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Abstract:

Hierarchical Bayesian method for estimating the failure probability p; under DOOF by taking the

quasi-Beta distribution B(p;_> 1,1, b) as the prior distribution is proposed in this paper. The weighted Least

Squares Estimate method was used to obtain the formula for computing reliability distribution parameters and
estimating the reliability characteristic values under DOOF. Taking one type of aerospace electrical connector
as an example, the correctness of the above method through statistical analysis of electrical connector acceler-

ated life test data was verified.
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INTRODUCTION

Statistical analysis of reliability test data
showed that when the failure number exceeds 2,
there are many tested methods for processing this
problem (Zhang et al. 1989). However; in the
reliability test of product, with the appearances
of high reliability units; even in the accelerated
life test, it may occur that none of the test units
fail or only one unit fail before the predetermined
test time is reached. Such phenomenon is com-
mon especially in the case of small samples.
Most papers (Liu et al., 2001; Anderman et
al ., 1997; Pugh, 1993) only mentioned Zero-
Failure problems. Sandoh et al. (1991) and
Bailey (1997) proposed some theories and meth-
ods using statistical analysis to deal with prob-
lems of Zero-Failure. However; none of the reli-
ability statistical analysis methods of DOOF (Da-
ta Only One Failure) were considered. In order
to take full advantage of information on the prod-
uct failure and increase the precision of reliabili-
ty evaluation, it is necessary to study the reli-
ability statistical analysis methods of DOOF. In
this paper,> the authors propose the hierarchical

DOOF(Data only one failure) data, Hierarchical Bayesian estimate, Reliability analysis
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Bayesian method for estimating failure probabili-
ty by taking the quasi-Beta distribution as the
prior distribution on the basis of zero-failure data
analysis method and validate this method through
statistical analysis of testing data.

DATA MODEL AND STATISTICAL ANALYSIS
METHODS OF DOOF

1. DOOF model

We assume that specimens are put on time
censored life test inspected interval with a prede-
termined time. The inspected time is noted as
O0<7,< 75 <*"7;. Such test can yield DOOF
defined by Cs;» r;» ;) when only one item failed
in the interval of (7, _,» 7, ) and the rest of
items are in good condition. Here s; is the speci-
men number and r; is the failure number at time
7i. fism—15 then r;, =0, orelse if 1 > m
—1,then r; =1; and s; =s,="""=s5,.

We can obtain the following information from
the above DOOF model:

(1) Product failure probability p, = 0 when
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79 =0.

(2) The failure probability is defined as
p; = PCT < ;). It is reasonable that we accept
pis=pr<"=spfor0< 7y <7y<""7;. The
larger s; is> the smaller p; (i =1,2,**, k) are.

(3) The life of all products is not longer than
7,, because one

item fails in time period

(Tm—l’Tm)'

2. Feasible statistical analysis methods of DOOF

At present, statistical analysis methods in

the case of DOOF include minimum Xz method>
equivalent number of failures method and weight-
ed Least Squares Estimate method. Practical in-
formation indicates that the estimates of reliabili-
ty obtained by the Xz method and the equivalent
number of failures method are relatively low

(Mao et al.> 1993) . The reliability estimate by
minimum X2 method improved by Bayesian Xz
method tends to be higher. Compared with mini-
mum x> method, equivalent number of failures
method is better; but its estimate of reliability is
prone to be higher. Furthermore, the calculation
of this method is laborious and the judging of da-
ta type is necessary. It is difficult to analyze re-
liability under DOOF because of the limitation of
the equivalent number of failures method.

The weighted Least Squares Estimate method
is a reliability analysis method that reaches the
reliability target by means of fitting the curve of

distribution. In comparison with the ¥ method
and equivalent number of failures method, the

be-

cause of its simplicity and estimate precision,

weighted Least Squares Estimate method

has become the most commonly used method for
treating DOOF. Because the weighted Least
Squares Estimate method is based on the reli-
ability analysis method under failure case, it can
directly be used in resolving the problem under
DOOF. The steps are as follows: (1) Estimate
of failure probability p;, = P (T < z;),
1=1,2,"" (2) Fit a curve of
distribution to the points (z;, p; > by using the

‘5 k> at time ;.

weighted least squares theory. (3) Estimate the
reliability from the fitted distribution curve. The
second and third steps are not difficult. The cru-
cial point is the first step> how to estimate the
probability p; = P(T < ¢;).

BAYESIAN ESTIMATE OF FAILURE POSSIBILI-
TY p, UNDER DOOF

Among the methods for estimating failure
probability p;» the classical estimate method is
simple in calculation. However; it yields the es-
timate of p,» defined by p, = 0.5/Cs; + 1)
(=152,
timate method under failure data and the result is
lower precision and cannot truly reflect the reli-
ability level of the product. So,> the Bayesian
method is more attractive. Bayesian analysis in-

*» k)5 which is derived from the es-

volves expression of subjective knowledge or de-
gree-of-belief about model parameter values as a
prior distribution for them. This distribution is
then mathematically combined with observed da-
ta to yield the posterior distribution of the param-
eter values. The posterior distribution is narrow-
er than the prior one, thereby reflecting the add-
ed information from the data. The posterior dis-
tribution yields a Bayesian estimate and proba-
bility for the true parameter values and their
functions . Generally speaking, the estimate per-
formance of the Bayesian method is better. How-
ever, we prefer to use the classical method in-
stead of the Bayesian method, if the prior distri-
bution is not chosen properly. Therefore, the
choice of proper prior distribution of p; is essen-
tial .

1. Establishment of prior distribution

The fact that in the case of DOOF; none of
the samples fail in the time period (O, z;)
showed that the reliability in the time period (0,
7; ) might be very high. So at time 7;, the pos-
sibility that failure probability p; is small is very
large and that p; is large is very small. In prac-
tice> quasi-Beta distribution can be taken as the

prior distribution of p; . Its density function is

(pj _0] )(1—1(02 - )b—l
BCasb)X(G, — )01
0<6,<p;<b,<l1 1

f(pi§(91’82vavb)=

From the above function, it can be seen that it is
a strictly monotonously decreasing function for p;
when a and b are constant. It can not only sati-
sfy the requirement that the possibility that fail-
ure probability p; is small is very high and that
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p; is large is very small, but also can deal with
most testing requirements by changing the inte-
gral interval of (0,, ,). Especially when the
number of sample running in the test does not
vary, Bayesian estimate of p, (i = 1,2, ", k)
can also meet the requirement that p; < p, < ***
< pi . Thus, it is reasonable to take quasi-Beta
distribution BCp,; _;> 1,1, b) as the prior distri-
bution under zero-failure data.

In the case of DOOF; though choosing qua-
si-Beta distribution BCp;_;> 1,1, b) as the prior
distribution will easily lose the important infor-
mation that one item has failed when i > m — 1;
the loss can be avoided by modifying the lower
bound value p;. So quasi-Beta distribution
B(p;_1>1,1, b) can still be chosen as the prior
distribution under DOOF .

2. Choosing hyperparameter

The density function of quasi-Beta distribu-
tion is an exact monotonously decreasing function
of p; when a <1, b > 1. Such characteristic
corresponds to the prior information that failure
probability p; is small is very large and that p; is
large is very small. In this way, we can get a
rough scope of @ and b. That is; a<1,b>1.
From Fig.1, it can be seen that, when b is con-
stant and a <1, the smaller a is> the thinner is
the right tail of the quasi-Beta distribution dens-

a=(.2
Fb=2.0

0.2 0.4 0.6 0.8 1.0
Fig.1 Density function of quasi-Beta distribution

when 0<a<1, b=2

ity function. According to Berger’ s (1985)
viewpoint on the robustness of the Bayesian esti-

mate> the thin tail distribution often makes the
Bayesian estimate have poor robusiness. Hence
we choose hyperparameter a as 1.

It is difficult to confirm the exact value of b
further. Though it can be decided on the basis of
expert experience, cases may happen that the
expert is not experienced enough to give a value
for 5. When a prior distribution contains a hy-
perparameter, giving another prior distribution to
the hyperparameter may lead to a more robust re-
sult by two prior distributions than by one prior
distribution. In our problem; the prior distribu-
tion of the hyperparameter b could be chosen as
the uniform distribution UC1, €D, denoted as

T[iz(b)ZU(l’C) (2)

Here C is constant. According to the character-
istic of quasi-Beta distribution density function,
the larger b is Cunder the condition of @ = 1),
the thinner is the right tail of the quasi-Beta dis-
tribution density function (see Fig.2). Like-
wise> considering the robustness of the Bayesian
estimate, C cannot be taken too large and it is

suitable to take 3 —7 as C (Mao et al .» 1996) .

a=1.0:6=4.0

a=1.0:6=3.0

a=1.0.6=2.0

a=1.0:4=1.5

we
oo

N

P,

0.2 0.4 0.6 0.8 1.0

Fig.2  Density function of quasi-Beta distribution
when a=1,b>1

Because 6, and @, represent the lower and
upper bound of the interval p; respectively, it is
reasonable to take 1 as 6, . That means the max-
imal failure probability is equal to 1. It would
naturally be better with an acute upper bound of
p; through expert experience. The value of 6,
should accord with the inequality 0, = p;_;-
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which assures that no backhang phenomenon ex- lihood function is
ists, so that p; = p, = *** = p; . Thus, using o
Eq. (1) we can obtain the first stage prior dis- LC1, pi2 = sipiC1 = pi )" (8)
tribution at once as follows. Suppose the product fails at time z,> where

BC1, b1 —p,_ Db
(3

ﬁil(pilﬁi—l’l’l’ b):

It is not difficult to generate the prior distribution
of p; by using the Bayesian formula below:

w(p; | piy) =
1 C (l—pi)b_l
C - Jl B(1,b)(1 — p; D!

db (4>

It is obvious that the above formula is a monoto-
nously decreasing function of p; .

3. Bayesian estimate of failure probability p,

Suppose we do a life test with s; products,
and that r; products fail in the time period
(05 7;). As the failure probability of each prod-
uct is p;> the likelihood function can be repre-
sented by the binomial distribution
L(ri,pi) = (il)p:r(l_pl)‘,_r‘ (5)
When r; = 0 Cunder the condition of i < m )
that means the likelihood function

L0, p;) = (1 — p;)% (6)

Under square error loss; combining likelihood
function Eq.(6) with prior distribution Eq.(4),
the Bayesian estimate of p; can be obtained as

follows .
pi = ECp; | 5,0 =
Pi 1_pl)b+s—]
JL 1 BC1, )1 = p;_ ])bdpidb )
(1 _ )b+5 -1 = p,.1 +
J p-1 B(1, b)(l_ i_])bdpidb
si+ C+ 1
(l—ﬁi-l)[(1+si)ln&7_'_2
03 + C s+ C
S; +1]/ St‘+1) (7)

If r, =1 Cunder the condition of i = m ), it
means one product fails with s; products in the

According to Eq. (5), the like-

test within z; .

m—-1l<a<m.

some failure phenomena can occur to a certain

In terms of gambling theory,

extent at certain time while products have not
failed at other time. Therefore, it is reasonable
to suppose the failure probability p, at time z,
ecquals max(p,, _1,0.5). By using Eq. (1) we

can obtain the prior distribution of p,,

1 JC (l—pm)b_l

Pm="Cc 1)1 B(L (1 —pa)bdb

9

It is reasonable to take Eq. (9) as the prior dis-
tribution of p,, because it is a monotonously de-

creasing function of p,, .

Under square error loss, the Bayesian esti-
mate of p,, is its posterior expectation, i.e.

pm = E(pm I Sm2>Tm = 1) =

¢l (1 - s, 4b-

LJ,,“ B(llb)(plrn) )bdp,,,db ( )

chl (1l = p )a,+bzdp " =1-=-p )~

1), BCL b — p )bt

(C_l)p“+(1_pa)(1+si)lnSi;f;l—silnz:f

(C-Dp, +(1- pa)sln —(s —I)IH%CI
10

After acquiring the Bayesian estimate of p, > we
can obtain the hierarchical Bayesian estimate of
p; (i > m) under DOOF on the condition of

square error loss.

= E(pt I Si’ri = 1) =

Di
2(1_pl)»+b
J [,5 LB 5 - p,yrdpidd )
Crl p.(l_pl)a+b2 =1_(1_pi—l).
- : dp;db
J J‘ﬁ,l B(l7b)(1—p,j_l)b P
si+C+1 s;+C
(C-Dpy+1=py X145l 12 —s;In 11
c-1
(C-Dpiy+-pe)sin " _<5_1>1n“4
QED)
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RELIABILITY DISTRIBUTION PARAMETERS
AND ESTIMATE OF RELIABILITY CHARAC-
TERISTIC VALUES UNDER DOOF

After obtaining the Bayesian estimates of all
the probability p;, = P(T < z;), we can estimate
reliability distribution parameters and character-
istic values using the weighted Least Squares Es-
timate method .

Suppose the product’ s life 7" follows Weibull

distributions  whose Cumulative Distribution
Function is
FC) =1 —expl— Ce/pm] (2 > 0

Here m > 1 is a shape parameter and » > 0 is
the characteristic life.

Again, suppose that the product’ s failure
probability is p,> at the time point ¢ = 7;> and
that p; is its estimate. Then we have

pi=1l—expl —Coi/mpdm] Ci=1,2,, k)

and

Inz; =ln77+%ln|: —InC1 = p;)]
(=152, k)

=Inz;> x; = In[ = InC1 — p; D], then we

Let y;

have y; = lx +Iny

Replace x; = Inl — In(1 — p;) ] in the above for-

mula by £, = In[ — In(1 - p,)] to yield
- Le + Innp +

Yi = mxi n7y+¢g;

Here ¢; is the deviation resulting from the re-
placement of p; by p; .

In order to estimate the two parameters m
and 7 of Weibull distribution, we can use the
weighted least squares method. Hence we can
obtain the weighted Least Squares Estimators 17 5
7) of m and % in the following formula

k

Zwi(%
i=1

1 o
— K- 1r177) —min

from which we obtain

B - A?
D-ac’ 17

P

m =

BC — AD)

exp (

Here

k k
wa, = ZW‘nyC: Ewlyi,
i=1

2 wix;y; and w; is weight.

In the analysis of the calculating process of
the weighted least squares method, it can be
seen that it is not 7;» but Inz;, that plays a role

in the calculation. So the weights are chosen by

s;Inz;
w; =
: silnt; + s;Ilnty + 4+ splng,
(L = 1’2’""k) (13)

Again from the estimates of m and 7, we
can obtain the estimate of reliability at time ¢ .

R(t):exp[—(t/i])m] 14>

EXAMPLE AND CONCLUSION

Now, take the model Y11X-2221 aerospace
electrical connector accelerated constant-stress
life test under vibration stress as an example.
Four groups are independently put on time cen-
sored life test inspected interval with a predeter-
mined time under different stress levels.
samples were tested when the power spectrum

Five

density was 0.2 ¢/Hz, five when it was under
0.4 ¢*/Hz, five when it was under 0.6 g’/Hz
and six when it was under 1.0 g’/Hz. The test-
ing result yielded complete failure data under
stress levels of 0.4 ¢/Hz, 0.6 g*/Hz and 1.0
&’ /Hz and DOOF under the stress level of 0.2
o /Hz. =85h), only
one product failed because its contact resistance
exceeded the criterion 3mQ ( GJB101-86,
1986) . The data are shown in Table 1.
Because the life of the aerospace electrical
connector followed two-parameter Weibull distri-

By the fixed-time of 7, (1,

bution whose shape parameter was m > 1 (Chen
et al.>» 1997), we can treat the data with the
above theory and method.
consider C = 4,5, 6. The estimates of failure
probability p; (i =1,2,", k) and the weights
under different C value are also shown in
Table 1.

Combing the data in Table 1 with Eq. (12)
and calculating by computer program, we ob-
tained estimates of the distribution parameters.

When C = 4, we 1609,

In calculation, we

P

got m = 3.
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7)=72.5182. When C =5 we got m =3.2289,
7 =74.8714 and when C = 6 we got m =

3.2891, 7 =75.3594.

Table 1 DOOF and the estimate of failure probability at time z;

Testing . The sample The estimate of failure probability

. Failure .

interval ol Inz; number by Weight

(h) namber the time 7; C=4 C=5 C=6

0-38 0 3.6376 5 0.1433 0.1158 0.1091 0.1032
38 —44 0 3.7842 5 0.1491 0.2171 0.2063 0.1957
44 - 61 0 4.1109 5 0.1620 0.3073 0.2929 0.2787
61 — 67 1 4.2047 4 0.1325 0.5831 0.5776 0.5725
67 -173 0 4.2905 4 0.1352 0.6508 0.6418 0.6332
73 -79 0 4.3694 4 0.1377 0.7066 0.6954 0.6846
79 -85 0 4.4427 4 0.1400 0.7529 0.7405 0.7283
The results showed that different values of C mittee of national defense (in Chinese) .

Liv, F. H., Lu, J. C.5 Sundaram, V., Sutter D.,

had different, but not great influence on the esti-
mate. It agrees with the fact that the possibility
of probability p; being large is small, that is, p;
<Py < *** < pr. The result in probability esti-
mate was robust and the estimate of the shape
parameter m approximated that obtained under
other stress levels (Wei, 2002). So we can say
the result was credible.
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