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Abstract:

The structural features of fiber suspensions are dependent on the fiber alignment in the flows. In

this work the orentation distribution function and orientation tensors for semi-concentrated fiber suspensions in

converging channel flow were calculated, and the evolutions of the fiber alignment and the bulk effective vis-

cosity were analyzed. The results showed that the bulk stress and the effective viscosity were functions of the

rate-of-strain tensor and the fiber orientation state; and that the fiber suspensions evolved to steady alignment

and tended to concentirate to some preferred directions close to but not same as the directions of local stream-
lines. The bulk effective viscosity depended on the product of Reynolds number and time. The decrease of ef-

fective viscosity near the boundary benefited the increase of the rate of flow. Finally when the fiber alignment

went into steady state, the structural features of fiber suspensions were not dependent on the Reynolds number

but on the converging channel angle.
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INTRODUCTION

Modeling fiber-fiber interactions in non-di-
lute fiber suspensions and describing how these
interactions affect the rheological properties of
the suspensions in the flows are fundamental and
important in multi-phase flows research. Ului-
mately we would like to be able to design and
control the manufacture processing of these sus-
pensions, thus to be able to improve the struc-
tural features of the composites as expected .

Research on the dominant structural features
of fiber suspensions is based on a statistical con-
ception, that is» the bulk quantities, such as
bulk stress, are defined as averages over an en-
semble of realizations; this average is equal to
the integrals over a suitably chosen volume of
ambient fluid and fibers together. The contribu-
tion to the bulk quantities due to the presence of
the fibers is expressed as the integrals over the
surfaces of fibers. Several fundamental research-
es which took into account the fluid” s micro-
scopic structure had been conducted. Prager
(1957 ) considered a model of non-interacting
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dumbbell particle suspensions and derived a con-
stitutive equation of stress for the dilute suspen-
sions. Batchelor ( 1970) developed a general
conslitutive equation for the suspensions of parti-
cles of any shape at arbitrary concentrations; and
proposed a “cell model” to make his theory ap-
plicable. Using this model Dinh et al. (1984)
obtained an explicit constitutive equation for
semi-concentrated fiber suspensions, which was
expressed in terms of the integrals involving the
fiber orientation distribution function .

The orientation distribution function of fibers
and the integrals of it over the orientations, i.e.
can be used to describe the
dynamical orientation state of the fiber suspen-

orientation tensors,

sions .

Based on the local velocity gradients and fi-
ber orientation state in the flows, we can deter-
mine the structural features such as the bulk
stress and the bulk effective viscosity of the
whole flows. Givler et al. (1983) calculated the
cylindrical particle orientations and gave a single
orientation for each point in the flows, but they
did not give the statistical characteristic of large
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numbers of cylindrical particles. Folgar et al.
(1984) proposed a statistical model for the ori-
entation behavior of fibers in concentrated sus-
pensions . Advani et al . (1987) used this model
to provide theoretical groundwork for numerical
calculations of orientation tensors. Jackson et
al . (1986) predicted the orientation of short fi-
bers in thin compression moldings. Altan et al .
(1989) reported an application of Advani’ s
groundwork in a homogeneous flow and obtained
the fourth-order orientation tensors which were in
good agreement with the experimental results.
Shaqgfeh et al . (1990) presented a theory to de-
scribe the momentum transport properties of sus-
pensions containing randomly placed, slender fi-
bers and studied the dilute and semi-dilute con-
centration regimes. Mackaplow et al. (1996)
completed a set of numerical simulations of the
volume-averaged stress tensor in a suspension of
rigid> non-Brownian slender fibers at zero Rey-
nolds number and predicted the rheological prop-
erties of suspensions with concentrations ranging
from the dilute regime into the semi-dilute re-
gime. Grosso et al. (20000 presented a new
closure model, 1. e., approximated the fourth
rank order tensor in terms of lower rank tensors;
which could be easily implemented; then consid-
ered a shear flow for nematic polymers as a test
and obtained satisfactory results.

There are only few studies on non-homoge-
which,
tered in research programs and industrial prac-
tice. Shanker et al. (1991) studied the effect of
quadratic flows on the orientation distribution
and rheology. Chiba et al. (1998) investigated
the two-dimensional fiber orientations in a New-

neous flows. in fact, are often encoun-

tonian flow through a 1: 4 backward-facing step
channel . Lin et al. (2000) extended the case to
converging channel flow, and presented the mo-
tion behavior of fiber suspensions. In this work
we continue in planar converging channel flow,
investigate the orientation distribution function
and the orientation tensors, and give the de-
scription of the dominant structural features of
semi-concenirated fiber suspension in terms of
the bulk effective viscosity .

BASIC THEORY

Definition

We consider a suspension of n fibers per

unit volumes with each fiber regarded as a rigid»
cylindrical and uniform particle with length L
and diameter ). There are no concentration gra-
dients so that the particle number n per unit vol-
ume is a constant. The suspension to be semi-
concentrated requires that(Dinh et al ., 1984)

1/} < n<1/CDL?*) (1

The solvent is a Newtonian fluid which flows
with a low Reynolds number. In this paper, we
make the following assumptions. The analysis is
focused on a single test fiber, shown in Fig. 1,
that is immersed in a continuous medium. A dis-
tribution function @(r.» P> t) is introduced to
account for the probability that the test fiber se-
lected has a specific location r, and orientation
P at time ¢. The function is defined such that

the probability of having a fiber between angles
80 and &9 is

oCr.s P> t)8P = oCr,» P>t )sin6565p (2)

Fig.1 A single fiber

Introduction of orientation tensors is a suit-
able and concise way for describing the orienta-
tion state of fibers. Because the distribution
function is an even one, only the even-order ten-
sors are of interest. The even-order orientation
tensors are defined as:

the second-order tensor:

the fourth-order tensor:
aiﬂrl = ﬂgPLP/PkPI@(P)dP’ (4)

We limit our discussion to the second-order
and the fourth-order tensors because they are
sufficient for rheological uses.
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Dinh-Armstrong model

The bulk stress in a suspension of particles
in a Newtonian fluid obtained by Batchelor
(1970) has two separate parts, one due to the
viscous dissipation of the fluid and the other due
to the presence of particles. This model provides
a direct link between the micro-structural proper-
ties and the macroscopic rheological behavior of
a suspension system. Dinh et al. (1984) ap-
plied this model to semi-concentrated fiber sus-
pensions and obtained the rheological equation:

T o= Y 4 mny IPPPPgodP (5)

where 7 is the bulk stress tensor, 7, is the sol-
vent viscosity ’}’ is the rate-of-strain tensor, ¥ i
=Jdv;/dx; +dv;/dx;» m is a coefficient involv-
ing the fiber parameters, and m = wnl?/(12In
(2H/D)): H is the average distance from a
given fiber to its nearest neighbor, here H is
Cnl) =" for the aligned systems and is (nl?) ™!
for the random systems .

In this way> the Newtonian fluid and fibers
in which the
effect of the other fibers on a test fiber is consid-

flow like an effective continuum.

ered to be the continmum approximation.

Calculation equations

The theory of fiber motion in non-uniform
deformation flows is not available. The assump-
tion that the fiber orientation state and the veloc-
ity gradients do not change much over the length
of fibers should be imposed. Thus, the behavior
of the fibers at a particular point is determined
only by the orientation state and the deformation
conditions at that point.

According to the conservation of fiber orient-
ation, the governing equation for the distribution
function of fibers is given ( Advani et al . 1987)
as:

dga__

Fi (6>

J .

where ¢ is the angle between the fiber axis and

x direction, ¢ represents the differential of ¢
with respect to time.

Using Egs. (3D, (4) and (6), we can get
the governing equations of the second-order and
the fourth-order tensors as follows ( Advani et

al ., 1987).
dcllj' 1 L.
dt] = — 5( Wiy — (likwkj) + 5( Y@y +
az:k).’;ﬁ,- - 27kza@/kz ) +2Cy( 8y — Qa; s e
dai'r y
le'” = - (C()imamﬂil T QW ) + (yl‘ma’m]‘]d +

aijkmyml - 2ymn,aijklmn, ) + C[‘/[ - Baijkl +

apdy + @0y + a/rlaij)]’
(8

2( aij&d + aﬂﬁﬂailé\jk +

where w; =

orientation (2 is 2, 3is 16. C; is a phenomeno-

dv;/d x; — dv;/d x;> and for planar

logical coefficient modeling the randomizing ef-
fect of interactions between particles.

Eq.(7) and Eq. (8) cannot be solved un-
less the closure approximations are adopted.
Here we take the hybrid closure approximation
for @, : then a; and a, are calculated by
combining Eq. (7) with Eq. (8). According to
the property of the two-dimensional orientation
tensorss it can be easily proved that only three
second-order tensor components and five fourth-
order tensor components are independent; these
independent components can be concentrated in-
to ay» aps apg and aqp s taking into account
the normalization conditions.

We define an effective viscosity %', of fiber
suspensions so that the general -constitutive
equation for the pure fluid is available. The ef-
fective viscosity is a function of the rate-of-strain
tensor and the orientation tensor with its coeffi-
cient dependent on the fiber shape, the concen-
tration and the interaction of the fibers. Accord-
ing to the Dinh-Armstrong model; the constitu-
tive equations are written as

Ty =7 Yy = 0y + myyag) . (9D

For planar flow, the above equations include
four components. In the cases where the shear
rate is dominant in the rate-of-strain, the dimen-
sionless viscosity can be given as:

;7 = U/s/ﬁs_— 1= m(j/]] ann + 2”‘/"12 anxy +

Y a7 (10>

Here we consider the fiber suspensions as an
aligned system.
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CONVERGING CHANNEL FLOW

The flow is considered a plane flow caused
by a convergence at the origin and confined by
two walls with angles = 8;. The coordinate ori-
gin is oriented at the point of intersection be-
tween two flats, so a polar coordinate is shown in
Fig. 2. For the absence of the velocity in the di-
rection of 3, i.e.» ug =0, the radial velocity is

obtained finally as (Lin et al., 2000):

u, = ReyfCeD/CiBy )5 1

where v equals 7,/p> pole-angle coefficient is ¢
= [/By> the function f (e ) satisfies the
equation:

[ + ReBof? +4B,°f = const. 12>

ya
<

Fig.2 A converging channel flow field

From the above equation, we can see that
Re and j, are two factors determining the conve-
rging channel flow. We discuss the cases of 3y
from 7t/36 to /12 with Reynolds number chang-
ing. Because of the symmetry of the flow field,
the calculation is carried out for half of the flow
only. As shown in Fig. 3, the velocity of the
flow decreases with r or ¢ increasing, and the
scalar magnitude of the rate-of-strain decreases

along a certain direction.

RESULTS AND DISCUSSION

Eq. (6) is solved by using conventional fi-
nite-difference scheme with random initial and

boundary conditions:
gO(SZS’ t)IL:O = l/TC
§0(¢+ nw» t)|¢:0 = l/TC.

T
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Fig.3 The velocity field (a) and the contour map of
17,1 (b) of converging channel flow

Fig.4(a) shows the preferred alignments of
fibers in the whole field at different time. Fibers
are at a random state initially> then quickly align
in the directions around 45°, and in the later ev-
olution, tend to align in directions close to those
of the local streamlines. The fibers at the sites
where the scalar magnitude of the rate-of-strain
tensor 1s larger rotate strongly. Even though
there are no great differences in the fiber align-
ment between the former and the latter state in
Fig.4Ca), the values of fiber distribution func-
tion in the whole field change significantly as
shown in Fig. 4(b). With the increase of time,
the fiber orientations tend to concentrate to some
preferred angles, which shows that the probabili-
ty of fiber aligning in the preferred orientation in-
creases .

There are two ways to calculate the tensor
components: 1. solving Eq. (6) to obtain the
distribution function, then according to Eq.(3)
and Eq. (4), integrating it numerically to find
the values for the second-order and the fourth-or-
der tensors; 2. solving the tensor equations di-
rectly by using the hybrid closure approximations
for the sixth-order tensor. In this paper, the two
ways are used to calculate the second-order and
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the fourth-order tensor components over whole
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function at the center position of flow field

flow fields. Fig.5 is one of the evolutions of the
fiber orientation tensor components at the center
position of the flow field. In the figure; dash
lines are the results calculated with the first way
mentioned aboves and solid lines correspond to
the second way. The two results agreed well. All
these tensor components finally reach steady val-
ues after some time> which means that the fiber
suspensions had gone into steady alignment. a;
> ap and a > aqp indicate a preferred ori-
while the

non-zero ap and ajjp indicate that the preferred

entation close to the local streamlines

orientation does not coincide with the stream-
line.
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Fig.5 The evolution of the orientation tensor com-
ponents at the center position of flow field. are solid
lines

--- the results calculated with the first ways corre-

spond to the second way.
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(a) The preferred alignments of fibers at different time: and (b) the evolution of the fiber distribution

Calculations also showed that the fiber orien-
tation state depended on the product of Reynolds
number and time in the case of given constant
angle 3y, not Reynolds number or time alone.
For example, when the Reynolds number is
small, the time of the orientation alignment into
a steady state is long. Fig.6 indicates the evolu-
tion of bulk effective viscosity with Re X ¢ in-
creasing for 3y = 7/36. The dark color stands for
effective viscosity with higher value, the shallow
color for lower value. With increase of time, the
effective viscosity over the flow field changes:;
the effective viscosity in the left and upper part
decreases, while the one in the right and lower
parts increases .

The steady dimensionless effective viscosity
for the different Reynolds number over whole
flow field was calculated. Fig.7 gives one of the
results at the central position for different flow
fields. The results indicated that the steady ef-
fective viscosity depended slightly on the Reynol-
ds number but obviously on the angle 3. Fig.8
gives the contour maps of the bulk effective vis-
cosity at different converging channel angles.
Similar to the map of 3y = /36, there are two
parts for the case of 3y = /18, i.e., effective
viscosity decreasing part and effective viscosity
increasing part. However, for the case of 3 =
7/125 the two parts mentioned above move right,
and another viscosity increasing part appears at
the left and upper position of the field.
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of force-free particles. J. Fluid Mech., 41: 545 —
CONCLUSIONS >70.

The bulk stress and the effective viscosity
depend on the rate-of-strain tensor and the fiber
orientation state. 'The orientation state can be
described by the orientation distribution function
and the orientation tensors. In converging chan-
nel flows, the fiber suspensions evolve to be a
steady alignment and tend to concentrate to some
preferred directions which are close to but not
the same as the directions of local streamlines.
The fiber orientation state and the bulk effective
viscosity are dependent on the product of Rey-
nolds number and time in the case of given con-
stant converging channel angle. The change of
bulk effective viscosity will affect the structural
features of the flows. The decrease of effective
viscosity near the boundary benefits the increase
of the rate of flow. Finally when the fiber align-
ment goes into steady state, the structural fea-
tures of the fiber suspension are not dependent
on the Reynolds number but on the converging
channel angle.
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