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Abstract:

Different classes of first-principle pseudopotentials are compared and various schemes for pseudo-

potential generation based on norm conservation are discussed in this paper. BHS (Bachelet, Hamann, and
Schliiter)-scheme and V ( Vanderbilt )-modifications are used to derive the KB (Kleinman and Bylander)-
pseudopotentials and pseudo wave functions of bismuth. Quality test of pseudopotentials shows that no ghost
states occur in the logarithmic derivatives of pseudo wave functions of Bismuth. The obtained bond length of

bismuth dimer with this type of pseudopotentials is in good agreement with previous accurately calculated ab

initio quantum chemical result.
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INTRODUCTION

Since the introduction of the pseudopotential
method (Phillips et al., 1959), and the subse-
quent proof of the Phillips Cancellation Theorem
( Anderson, 1963 ) by Cohen and Heine
(1961, this method has become an important
tool both for the investigation of electronic band
structures of solids and for understanding the be-
havior of electrons in crystals.

Pseudopotentials may be divided into three
classes. One is empirical ( Cohen et al.,
1966); which can be obtained empirically from
crystalline energy levels,; and the other two are
based on the first-principle .

One of the first-principle pseudopotentials is
obtained by adding some core functions ¢, to the
wave function ¢ to obtain a smooth pseudo wave
function

L¢P >=1¢ >+ D | ¢ >, (1D

and in its most general (non-Hermitian) form is

(Austin et al., 1962)
VIS = Ve D>V > < Fo s

c

2

CLC number:
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where F.(r) is an arbitrary function. By substi-

tuting Eq. (1) into the Schriodinger equation,
the relation

(3

is obtained. Zwicker ( 1975) showed that in
general the AHS pseudopotential is nonvariation-

a.= < F 1¢">/CE-E.)D

al, i.e., first-order errors in a trial pseudo-
function ¢™ cause first-order errors of either sign
in the energy E,. The original Phillips-Kleinman

(PK) pseudopotential (Phillips et al., 1959)
Ve DI(E—ED I ¢ >< ¢ | (D

PK
VK =

has a nonunique ¢™ because a'* =

< P PP >
makes ¢ = " + 2‘8(.9110 a solution of Eq.
(1. Zwicker (1975) vi/‘as able to show that ng
is variational and when used with a variational ¢,
causes (™ to become unique ¢™ which most
it is ob-

closely approximates ¢, . Furthermore,

vious from

LS >=1¢g >= D <l > >
(5
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that the trial PK wave function is always orthogo-
nal to the core eigenfunctions. The AHS pseudo-
potential may also be made variational by making
it Hermitian by setting ¥, = A.¢. > with A, being
a constant. In that case it is easy to see that ¢,
is not orthogonal to ¢, unless ¢, has sufficient
variational freedom in the core region to make it
so. Since the whole purpose of using a pseudo-
potential is to eliminate the need for core varia-
tional freedom in ¢, therefore, the PK form is
the most efficacious.

pseudopotentials in the above
class have three shortcomings: (1) For valence
functions which are orthogonal to all core func-
ng reduces
to V: about this nothing can be done. (2) ng

depends explicitly on the eigenvalue £ . This ul-

However»

tions such as oxygen 2p or iron 3d,

timately arises from the nonorthogonality of or-
thogonalized plane waves and causes no more
trouble than the off-diagonal energy dependence
of the secular equation obtained from any expan-
sion in nonorthogonal basis functions. (3) Out-
side the core region the normalized ¢ is propor-
tional to but not equal to ¢. Thus to perform an
one must
construct ¢ using Eq. (1) or Eq.(5) and then
renormalize it.

accurate self-consistent calculation,

The "model” pseudopotential of Abarenkov
and Heine (1965) is based on the idea that the
core is a black box from which the valence wave
functions emanate with some logarithmic deriva-
tive and that any core pseudopotential which
yields that logarithmic derivative is a valid first-
principle pseudopotential . Thus the model pseu-
dopotential may be written as

Va(r) = >0 1Y, > AE) < Y, |

forr < R,>
for r > R,

Vu =
- ZIr + V()
(6)

where V,, is the coulomb and exchange potential
Z 1is the valence
charge, and A, CE) is a constant Cin space)

due to the valence electronss

function of E chosen to make the pseudo-func-
tion logarithmic derivative equal to that of the
true eigenfunction at several atomic eigenvalues.
This model pseudopotential contains two defects
which in principle are irreparable although in
practice are not too serious. One is that £ in

Eq.(6) is not uniquely determined when V), is
used in energy-band calculations, because the
average potential in an infinite crystal is arbi-
trary. The second problem is the nonequality of
the normalized pseudo wave functions and the
true wave functions for r > R, .

A giant step forward in model pseudopoten-
tials was taken by Hamann, Schliiter, and
Chiang C HSC ) (1979 ) who inverted the
Schrédinger equation to obtain a model pseudo-
potential

VIEC = V(P D) 1Y, > VIS <Y, 1>
Im
7>

where VIPCCrd)— — Z/r for r > r.Cr, is a core
cutoff radius) . The real and pseudo wave func-
tions of Vi are identical (not merely propor-
tional) for r > r, . Thus the need to calculate the
true wave function is minimized. More impor-
tantly, it can be proven ( Hamann et al., 1979)
that as a consequence of the identity of the func-
tions> the logarithmic derivative and the first en-
ergy derivatives of the logarithmic derivatives of
the true and pseudo wave functions are identical
for r > r,. Hence the energy dependence of
VI is second order and in most cases may be
ignored .

After "unscreening”, the above pseudopoten-
tial becomes ionic pseudopotential, and the total
ionic pseudopotential then reads

VG = Ny, > VIBCGH <y, 1 (8

Im
where the [-dependent ionic pseudopotential
VIBC is usually split into a long range /-indepen-
dent local potential V), and a short range [-de-

pendent semi-local potential AV3*Cr),

VISCCr) = Vi (e + AVRICr), (9

with V. C(r) approaching — Z/r for r—> o .

Then the total ionic pseudopotential is written as

pisc _ Vloc(r)+2 1Y, >AV(r) <Y, |.
" (10)

However, when attempting to use Eq.(10)
for an energy-band calculation in which the basis
functions are expanded in plane waves, one is
thwarted by the huge number of integrals neces-
sitated by the semi-local (i.e., nonlocal in an-
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gular coordinates but local in radial coordinates)
part of the potential. Note that the integral of
1Y, >AV*(r) < Y, | between a pair of plane

waves 1s

AV, Ck + Gk + G’)=ézm <k+G 1Y, >
AVP) < Y 1 k+ G >

2
= (43) Z,,,,Ylm(k + Y,k + G -
Jrzdrjl(l k+ G| AV L E+ G P

(1

with 2 the volume of cell. One can find from

Eq.C(11) that the operation of diagonalization of
Af/l scales like N3, with N the number of plane
waves .

To solve the above problem; Kleinman and
Bylander (1982) suggested to use the projector

AVKE —
LAV (k) > < 89 CrOAVECr) |
< PP 1A 1 80 (k)| >
12>
instead of function AVI“Cr), where ¢9,(r) =

RYCr)Y,, (k) is the pseudo eigenfunction for
which V3" is calculated, and

AVEE 160 > — sy AV $9, > (13D

m=-1

Let us to see the integral of | Y}, > Af/IfB <Yl

between a pair of plane waves,

AVEE + Gk + G =

(45)221/1m(k LYk + G
%T,(I k+ GOTCk+ 61D (14)
with
W, = JderR?(r)AV%L(r)R?(r) (15)
and
il k+ Gl =

JdrrzR?(r)AV?L(r)Jl(l E+ Glr) (16

A VYL + G,k + G is separable in (k + G)
and C(k + G’), and the operation of diagonaliza-

tion of such separable matrices scales like N
much less than N3 .

Therefore,> to save computing time it is be-
neficial to use pseudopotential in a fully separa-
ble form as proposed by Kleinman and Bylander
(1982).

The pseudopotentials and pseudo wave func-
tions should describe the valence region in differ-
ent chemical environments over the range of va-
lence energies as exactly as possible (transfer-
ability) and they should be characterized with a
minimum of Fourier components (softness). All
pseudopotential generation schemes have to find
a compromise between these two properties. For
each angular momentum [ the pseudopotential
approximation is essentially controlled by one pa-
rameter> the cut-off radius r ;> inside of which
the true all electron Cae) wave function is re-
placed by an approximate one ( Bachelet et al. ,
1982; Vanderbilt, 1985).

Various new schemes were suggested to im-
prove the softness of pseudopotentials ( Hamann,
1989) . Some new generalizations of KB-scheme
had also been proposed ( Vanderbilt, 1985;
Blochl, 1990; Saito et al., 1992).

It is important to have well working testing
tools to estimate the quality of pseudopotentials
before doing expensive electronic structure cal-
culations. Rappe et al. (1990) noticed that the
Fourier distribution of the kinetic energy of a
pseudo wave function mirrors the convergence of
a pseudopotential and that it is essentially inde-
pendent of the chemical environment. Their sug-
gestion is to take this contribution as a softness
criterion to estimate the convergence of the total
electronic energy with respect to the size of the
plane wave basis.

The necessary cut-off energy E. (i.e. the
size of the plane wave basis set) in a band struc-
ture calculation depends on the quantities one
wants to calculate. To find the optimal structure
minimum of the total energy one only needs mod-
erate accuracy. The main part of the total energy
error caused by the finite basis size is the kinetic

energy contained in the Fourier coefficients

above ¢, =+ E - This can be easily estimated

by the kinetic energy of the electrons in the
atomic ground state.

KB-potential may have serious problems with
nonphysical ghost states and a careful analysis of
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this problem is indispensable. This problem aris-
es from the fact that the KB Hamiltonian does not
obey the Wronskian theorem ( Messiah, 1974),
which implies that atomic eigenfunctions are en-
ergetically ordered such that (for a given quan-
tum number /) the energies increase with the
number of nodes. As this theorem is not valid for
the KB Hamiltonian, it can have eigenstates with
nodes even below the zero-node state. Or, the
zero-node state may be followed directly by an n
=2 node state. Both possibilities will usually
prevent application of these potentials for a reli-
able description of chemical binding. Bylander
and Kleinman (1990) published some empirical
rules to avoid these spurious states. Gonze et al.
(1991) and Kresse et al. (1999) gave a de-
tailed analytical recipe to make a ghost state
analysis and proposed that the appearance of
some rapid deviation of the logarithmic derivative
from the all-electron one, results in a spurious
bound state (ghost state) . Therefore minimizing
the deviation of the logarithmic derivative from
the all-electron one can remove the ghost state.

In the following we will discuss various
schemes for pseudopotential generation, includ-
ing the original scheme of Bachelet et al. ( BHS-
scheme) (1982) optionally with some modifica-
proposed by  Vanderbilt ( V-mod.)
(19850, and a scheme suggested by Rappe et
al. (RRKJ-scheme) (1990 .

tions

PSEUDOPOTENTIAL GENERATION BASED ON
NORM CONSERVATION

The starting point of all pseudopotential gen-
eration schemes is a self-consistent atomic ae-
calculation, and here the scalar relativistic ap-
proximation ( SRA) is used. For each angular
momentum [/ one replaces the numerically calcu-

ae
lated radial ae-wave function ¢i°Cr) = ngYIm

(,) by a nodeless ps-wave (pseudo wave )

gy

function ¢ Cr) = - Y,, (2,0 which is con-

structed to be norm conserving, continuous at
least up to the second derivative and identical
with ¢“Cr) outside a certain cut-off radius r.; .
With this wave function g9 (r) the radial

Schrodinger equation is inverted to get a screen

[-dependent potential. The Hartree and ex-
change correlation potentials V}, (n™ Cr)) and
V(n”™(r)) in the LDA with the atomic pseudo
charge density n™ (r) are subtracted to get an
ionic [-dependent ps-potential ( pseudopotential )
Vi*(Cr) to be used in LDA calculations.

The various schemes differ only in the con-
struction of the ps-wave (pseudo wave) functions
g7 (r). In one class of schemes (i.e. BHS and
V ) the functions g7 (r) are constructed indi-
rectly, using auxiliary potentials V,; (r) to cut
off the singular Coulomb potentials, while in a
second class of schemes (i.e. RRK]) the direct
way> using analytical expressions for gi*(r), is
pursued. The two classes of schemes use differ-
ent definitions of r,; . Smooth cut-off functions f,
("Lz) are used in the indirect methods to aug-
ment the Coulomb singularity and well defined
matching radii are used in analytical methods.
Comparable ps-potentials are obtained when the
matching radius r.; of the analytical methods is
about 1.5 times the r.; used in the cut-off func-

tions.
1.BHS-scheme and V-modifications

In a first step the Coulomb singularity of the
ae-potential is augmented. This is done with a
cut-off function £,(x) in the BHS case and with

. . . 3
a power series ansatz in the case of Vanderbilt s
modifications

Cp(r) =

Vel _ﬁ(rL)] (BHS),
cl
by + byr* + byr* r < 1.5r,> .
( D.
{ VeCr) r = 1.5r,, Vanderbilt
an

In a second step a term AV, (r) = ¢ f,

(%) is added to the potential to yield eigen-
cl

functions g§1 )

(r) with the reference ae-eigen-
values €7°. This is achieved by determining the
potential parameter ¢; iteratively. For the refer-
ence eigenvalue e} the Schrodinger equation is
integrated inwards from infinity ( ~ 30 a. u.)
and outwards from the origin to a matching radius
typically in the range of the outermost maximum
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of g°Cr).

The form of the cut-off function is chosen as

e with A = 3.5 (BHS),
(x) — sink’ (25
Jbx 100-—81,1,1{,3 with A = 2.0 and
b = 1.0 (Vanderbilt) .

(18>

To establish norm conservation of g¥*(r) a
correction function Ag; (r) is added to g(ll) (ro

and

rmfc(rL) (BHS)

cl

Agl(l’) = 81 r
g C(—) (Vanderbilt) .

rg
19>

The parameter 0, is adjusted to establish norm
conservation. The choice of Ag; (r) is not

unique.
2. RRK]J-scheme

Rappe et al. suggested expressing the gi*
(r) inside the radius r. in terms of spherical

Bessel functions J;Cgr),

g];s(r) — {;ailr-]l(qilr) r < rg- (20)
g?e(l’) r = r.-

where for each [ the n =4 lowest values ¢, are

selected which fulfill the following boundary con-
ditiOl’l9

d d ae
XEJl(x) _ rd—rgl I') .
Jl(x x:‘}a - gal‘e(r) r=ry .

21

In a second step of the RRKJ-scheme one
adds a linear combination of m =5 additional J,

(qr),

Ag}f’s(r) _ {;Bklrjl((}klr) r < rg (22)

0 r =

= re>
where the value x,; = &kl r.; is chosen to make
function J;(x) the kth zero at this point.

This additional step is used to minimize the

kinetic energy contributed by the Fourier coeffi-
cients of the wave functions g7*(r) above a cer-

tain wave vector ¢, »

dqq2 I Sblm( q )2 .

Ef"Cq > q.) =J
q>q,
23>

For the ps-potential construction the wave vector
q.; is a free external parameter.
3. KB-pseudopotentials

The [ dependent ps-potential V¥*(r) is usu-

ally split into a long range [/ independent local
potential V,,.(r) and a short range [-dependent

semi local potential AV3“Cr),

VECE) = Vi (r) + AV (r) . (24)

V?L (r) is treated as local potential V. Cr).
This means that Vi*(r) = V. for [ = [,,.. To

save time and storage AV3“(r) usually is trans-

formed into a fully separable form ( KB-poten-
tial )

AVICr) — AVRECp) = (25)

E]fBE | E8Cr) > < ERBCr) |

m=-1

with the projection operator

LAV | o >

| SK,E(") > =
: V< g LAV 129 >
(26)
and
> |AVSL IZS[)?S >
EXB _ < ¢ 1 m (27)
LT e AV g >
with
)
or(r = £y oy, ow

The wave functions g7*(r) used in the construc-
tion of the projector functions &} (r) are the ps-
wave functions of the atomic reference configura-
There is
no difference in operating on these wave func-
tions with the separable KB-operator AV Cr)

tion used in the construction scheme.

or with the semi local potential AVF" Cr ).
Therefores, AV (r) is a norm conserving ps-

potential .
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KB-PSEUDOPOTENTIALS AND PSEUDO WAVE
FUNCTIONS OF BISMUTH

Here we present results for bismuth (Bi) us-
ing BHS-scheme and V-modifications. The pseu-
do wave functions g% (r) and all-electron func-

tions g¥°Cr) of Bi are shown in Fig.1.
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ria.u)
(b}
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=
o001
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0,051
0 ';_.:
-0.05
r(a.u)
(<)
Fig.1 The ps-wave functions g?*(r) and ae-wave

functions g¥*(r) of Bi for [ =0, 1, and 2,
corresponding to (a), (b), and (c¢), re-
spectively

One can find, in the Fig.1 Ca-c), that the
ae-wave functions with nodes in the core region
are replaced by nodeless ps-wave functions, and
are identical beyond the core region. Apparent-

ly> the ps-wave functions are more smooth than
the ae-wave functions in the core region.

The ionic pseudopotentials of Bi for / = 0,
1, and 2 are presented in Fig.2. From Fig.2
one can find that the Coulomb singularity in the
core region disappears in the pseudopotentials.
For comparison, the Coulomb potential — 27,/
r> where Z, is the valence charge, is also pre-

sented .

15 v

10} P
£ st ]
-
- OF 4
S |

~10t 7

-15 5 ‘ -

0 2 4 6 8 10 12 14
r(a.u)

Fig.2 The pseudopotentials of Bi VI*(r) for =0,

1, and 2, respectively. The local part V'*
(r) approaches —2Z,/r at large r for all /
components

The possibility that the above fully nonlocal
pseudopotential may give rise to a ”ghost” pre-
vents a simple application of the BHS potentials.
It is important to ensure in the construction of
the potentials that no ghost state occurs in the
chemically important energy range around the
reference energy E;. How can one decide if
there is a ghost? As discussed above, a careful
investigation of the logarithmic derivatives is
necessary. A deep-lying ghost state could give
rise to a very sharp structure in the logarithmic
derivative of wave function D;C E), which then
is likely to be missed. From Fig.3 Ca-c), in
which the logarithmic derivatives of pseudo wave
functions of Bi are plotted, we find that no ghost
states occur.

Furthermore, we carry out first-principle cal-
culations on the relaxation of Bi dimer with this
type of pseudopotentials. The obtained bond
length of Bi dimer (2.75 A ) is in good agree-
ment with previous accurately calculated ab ini-
tio quantum chemical value (2.76 A ).

In conclusion, we have discussed different
classes of first-principle pseudopotentials and
schemes for pseudopotential generation based on
Using BHS-scheme and

norm conservation.
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Fig.3 Logarithmic derivatives for s (a), p (b),
and d (c¢) states of the Bi atom. The ghost
state does not exist.

V-modifications, we have generated the KB-
pseudopotentials and pseudo wave functions of
Bismuth. The quality test of pseudopotentials in-
dicated that ghost states do not exist. The ob-
tained bond length of Bismuth dimer with this
type of pseudopotentials is in good agreement
with previous accurately calculated ab initio
quantum chemical result.
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