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Abstract:

The low frequency oscillatory flow in a rotating curved pipe was studied by using the method of bi-

parameter perturbation. Perturbation solutions up to the second order were obtained and the effects of rotation

on the low frequency oscillatory flow were examined in detail. The results indicated that there exists evident

difference between the low frequency oscillatory flow in a rotating curved pipe and in a curved pipe without ro-

tation. During a period, four secondary vortexes may exist on the circular cross-section and the distribution of

axial velocity and wall shear stress are related to the ratio of the Coriolis force to centrifugal force and the axial

pressure gradient.
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INTRODUCTION

The motion of the flow in a rotating curved
pipe is a fundamental problem, whose solution
has potential applications in gas turbines, elec-
tric generators, electric motors and some equip-
ments used in separation processes. It is impor-
tant to know the flow structure characteristics
when designing rotating machines.

As an interesting problem, the flow in rotat-
ing pipes had been studied by numerous authors,
whose works focused on the circular or rectangu-
lar duct. Ludwieg (1951) was the first research-
er to analyze the flow in rotating curved rectan-
gular ducts and developed a solution based on
the integral method. Miyazaki (1971) examined
the secondary flow and heat transfer in a curved
circular pipe with positive rotation. Ito and Mo-
tai (1974 first examined both co- and counter-
rotation cases and found reversal of the second-
ary flow direction. Ito (1987) also conducted fi-
nite-difference computations and experiments on
this problem. Daskopoulos and Lenhoff( 1990,
using orthogonal collocation, presented results of
their bifurcation study of this combined problem
in a circular pipe. In the most recent studies on
this problem, Selmi et al. (1994) foucused on
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the bifurcation structure of the flow in a rotating
duct with square cross section. Ishigaki ( 1996)
studied the flow structure and the friction of a ro-
tating circular pipe with small curvature, and
defined a new parameter which is the ratio of the
Coriolis force to the centrifugal force. Yamamoto
et al . (2000 numerically studied the combined
effects of rotation> torsion and curvature on the
flow. Zhang et al. (2000; 2001a; 2001b) also
examined the flow structure and the friction fac-
tor in a rotating curved circular, annular and re-
ctangular pipe by theoretical and numerical
methods .

However, most fluid flows in the rotating
systems encountered in industrial applications
are unsteady. The studies on unsteady flow in
curved pipes initiated by Lyne (1971) have at-
tracted interest not only for their engineering ap-
plications to heat exchangers and chemical reac-
tors,> but also for their relevance to hemodynami-
cal problems (Pedley, 1980). These studies are
mainly concentrated on the non-rotation cases,
such as those reported by Simth (1975), Lin
and Tarbell ( 1980), Hamakiotes and Beger
(19900, Lynch et al. (1996), Zabielski and
Mestel (1998), Waters and Pedley (1999) .

To the authors’ knowledge, there are no re-
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ports on the unsteady flow in a rotating curved
pipe probably because of the complexities of the
problem. So it is quite necessary and useful to
investigate the unsteady flow in rotating helical
pipes. In this work, the unsteady low frequency
oscillatory flow in a circular cross section pipe
with small curvature was studied by applying bi-
parameter method of perturbation and the solut-
ions developed the results of Mullin and Greated
(1980). Our emphasis were on the effect of ro-
tation on the low frequency oscillatory flow yield-
ed many new and interesting conclusions were
obtained .

GOVERNING EQUATIONS

Fig.1 shows the rotating curved pipe and the
coordinate system used in the paper. The coordi-
nates are v~ >0, s » where s~ is the centerline
of the pipe. The radius of the pipe is R,. The
velocities in the directions of 7", @, s” are de-
noted by u” > v"», w” . The following dimen-
sionless parameters are introduced:
Csyr)=Cs"5r"DIR,.»

Cusvsw)=Cu" 0" sw  OR, /v,
P=p' Rt
Q=CQ"RR)I/Ivsk=k"R,>» t=wt" >
a=R Cwlv),

Re=2w, R./v.
\
¥’
O*
\/ Inner wall Outer wall
o'
(o] x
R R,
S‘
Fig.1 The rotating curved pipe and the coordinate

system

Where p is dimensionless axial pressure, w is
the oscillating frequency, a is the Womersley
Number, (2 is dimensionless constant angular
velocity respectively (when Q > 0, that is the
rotation has the same direction as the direction of

s ), k is the dimensionless curvature, v is the
kinematic viscosity. It is assumed that the fluid
flow is unsteady> laminar, hydrodynamically de-
veloped. According to Ishigaki(1996), for the
pipe rotating at constant angular velocity about
the y’-axis, the dimensionless continuity
equation and N-S equations for a small curvature
are given as:

dv

d
a—r(ru) + a—e =0 (1)
29w 9w wdu 2 9P
STt troe T Tt
2 2, w290
kCw® + 20Qw)cosl + Vu -2 -7 90 2
290 dv v dv w  IP
Corttort o0t T ra60 "
2 ; 2, v, 27u
kCw? + 2Quw)sinf + Vv -2 + 59 (3
20w dw v Idw  IP
a9t+u3r+r3(9 _95_
k(2Qucosd — 2Qusind) + Viw (4
d d J?
where V7?2 =%3(ra—r) +%ﬁ, and P is the
reduced pressure defined by
P=p- %.{22(1 + krcosf)? .
Define the axial pressure gradient to be
(7
7P = — Gcost (5>
ds

where G is a positive constant.

A stream function ¢ = ¢Cr, §), which auto-
matically satisfies the continuity Eq. (1), may
be defined according to

_1d¢g
Y=796"

Substituting Eq. (6) into Eqs. (2) and (3)

and removing the terms of pressure, yields the

I¢

-5

(6)

equation of the stream function

2 d 2 asb(’) (730(7 2 _
@ S G + ( -595 5 v -
ICw* + Qu) . ICw?* + Qw)

— Kr 7—511’16 - K 7—COS0
dr d0
_rv4¢} (7)

Substituting Eq. (6) into Eq. (4), yields
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23_1,0 1d¢dw 13¢3w_ 24
5, Y7000, " r9r30 Gcost — drolr>6,t)= — 46080rsm((9)(r—1)
K(zﬂa"bcos@ &a—"bsinﬁ) + Viw (8) (r+ 126G -46G)cos’(t) + —— Grsin(9)e
r 0 r Jr 9
The boundary conditions are: Cr—12Cr + 122 Qcos( 1)
w=</)=u=v=0,((77"rb=03tr:1 9 $b1,1(r,(9,t)=(7372800rsm((9)(r—1)2’

According to Ishigaki (1996), the maximal
body force ratio F'> which represents the maxi-
mal ratio of the Coriolis force to the centrifugal
force when the axial pressure gradient reaches its
maximum, is defined as:

Q"R

*
wm

F =

N
Where w,,
cross-section at the moment when the axial pres-
sure gradient reaches its maximum.

is the average axial velocity of the

PERTURBATION SOLUTIONS

It is assumed that the curvature « and a” are
small, ¥ =e<1 and o> = p<1. So it is natu-
ral to choose x and a as the perturbation param-
eters. According to Mullin and Greated( 1980,

successive approximations to the solution can be
determined by expanding ¢ and w as

LLw”(r, 7t)€77,

Z.lebi’j(r’e’ t)SL‘i?,’

Substituting Eq. (10D into the equation
Eqs. (70 and (8), we can obtain the perturba-
tion equations of each order. Considering the
boundary condition Eq. (9) and solving the per-
turbation equations, yields each order solutions
as follows (the second-order solutions have been

listed):

w

¢ = 1o

wo,o(r,ﬁ,t):%(;(l — eos( 1)

3
wo,1Crs051) = (6—4r G—1—6r G+6—40 .
sin(¢)
WO,z(r’89t)=( G —r G+

2304"

19
3304 ) cos(t)

256
3

3
2567 ¢~

C(r+12C=-1142G +299G + 13r* G+

cosCt) + 737280(;rs1n((9)( r—1)Cr+1)%

(96002 — 1607*Q2) sin( 1)

1 . 2.
—m&mn(ﬁ)(r—l)

Cr + 122 (870r*G - 60r°G + 10950G -
1
2 2 : _
4950r° G ) cos® Ct) — 33473600 Grsin(o)(r
12Cr 4+ 1)%(2188002 + 3600r* — 48807 (2D
1 . _ 2 2.
78847360()Grbm(0)(r 1)°Cr+1)
( —4276G +31r°G — 418+ G + 2133+ G)

Sbl‘z(r’ 0’ t):

COS( t) -

737280005(0)r6 (r—=1)-
(r+ 120196 - G +9r* G = 212G cos’® (1)
—7371280005((9)r62(r —DDCr + 1400 -

12072 Q2 + 12002 D cos>(¢)

wl,o(r,ﬁ, t)—

1 2 .
wy,,(rs 05 t)=(7176947200005(0)r6 (r—1
Cr+1DC=396r% +5017° G —2349+* G +
1
2 2 G .
4611r* G — 3984 G cos*(¢) + 176947200L05(0)

rGECr — 1DCr + 1)C = 172000 + 120007° —
84000r* + 188007 Q2 cos( ) Dsin( )

1
w],z(r, G5t :mcos(ﬁ)r(;z(r— 1)
Cr+ 1DC(1107147* G — 2007167> G + 4174 Gr® +

1717406 — 30476r° G — 236r"° G ) cos® (1) +
1 . 20, .
mco&(@)r@(r 1)(r+1)
(2992920r* — 593348r> () + 529280 +
1
_ 6 . 2 o
5267920 — 661080r° Dcos® () + 14863564800
cosCO)rG2Cr — 1) Cr + 1) (12030772 G -
2683 Gr® — 1024406 + 19367r°G + 152+° G —

4 ) e S S 2.
67713r* GDcosCt) + 14863564800005(0)rc
(r— DDCr + 1DC = 1366400 — 2520180 +
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2581607> Q2 + 327600r° — 2248400)
S[}z O( r, 9 t) =

s1n(20)2( G cost™ P ) ZAQ) 21)
3[12,1(7', (9, t) -
2 8j
sin(26)sin(¢) E ( G cost B (¥ 2 AE;)rQi)
0 i=1

(ﬁ22(7‘, ,t)
mn(Z@)E( G cost 1 (Y E A(%> 2i

G4 ]LOth ])Q) ZIA(4> 21)

’MJQ,O(T”@’ t) =

1
Z ( cos(20 )(1"‘)( Z Gl cost S () Z BEJ])]_ZI? +

Irl(J Jj= 0

Z GZ ](‘OSt(z ])()/+l 2 B(Z) 21))

=0

1/02,1(1"0’ t) =

1 2
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1
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2

L G cost'™ ’)Q’L B(6> 2’)) +

j=0

Geos(40) > Z} Cr¥ o+
i=1

6
GQY Er”
i=1

6
G*cos(2000Q> ) D+
i=1

The coefficients A(ijk), BE/‘),

are integral constants.

C» D;» E;
To make the paper com-
pact, the expressions of the coefficients have not
When o = 0
above have the same expressions as those of
Zhang et al . (20000 . According to the sugges-
tion of Van Dyke (1978), Mullin and Greated
(1980, the solution is convergent up to the
Dean number D, < 576 (D, = kRe*s Re = G/

4) and a ~1.5, therefore; the region of validity

been shown here. the solutions

of the solution can be expressed as

576 4608

SR 7 ¢

<1.5

We have successfully solved low frequency
oscillatory flow in a rotating curved pipe by ap-

plying bi-parameter perturbation method and ob-
Substi-
tuting solutions of the stream function ¢ into Eq.
(6), we can obtain the velocity expressions of
the secondary flow concretely .

tained the fully second order solutions.

RESULTS AND DISCUSSION

A remarkable property of the flow in a rotat-
ing curved pipe of the motion is the presence of
centrifugal and Coriolis forces which cause two
kinds of secondary flows in the cross section per-
pendicular to the axial velocity ( normal cross
section) . In order to determine the effects of ro-
tation on the flow, we keep G, k> and a as
constants in this paper and study the flow struc-
tures for different F' to check the effects of rota-
tion on the oscillatory flow. In the contour fig-
ures; the dotted lines denote negative values,
the upper part of the cross section is the second-
ary flow and the lower is the axial velocity. The
outer side is on the right for all the contours.

1. The development of flow pattern

Fig.2 shows the secondary flow streamlines
and axial velocity contours without rotation. ( G
=200, «=0.1, a=0.2, F =0, ’7bmax’ which
represents the intensity of the secondary flow (Ito
et al.» 1974) and locates at the center of sec-
ondary flow vortex, is the maximum of the stream
function w,,, and w,;, are the maximal and
minimal values of axial velocity, respectively) .
For the case F =0, the Coriolis force has no ef-
fect and the centrifugal force contributes on the
flow. During the entire period, a vortex caused
by centrifugal force maintains almost a constant
profile and the maximum of the axial velocity al-
ways shifts to the outer wall. This can be easily
understood if we realize that no matter how the
axial pressure gradient changes, the centrifugal
force always points to the outer bend. When ¢
approaches to 1.58, the axial pressure gradient
almost becomes zero and then shift to a negative
value. At this moment, the intensity of second-
ary flow and the flux almost reaches to zero.

Fig. 3 shows the variation of flow pattern with
t for F'>0. For the case F'=3, when ¢t =0 and
t = 0.78, a positive secondary vortex can be
found in the upper half contours and the center
of the maximum axial flow is close to the outer
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Fig.2 Secondary flow streamlines and axial velocity contours for G =200, k=0.1, ¢ =0.2
Ve =2.7128 V..—1.6993 Yo =0 0009 ‘Vm -0 6978
F=3
W = 56,7903 Wi =0 s =38 0541 Mg =0 b s =0.0895 1w, =0 534 W =0 Winin =-36.2989)
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Fig.3 Secondary flow streamlines and axial velocity contours for G =200, k =0.1, ¢ =0.2

wall. At this moment, the effect of Coriolis force
just intensified the secondary flow because the
Coriolis force has the same direction as that of
the centrifugal force. When ¢ approaches to
1.58, the stream function becomes a negative

value and negative axial velocity is generated on
the cross-section. When ¢t =2.38, the negative
axial velocity contour lines take up the whole
cross-section. At this moment, the Coriolis force
has direction opposite to that of the centrifugal
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force due to the negative axial velocity and the
inward Coriolis force exerts the main effect on
the flow. So the reversal flow pattern can be
found in the cross-section for the cases ¢ =2.38
—4.62. When t =5.75,
value and axial velocity return to positive due to
the outward Coriolis force and centrifugal force.
For the case FF =1, when ¢t =0 and ¢t =0.78,
the flow pattern is similar to that of the case F =
3. But when t =2.38, a new vortex caused by
the Coriolis force is generated near the center
and the distribution of axial velocity is similar to
that of Poiseuillle flow. The reason for this flow
structure is that the inward Coriolis force almost
balances the outer centrifugal force at this mo-
ment. When ¢ =3.14, the new vortex takes up
the whole cross-section. The flow pattern, which
can also be

the stream function

is similar to that of case t = 2.38,

found at ¢ =3.85.

Fig.4 shows the variation of flow pattern with
t for ¥ < 0. For the case F <0, it means that
when the axial velocity is positive, the Coriolis
force has direction opposite to that of the centrif-
ugal force. So for the case F = — 3, when ¢ =
0, the negative stream function can be found in
the upper part of the cross-section due to the in-
ward Coriolis force and the maximum of the axial
flow shifts to the inner wall. When ¢ =1.73 and
t =3.14, the axial velocity becomes to negative
and the effect of the Coriolis force just intensified
the secondary flow. For the case F'= — 3, when
the inward Coriolis force momentarily almost
counteracts the outer centrifugal force > two-vor-
tex structure can be found in the upper half of
the cross-section.

¥ =0.0187

Yonw1.1124
! Ve=31164 ] ¥ —0.9760
F=-3 “" g
y/
M =49.01 83 P =0 [Wia— 0 Wan =~ 0 1209 W= 0 Wimin =-57 792 Wou = 362146 Wiin =0)
=0 =173 =3.14 =5.65
e =02061 ¥a =0.0972 ¥ =1.6936 Yux=0.1163
F=-1 - -
W ™ 46.6126 W =0 Mo =42 6154 W =) W = 0 Wain =~ 50.966: Wewy =29.1579
- min s =29.15 Wiy <0)
= =
0 =0.63 =3.14 =5.65

Fig.4 Secondary flow streamlines and axial velocity contours for G =200, ¥ =0.1, a=0.2

The variation of the stream function maximum
Uumax With ¢ is shown in Fig.5. For the case (a)
F =0, the figure indicates that when t < w/2,
the intensity becomes weaker with the increasing
of time due to the decreasing axial pressure gradi-
ent and for a given time, the larger F is, the
stronger the intensity of the secondary flow will
be. As t approaches /2, the intensity almost
becomes zero. When ¢ is between 7/2 — 37/2,
the Coriolis force has direction opposite to that of
the centrifugal force. For the curve F =1, we
found that when ¢ was about 2.4 and 3.8, the

secondary flow had minimal intensity because the

inward Coriolis force and the outward centrifugal
force almost counteract each other. When t >
3w/2> the intensity of secondary flow becomes
stronger as ¢ further increases. For the case (b)
F <05 it was found that when 0 < ¢ < 7w and = <
t <27 the variation of the secondary flow inten-
sity with ¢ was similar to that of case (a) for 7 <
t <2m and 0 < ¢t < 7> respectively.

2. The wall shear stress

As friction factor is one of the important flow
properties in engineering applications, it is nec-
essary to check the properties of the friction fac-
tor in detail. The non-dimensional wall shear
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stress is determined by the non-dimensional axial
velocity at the point nearest to wall and is de-
fined as follows:

t=1" R/ o?
where 7 is the dimensional wall stress 7° =

dJw”™
W » I is the wall,
r

n is the normal vec-
dn

o

tor of the wall.
Fig. 6 shows the distribution of the non-di-

L™

Fig.5 The variation of v, with ¢ for G=200, k=0.1, =0.2 (a) F=0; (b) F<O0

mensional wall shear stress when the axial pres-
sure gradient reaches to the maximum (¢ = 0,
7). For case (a) t =0CF >0), the maximum
of wall shear stress locates at 6 = 0(the outer
wall) and the minimum locates at 0 = n(the in-
ner wall ). When the rotation speed increases,
the maximum of wall shear stress increases while
the minimum decreases. In the Fig. 6 (¢)

F <0,

similar distribution can also be found

(1: F=0; 2: F=1; 3: F=3; 4: F=5; 5: F= —1; 6: F= -3; 7: F= -5)
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Fig.6 Fig.6 The distribution of 7 at different ¢ for G =200, k =0.1, x=0.2
() t=0CF>0); (B t=n(F>0); () t=0(F<0); (D t=n(F<0O
(1:F=0: 2: F=1; 3: F=3; 4: F=5; 5: F= —1; 6: F= -3; 7: F= -5)
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when FF = — 1. But as F decreases> the maxi-
mum of wall shear stress moves to the inner wall

while the minimum shifts to the outer wall.

When t = 7
changes due to the negative pressure gradient. In

the Fig. 6(b), F > 0, it shows that the wall

shear stress near the outer wall becomes smaller

the direction of wall shear stress

gradually with the increasing of | F'|, while for
| F <0l, the Fig. 6 (d) shows that the wall
shear stress near the outer wall increases with the
increase of | F'| .

CONCLUSIONS

Although the problem of the flow in rotating
curved ducts had been studied previously by
many authors, none of them focused on the os-
cillatory axial pressure gradient flow in a rotating
curved pipe. This work aims to bridge this gap.
In this paper> low frequency cosinoidal varying
axial pressure gradient is imposed and the sec-
ondary order solutions of oscillatory flow in rotat-
ing curved pipes were obtained by the bi-param-
eter perturbation method.

For the stationary case ( F' = 0), the flow
pattern maintains almost a constant profile during
the entire period and the low frequency oscillato-
ry axial pressure gradient has almost no effect on
the structure of the flow pattern. But when the
effect of rotation ( F 5£0) exists,> the flow phe-
nomena become more complicated. For a small
(such as F = — 1, F = 1), the inward Coriolis
force momentarily almost balances the outer cen-
trifugal force and at this moment, a new vortex
caused by the Coriolis force can be found in the
secondary flow pattern and the distribution of ax-
ial flow is similar to Poiseuillle flow. For larger
F (such as F = — 3, F =3), the number of
secondary vortex does not change for the whole
period and the location of maximum of axial ve-
locity is decided by the axial pressure gradient.
The distribution of wall shear stress is related to
the ratio of the Coriolis force to centrifugal force
and the axial pressure gradient.
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