =1,2,***, N' =2 and B=1,2, """,
N' -2,

1(2) 2(1)
ay, bymy D[y Dl(,9+1>

1D

(25>
mi bym, D?il) —bimy Dy

o/ -
2 ==

where « = 1,2,**, N' =2 and B=1,2,"",
N? —2.
202) 1C1)
Q% = @ bymy DT Dyain
21 — 2 201 1CD
my b2 m; Dll - blszNlNl

(26>

where @ = 1,2, **» N> =2 and B=1,2,"",
N' -2.

2(2)
D(a+l)(,9+l) -
az 2(2) 2(1)
A% =3 bami D, Dy, 27>
2

201 1D
bymy Dy = bymy Dy

where @ =1,2,**, N> =2 and B=1,2,"",
N —2.

The solution to Eq. (23) can now be given
by

w(T) = ATu(0) +f:e—A<f-T>R<T>dT (28)

Where u (0D is the vector of initial pore-water
pressure which can be determined by Eq.(20).

The solution for Eq. (28) can be used for
considering the undrained lower boundary. How-
ever> the matrix A is different from that of Eq.
(28), which can be given by

1(2)
D(a+1)(ﬁ+1) +
1(2) 1D
by D son Dy'ipen

m; F

(29

aj

as
Afl = —
m

ad _ 2(2) 21, 22) | 2D
Af = 2 1(D<a+1>1D,\‘,\’ - Doy Dy
(31>

Where a =152 > N2 —2 and ‘8= 1,25,
N' —2.

[ 2 b2

D%02+1>(,9+1> - X

my

2(2)
“ a, (D<a+1)1
A D = 2
m;

201 2(2) 201
Dy = Doy Dy 0 %

201 42C1)
20D Dy D,\‘(,?H))/

Dicgin + D

D,\l,\'z

2(1) 2(2) 2C1)
(DY 2T+ DIy D:“\"Jl(ﬁ*l)/l—‘
(32

Where a =152, N> =2 and B=1,2, ",
N? -2,

and
2(1)
b, DAY Diy D2 by
I'=— Dy, 30 DN | ——— Dy
m, Dz 3 m

THE KIND OF APPLIED LOAD AND ITS CORE-
SPONDING SOLUTION

1. Linear load
The linear load is shown in Fig.2, ¢(T)
and R'CT) are given by

T

I« )
q(T):{T(q“ T.=T=0 (33)
qu (T=T)
qlL
Ri(T):{f (T,>T=0) (21>
0 (T>T>

Substituting Eq. (34) into Eq. (28, one ob-

tains

@ [(I-ADT

u(T)=e"ul0) + LAt

U,
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(T.=T=0 (35) N -1
‘T (71> = (- 1m! _n
w(T) = A1 y(T ), (T> T ey 1T = w2 (-1 nlr - "1,
where I is the identity matrix and U the unit v | (38)
Di m— m —
vector. RCT) = qu;(—l) 18[T— 5 T,
(39

g(1)

T. T

Fig.2 Linear load

2. Constant load

The case of constant load is shown in Fig.3,
where R'( Tz =6CT) and & is Dirac function.
Substituting R'C 7D = 5CT) into Eq. (28), one

obtains

uCT) =e"Lul0) + ¢q,U] 37

g(7)

Fig.3 Constant load

3. Cycling square load

The case of cycling square load is shown in
Fig.4, where T, is the period of the applied

load. qCT) and R'CT) can be expressed as

(T L3 s .o

9. g r4
nnnm:

©l LT

Fig.4 Cycling square load

where H and 6 are Heaviside and Dirac func-
tion,> respectively.
Substituting Eq. (39) into Eq. (28), one
obtains
ulT) = eAul0) +

N

7. ) (— Dm-teal 7225

m=1

1

Ar (40)

CASE STUDIES

In order to check the precision of the DQM
solution  to of double-layered
ground, we will compare the DQM solution with
Xie’ s solution (1994), where constant load is
applied and the initial pore-water pressure equals

consolidation

zero. The comparisons include two study cases
with boundary conditions as listed in Table 1 and
the descretization and parameters of soils as
shown in Fig.5. The discretizations of every ele-
ment adopted equally spaced nodes.

Table 1 Boundary conditions

Study cases 1 2
U Free Free
pper draining draining
Boundaries -
Lower .refa Undrained
draining
—_
2 m =1
Element | 12 b, =1
+5 a, =1
16
—r-?— interface
21
3t m,=12
4 =12
Element2 6 9:=1.44
.
8
9]

Drained or undrained

Fig.5 Discretization and parameters of soils
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The results of comparison between the ana-
lytical solution and the DQM solution for calcu-
lating the pore water pressure in case 1 are
shown in Fig.6 to Fig.9 and in case 2 in Fig. 10

to Fig.13.

It can been seen from Fig. 6 to Fig. 13 that
the DQM computational results for the pore-water

cal solution results even for the case of undrained
boundary; and also agreed with the results for
the soil layer interface, except for a short time
small discrepancy at the beginning of computa-

tion. This discrepancy in the interface could be

due to the fact that Eq. (21) cannot be applied
directly for computing the pore-water pressure at
initial time because the load acting on surface is

pressure in the soil layer agreed with the analyti-

1.0%

. —-«—DQM
| —a— Analytical

0.0F
0.0

0.6 0.8 1.0
T

Fig.6 The pore-water pressure of 2™ node of the 1*
layer in case 1

02 04

~ --» DQM
0.8} * —a+-- Analytical
.
§ 0.6}
04r
021 ...‘.“"“N-.
0.0 . . . L .
0.0 0.2 0.4 0.6 0.8 1.0

T

Fig.8 The pore-water pressure of 6" node of the 1
layer in case 1

1.0¢
e
L --a—-DQM
0.8 \ --4— Analytical
a
. 06F &
I
=
04}
02}
00 02 04 06 0% 10
T

Fig.10 The pore-water pressure of 3™ node of the
1% layer in case 2

1.0
0.8} —s— DQM
—4— Analytical
g 0.6r
04r
0.2} ."t.n"‘-M
0000 62 04 06 08 1o
T

Fig.7 The pore-water pressure of 4" node of the 1%
layer in case 1

1.1

1.04
—s—DQM
0.9} —4— Analytical
_ 08|
o
3 074
Y
0.6] S,
0.5} “““M““u
0.4 . . . . .
00 02 04 06 08 1.0
T

Fig.9 The pore-water pressure of 7" node of the 1%

layer in case 1

1.1

1.0
0.9+
0.8}

< 0.7F
\: 0.6}
0.5}F
0.4t
0.3F

—s—DQM
—a— Analytical

00 02

Fig.11

1% layer in case 2

0.4

T

06 08 10

The pore-water pressure of 5" node of the
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1.2}
1.0 ——DQM
—a— Analytical
0.8}
o6l
3 .‘.-'
0.4t .,
0.2t “ataa
-a...‘..“..
0%o 02 04 06 08 10

Fig.12 The pore-water pressure of 7" node of the
1% layer in case 2

Heaviside function. Actually, we may assume
that at the initial time, all the external loads are
carried by the pore-water, thus, the calcution of
the pore-water pressure is not necessary .

CONCLUSIONS

The authors derived the DQM solution to the
model of consolidation of double-layered ground
based on Xie’ s work (1994) . Comparisons be-
tween the DQM solution and the analytical solu-
tion led to the following conclusions.

1. This paper’s formulas for calculating one-
dimensional linear consolidation by DQM yield
high precision results. DQM’ s matrix form
makes it convenient for designing computational
programs for engineering practice .

2. The advantages of the DQM solution are
that, compared with the analytical solution, it
can avoid the cumbersome work in solving the
eigen-equation for eigen values; and with the
Laplace-transformed solution, because that it is
an explicit formula in the time domain, it is pos-
sible that it can solve the precision problem in-
duced by numerical solution of long time inverse
Laplace transform.

3. As to multi-layered soils, we can also es-
tablish the relation (in matrix form) between the
nodes at the boundary or interface and the inter-
nal nodes in every DQOM’ s element by the same
method as described above. And then, the DQ
solutions to double-layered ground can be easily
extended to multi-layered soils.

201
1.05
1.00 paasanasanns,,
*a, = DQM
095~ a  Analytical
L 090
s 085¢f
0.80+ A‘-.
0.75+1 ‘-....
0.70 1 *,
0.65 . L 2 ) .
0.0 0.2 0.4 0.6 0.8 1.0

T

Fig.13 The pore-water pressure of 9" node of the
2" Jayer in case 2
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